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-. .. - PERFACIH

lDurj the recit wVV there'atage onl both sids of' he, Atlantic among research workers in
the fteld of un& water -explosions the feeliE that qonap ot the r. -3Aems posed by the coudltions
of unerswft ae had afready prehfited-themselves in the past 2nd that various attemputs had

b~ttus tooh~ M. asiy dtbO reoids, however, bad been !ost or effectively hiddden eit
-OO ft *W1Wiicie 6.t -cdan pbftowm ad consequerU1y a whole new literature Wa to be

denJOSOM at ooiWPOW daft in V&thi bail'md money, encowas~sing bO old and new problem2s.
A w@UatM of tM&2ti~ft@' Me bees the ftr cobvfttlmx tdot this =-- literature should r-3t
suffer a sia2Uar fate. The kU*i of the ji" publicaties of America- and Britsfl research In the
field of undcrwater explasioisto Inm Lthe Latter part of 1946 and the Iuea was further ex-
PlOred with the Bureau of Ordnance and the Thzrea of SMM United SLAtes Navy Department and
With the British Ad. lr~ltY.' TMor.,ice oi Naval Reaearch, Nav7 Department, in its co'pacity of
disseminator of scient~IM Waraatlo9 undertook tr, sponsor the p~bicatlon and has eveatu2lly

The Compendtim has three major purposes: first, to give a greater availability to many
POPer which otherwise wotfd exist In a -. ry svn&U uimber of ccpies, and to proserve z= revive
c~rtfn rs tMM, the WSa y EW dwhih wVs de to wartime shortages rather than to any -
ficl 91te In the prs themMIVW~s, second, to present a representative summary of original
source miterial, and to display 2* Ce so f this materWiIn r, maw- er wth might make it of
SOreO uinvetea interest to schools and colleges as a branch of applied rscle'ce; and third, to
attaule interest in ths nid for the pwnra benefit of the sciences of Naval Architecture and
Xaa Ordane and to provide those working in these fields with ready reference material on
Many of the bmpartant problems which they must face In their work.

The scheme of the CoomPendimm is as follows: kdl of the papers seected, wtoch represent
betw~en 10 and 20 percent of the tof--l quantity of material knw i to exist, havn been divided into
three volumes. The first volume Is devoted to the primary under-water shock wave, tvw aw-errA
to the bydrady Mica effeeth fallin under incompressible theory Including the oscillations -Md
Lwhaviour of the gas globe formed by the fPlplostm products, and the third to the effects rf all of
these phenomen a Stuctures and to the measurement 2Md calculation of the resulting damage.
Thre paprs have been selected with the object of summmarizing the knowledge over the field
within the scope of the Compendium; these papers, which are placed in the f irst volume, serve
to intoduce the subject both In general terms, and also with some mathematical detail

The allocation of the original papers to the different v#olumes has, in a few cases, not been
obyimu and the editors -ms assume full responslbility for any arbitrary assignment-a. A far
greater respotsbility of the editors has late in the selectios of the papers and in this, various
considerations have hod a voice.

Many of the older papers bave been Included for their historical interest. Sorae* papers ha-ve
beena used to wo~ide nuitable Irtrcdectory or background material. PjLqst rA tfte other paper-, haye
tees Included intat and represent the opinkis of the authors at the time of writing. A few of
the papers have been reworked and consist of new material incorporated into tli ? older original
papers, or consist of a , wammary of several progress reports which were tot. repetitive foi7 eco-
nom'leal inclusion wthout condcasation. Papers which ha.ve been rewritten are so marked with

the new date affixd. In general, selections have been maile in an effort to give the best review
of the entire subject In order to cmvey the most, and the best information within the spase limni-
tations imposed by the exigencies of publication, and within the scope permitted by considerations
of security. Both these features prevemt this- compilation from being exhau-stive, and the latter
feature prevents many successful workers In this field fro-m receiving recognition here.

T1he editors believe that th-'s Cumpendium is a new venture in internntiorgl co-oper-etien
and hope that this effot may prove useful in pointing the way for other similar joint enterlrises
whkhx may be considered desirable.

Best Available Cop,
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A REVIEW OF UNDERWATER EXPLOSION PHENOMENA

E. N. Pox
Cambridge University

British, Contribution

1941

This review was originally prepared in the I ight of knowl-
odge on the subject at the end of World War I1. During the
course of publication certain sections (distinguished by an
asterisk to the paragraph number) have been amended or in-
sertod, at the suggestion of W. G. Penney, to take account of
some of the more recent advances in knowledge.
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D1RODUXTIO

Iesolution or the dame DrobmI

1. The effect of an underwater explosion against a vessel will depend on
both the proziaity or the explosion to the vessel and the way in which the
vessel is constructed. These affects may be sub-divided into:-

1 the effecetof contat explosion* ag'.inst sindle-hulld vassels,
the effeot or nan-cototot explosions against vessels with some
tor ot multi-bulkhead protectos:,

(h) ahe efrer of oontaot explosions against multi-bul)head protected
vessels,

(4) the effect of non-contat explosions against single-hullod vessels.
Fer case 1, a very small underwater charge is suffictent to hole a single-
hullsd vessel when in contact or near-contact Qnd 1ittl 4heor., is
necessary. Por case 2, however, non-contact explosiontn trom normal types
and sises of charges will do little damage to a multiple protective system
except when the outer skin is air-backedt this m y be considered in the
same way as the shell of a single-hulled vessel. Little theoretical
treatment has yet been found possible for ounta,jt explosions in case 3.
Therefores the main theory to be disoussed will be oanerned with the
problem of a single thickness of air-bucked plating subjected to non-contact
explosions sufficiently distant for the damuge to be appreciable, but not
catastrophio.

2. Por such non-contaot explosions the phenomena oo.i be conveniently
oonsidered under the following main hoading:-

(1) The phenomena in the water which are proper to the explosion
it self,

(2) the interaction of these water phenziena with the tar&.,ts this
interaction depending on both target and explosion properties,

(3) the natwre of the deformation of the target insofar as it depends
on the propertien of the target.

.. The treatment of tne material in the main teo^, is suoh that a knoledge
of mathematics beyond interpretation of simple formulae is not required.
Where it has been thought necessary, matheatical relationshi,s have been
illustratd greaphioally. Results quoted in the main text without proof'
are deducad in Apoendioes and are rdfarred to by the appropriate equation
number. An equation prefixed by a letter is derived in the Appendix of
tnat letter.

4. The terms "open water" and "mid-.uater" will be used frequently. Open
water is understood to mean the conditions ,hich usually exist on the high
seas where the only feotrs (exter--! ''n t h-ro , whO',I in,,~no.P tw
explosion are the ourrounding water and the presen.e ou the sea surf.coe and
sea bottom. Mid-wa-er is undmrstood to involve the Vurther restriction
that the point of explosion is suffioiently for from both sea surface and
sea bottom for neitla'r of these to exert a direct influenoe on the explosion.
The most convenient explosive for underwater experimental work is T.N.T.
and, therefore, tho teou 'charge' impl.eu a charge of T.I.T. However,
results observed for TN.T. oharges can be applied to odhargss of other
explosives by means of a oonver ion factor, in ;4xtioular, frow the atand-
point of underwater explosiv6 effects, a 100 lb. oh1arge of t;orpex is
equivalent to 145 lb. -arge of T.I.T. and the weight conversion factor of
1.45 is reasonably constant fbr torpex charges of any site.
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The general Sequence CC eventa

5. Onaidor tar nsiplioty an unosed spherioal charge initiated trm the
owntra* On initiationt a detonation wave will travel out radially from
the centra with a veloity characteriatic at the explosive. #ithIn the
region traversed ty this wave, the eplost.o is oonverted into inoandesoent
gS at a very high pressure. In front ot the detonation wave the
explosive remains unohanged, being "unaware" ot the initiation. In T.N.T.
for example, the detonation wave travels at approximtely Z3,000 ft. per
seo. so thut a charge of 400 lb. T.N.T. oooupying a sphere of about one
toot radius would be all oonverted Into inoandescent gan at a pressure at
the order of several hundred tone por sq.in. In the ver.v short time o
about 40 mioroseoonds.

6. The high pressure gsa bubble then trik. to expand and the first result
is a ompression of the spherical layer of water lmmediately surrounding
thd charge. This layer in turn oampreosea & further layer and so on.
Zn this w^y, a wave of oompreasion is propagated through the water radially
outwards from the explosion. This wave is usually termed the pressure
pulse.

7. The velooity of pnopagation of the pressure pulse at first deorease
as the pulse travels outwards until, at a oomoarstively short distance from
the explosion, it beoomes approximately constant at the normal velocity of
sound about 5,000 rt. per ses. in sea water. Exoept for a =all Inner
region surrounding the onargo, the pressure pulse obeys the usual aoouetio
laws, the Intensity deoreasiln steadily -ith inoreasing distance until, at
ve y large distances, the pulse beoom2o simply a noise. The persistence of
the pulse is demonstrated by the fact that the detonation of a oherge of
only 9 as. guncotton oan be deteoted at a distane ct 40 miles. The
oharateristios or the pressure pulse will be considered in detail later,
but one feature is that the pressure in the pulse can be treated as
essentially positive, any subsequent suction in the pulse being unimportant.
This is in marked oontrast to bleat in air where a phase of positive
pressure is followed by an appreoiable auotion phone.

8. While the pressure pulse is tvavelling outwards to large distanoes, the
original gS bubble expands. The pressure in the gas bubble, therefore,
dooresses and becomes ultimately of the sme order as the hydrostatic
pressure in the water. Exoept in the initial stages, this expansion takes
place relatively slowly and the motion of the surrounding water is in the
nature of a general bVdlly 'low, as opposed to the oomF.ession of euooessive
layers associated with the pressure pulse. This outward flow involves a
nonsiderable mass of water with large kinetic energy and, as a .-sult, the
flow overshoots the equilibrium position in wdauh tht pressure in the gas
bubble is equal to the hydrostatic pressure in the surrounding water.
;ihen the outward expansion ceases, therefore, the pressure in the bubble is
les than the hydrostatio pressure for equilibrium and the bubble oomences
to oontraot with resulting inward flw ouf water. This return flw also
over-shootj the equilibriurm p2nitior, and the Uubble oontracts to a small
volume at a pressure whloh is fairly high, although not nearly as high as
the original pressure at detonation. This small bubble then behaves
effectively as a second explosion and the whole process is repeauted, a
seoond compression wave biing sent out as the bubble commences to expand
agein.

5. Suile theory prediots that thoa oscillation of the bubble would,
colitinue inaefinitaly in ta unlimited maas of water, the original explosio
prodcjng in effect a series of socessive explosions. In praotioe,
hmever, energy 'a dissipated to the su-rounAing water and the pressure in
sunceeding pulses decays so that each explosion becones intrinsically eaker
twn its . edeossor. :.orcovvr, at a later etase, the bubble tends to break
up into nmaller bubule3 with iutrther distipa 44rin of eneray and the process
textinates afte a fw oascillati Onn.



J0o A a further effect# the #a& bubble riaen and in praotiov the gooe
will ewntual y brek sudaoe. Depending on the mst charge and its
depth below the surfsoe tis venting may occur either before or otter the
original bubble has disintegrated into smaller bubbles with a resulting
variation in the surface effect.

11. The primary phenomena associated with an underwater ezplosion after
detonation can, therefore, be sumarised thus. First, the propagation of
a pressure pulse to a great diAtance. Secondly, oaillations of the gas
bubble with the associated produotioi of additional pulses each intrinaiUsi y
fesbler than the preceding one. Third&y, the rice of the bubble under the
Indirect itluence of gravity. Thee phenomena will now t considered in
data L together with the modificationa and additional phenomela introduced
by the presenoe of the sea surface and the as-bed.

The Preaur, nuRse

Variation ot pressure with time and distance

12. for nst purposes, the pressure pulse beboves e.4y as an intense
actnd pulse beyond a relativels all distance from the explsiom.

Therefore, the standard thoocytor the propagation st sound waven will be
applicable to a stut#r ot the behaviour of the pressure pulse. Those
points which are speciall.y relevant to an undertanding of the pressure
pulse are treated in detail at Appendix A where it Ia shom that at a point
distant r from the charge contres-

t ) .. .. .. ... (1)

where
t a time interval after the initiation of the explosive charge
p a me& dvesity of water
a m velocity of sound in water
p a pressure in pulse (additional to the hydrostatic pressure

exiAsting prior to the pulse)

Equation i gives the pressure p as a function of the two variables$ r and t.
Such a relationship can be represented graphioally by a surface n a three
co-ordinate sytm. The dependence of p upon r and t Is illustrated by
the a uraoo of arbitary shape shown In fig. 1.

However, it is instructive to study the variation of p with change in
only one of the two variables the other remaining conatant. Thus the
plane curve AMO gives the variation of pressure with tine at a constant
distance r, from the explosion. Similarly, the variation of prsseure with
distance at a constant time t1 sCter the explosion can be studied from the
plane cuarves FE).

Variation of pressure with time (distance constant)

13o To understand the physial significance of equation 1, lot p, denote
the pressure at time t, and distanoe r, and let p. denote the pressure at
tine t1 and greater distance rz. Then frr= uquation I

p/. /rf(t,- * ... 0.. ... .. 0..... ... .W
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''A

Fig. I -Surface 3howing variation af pressure with time and
distance

It timei and distances are now related by

0

Then frcco equations 2, 3, and 4.

p, r, , p. r _* .. *. . .

If two points of given r, and r. are considered, then for varying t, and t,,
wq~uationd al.a -S te paz../t uJ tt- onz

ary apharica. ound pulse let thege prrsr/iM cnirvmst bi renrented b
;M and A'BIC' in fig. 2. These curves are drawn of arbitrary shape.

Best Available Cop".



DUO. 2 " 9= _ shoW variation pt resure with tt at

]or tmeos satisjVyng equation 4 the respective ordinates are a constant

tine apart and, therefore

P'Q' a rA/r&Q ... ... ... ... . ... ... (6)

it follows that the our" A''O0 can be obtained trm the ourve AM by-
displacing curve AO a distance (r, - rs)/o to the right and reducing all
the pressure ordinates in the same ratio rl/% . The two curves can,
therefore, be made of the same shape by ohanging only the pressure coal.

%4. hp55ssed plV5.o5Ll y, the pressure/tme variation at any distance z% is
repeated an a reduced pressure sOale rl/r, at greater distance ri at & time
(r, - r0)/o later. SubJect to the reduction in magnitude, the pressure in
the pulse thus travels a distance (r, - r,) in time (r. - r,)/o which
corresponds to a constant velocity of propagation, c independent of r, or
r1 ,  Ikation I thus represents a wave travelling outwards with constant
volocity a and giv'ing pressure/time vwriations at different points similar
to thou Illustrated in fig. 2,

Variation o pressure with distanoe (ti e oonstant)

1 . Now consider the variaticni of the preasure in the pulse with distanoe.
This variation is illustrated in fig. 3 for two given times t, and t1 by
the curves M and DIB'F respectively.
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14.3 - OOIM&s howing the variation of pressure wth dittso

will then be a onstant distance o(ta - ts ) &part correspondingl to a onstan
veloi r of propagationm a. The reduction ratio rj/r, however$ is not 4
constant for the two curves but will vary for each pair ot ordinatear,
Unlii the plP~auL'/t~lw variLation, t~he curves for pressure distibution
with distance cannot be mode strictly, of the same shap tr chngn th
pressure scale* Hiowever, dIt the effective length DF (w DIVP) Is i21l
ompared with q, the r~dio r,/r, will be approximtel onstant for the two

curves DW and D°INP ° whi.ch can then be made alproxUIte:Ly the same shape as
the curves iun fi. 2 for presourq/time variaton 1W" a suitable oboios of
scae&e. Thus, ahooslog thO origint of tim so that tihe pressure p las start$
from its contra at time t a 0, the point A in fig. 2 corresponds to time
r,,/* arnd the shape at the curve AM is iven by

a~~ ~~ n oS5?f

Similarly, the povnt D in fig. 3 correaponds to the exitho distanoe at
reached by the pulse in tiaoe and the shape is given by

r IV of now small ompared with OD the ifactr f./r ih sti8 s sentinbly
onltant over the ourve D eatn eduations 7 and 8 Iondcte that to a suitable
holat ofschles, the curves b 1 and Da would be approaotey the "me,

although revesedn with roopoot to the origins of' time a distance.

6 The semilritiy o harati te ouc and pressurq/d st ie curvs
beomes iancreangl y more aocur e oas the pule travels outward to hgea
pastances. Tho essential as ffpton is veleth e factor 1/r In euatlon I
cu r treaed as constant when phenomena over dst cer, small he pared wt
r re u oerve. i asfuption corresponds to nelectin curvature of
the spherual wve ront and treating te oule ta a plane wave. hisa
apprmeutcon will be trequentlh used in the sueedin analys fra the
efeot; duend t he preteure pglie.



9

17. In addition to the preseuru, other quentities of interest in the
study of underwater expl.osion.j are the po.ztiole veloity, the impulse per
unit area and the energy assouiated with the pIvahi'ro pule*. Formulae
for these quantities are derived in Appendix a~. The relative significance
of these quantities will depend on the mnechmnism of damage,.

Pertial* velocity

18. The paricle velonity Is the outwards radial valuolty u ommunicated
to the water ty the pulse. It is essential to distinguish clearly
between the wave-velcoity a and the partile velocity u. As a very crude
analogy. the pressure pulse from an explosion can be regarded as "news" of
the explosion tranamitied through the water, the wove velocity a is then
suiqly the speed of transmission of this news whereaks the particle ve.1ocity
u and pressure V represent contents or the news. It is shown In
Appendix A that the pressure p is related to the pokr.tiole velocity u by the
approx~matoesquantion

p a PauO ... 4 0 ** ** .. . . 5

Squst ion 9, which is exact for a plane wave , becameli Increasingly accurate
for a spherical pulse as it travels outwards and is one of the basic
relations which will be assumed in such of the succeeding analysis for the
effects of the pressure pulse from an underwater explosion.

Impulse per unit ares

M9 The impulse per unIt area I transmitted by the pulse across the
spber5 tl surface at radius r is equal to the area. of the prosaure/time
curve and varies simply as the inverse of the distance.

Snergy associated with the pressure pulse

20. The porgy associated with the pulse is defined am the energy per
imit areas & t ransmitted ty the pulse across the spherical -urfaioe at
radius r. This energy. varies inversely as the square of the distance
If the relation in equation 9 is assumed to be accurate. Theoretically,
the total energy 3 transmitted across the spherical aurtace is constant
and im independent of distance. In practice, however, scene of the energy
is left behind as kinetic energy of the water after the pulse has passed.
Nevertheless, at distances for which the pressure pulse from an underwater
explosion can be considered as a sound pulse, these afterfow effects are
small and will be naeglected in the tonceading analysia.

21. All the preceding theory of sound pulses depends asstntially on the
assumption that the amplitude of the waves is smell. The necessary
criterion for the validity of this assumption in' that the ratio LWa should
be small. From equation 9 this indicates that the pressure p must be
small compared withpo wbich is about 150 tons per a4. in. f or water.
Hence, the pressure pulse oan ivulve pressurem of fhe order of' several
tons per sq. in., and still be regarded as of small arnplitude for
theoretfool ansls %. in oontrast, it is interesting to note that for
air jp a is -mly or order 20 lb. per sq* In. Thus, pressures whioh can
be regarded as of small amplitude fcr blast in water are about 10,000 time
greater then pressur~es of waves whiod may be considered to be of suall,
amplitude for blst in air. This toor is largely responsible f or the
present emphasis on small amplitude waves for the prossure pulse in water
so opposed to bhe emphasis on waves of finite amplitude for blast in air

(Parb 1, Chapt er J4 of this Textbook).
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Empiricial date for the pressure pulse

22. The theory at small-amplitude sound pulses is sufficient to
desoribe the propagation of the pressure pulse except in the lisediate
neighbourhood at the charge. Far a T.N.T. charge, the maxima pressure
in the pulse becomes of order 2 tons per sq. in. or les at distances
beyond about 12 charge diameters from the explosion. Fawevor, this
simple theory gives no Indication of the shape of the pulse, that is the
form of the funobion f in equation 1, sinoe this shape depends on the
course of events In the inner region round the charge. Nevertheless,
tor distance& at which the pressea pulse behaves to a reasonable
approximation as a sound pulse of small amplitude, the simple theory can
be used In conjunction with exerimental evidehe to deduce the shape of
the pulme.

23. Fig.4 is a typical
experimentul 'ecord, obtained by
a tourmaline gauge and shows the
variation nf pressure with time
in the pulse. The curve
indicates an initial vertical
front, corresponding to a
instanteneous rise of pressure

tto a maximum value, followed by
k dooreusing pressure. Unlike

blusi in air, the pressure
remains positive throughout with
no evldenoe of ay subsequent

fae. appreciable suction phase.
Spirioal analysis of experimental
results indicates that the initial
decreasing portion followi t--
front is eiponeoitial in shape,
but that in the fEil Otail" the

0, , pressure decays more slowly than
predicted by the exponential

0 oo "60 0-6 -. , curve which fits the initial
M-. Oftportion of the empirical curve.

However, it seem fairly certain
that the final tail is relatively

ig.. - RMpirical curve shu"na the unimportant so far as the
e~esurctlme var tin damaging power of the pulse is

concerned. Therefore, it Is
usual fur thooretioal analysis of daia"e to asaurme the pressurs/time ourve
to bi of the exponential torm

,a .t . (10)

where p , is the n.ximum prossure it; the pulse, n Oeternines the rate of
decay of pressure, and t'is time measured from the arrival of the pulse at
any point under oonsideration.

24. It is found that for distances beyond which % is of the order of 2 tons
per sq. r or less, mesurements are in veasonalole agreemAent Y'rith the
prceding acoustic theory which predinta that pm should vary inversely as
the distance and that n should be independent of distares. 12pirical
formulae for ym, n and related quantities have been prrosed from data
derived from underwater experknonts with the large type tourmaline strip
gauge. With such a recording technique. measureaento "tmre necessarily
confined to distances greater than IOC times the charre radiau. 11cwevecr, in
recent years, o. experimental teoiuuqaa ' hioh depend ,i amlifioation of
signals from vorr auch smaller and simpler tounino gouxea hae been
developed and it is now possible to invevtiatse underwater ofrects at
exueedingly smll r,,ed. Using this tochndque, data fur pressure, momentum
and energy havc been btained uor the whole range of dit!nn.es innludlg



measurements when the gauge vm In contact with th hearge. The resultisof thes e3paftmnts in iate that at close rauses (between 95 vA 13 t ne
the eharge radius), the ariginal empirical f .nilae Are not striotly trUe and,
therefor revised formulae have been proposwL 3  In addition to tittin
resylta obtained at aloe. rarges, thse revised formulae also give a better
fit for early results. At even oloser ranes, further work indioates 1;hatthese revised formulae have to be further modiied. Neverthelees, n order
to indicate the general nature of the formulae, It is Instructive to quote
the original* eqdrioal results for T.N.T. These results ill be reasonably
accurate for diatanoes greater than about 100 times the charge radius. T t

W a weight of T.N.T. obarge in lb.
D - distaoe fromabxe in feet

then the folloing e*irioal tormulae wear proposed from the eam-ly
exprimental data

P." 7 tons persq. in. ... ... ... ... ........ 11)

1 - 1,9 lb. sea@ per sq. in. ., ....... ... ... ... (12)

1ft lb.e per sq. ft. . ... ... ... ... .. (14)

It shouAld be ePhaised that these formulae were derived froa data obtaoe4
at distanoes for which rm is of order of 2 toe per sq., in or les and are
not aeourate tor distances closer to the oharge. The outer rogion in whioh
them formulae are applicable is the region In which the puls should behave
sensibly as a em a l t'Ae wave. nese emirical fcerln onfirm that
the form of variation of the respeotive quantities pr, I a"Ji & with
distance and the constancy of N for the pulse from a given charge agrees
with that predicted 'by bhe theoretical equations in the outer region

25. Nia* the shape of the preasure/time cure is not exactly exponential,
it is neesary to dlOcds which features of the actual pulse ae to be most."ur.atly simulated. vhen using equation 10 to re. sent the pAlse for

a upos&es. icr this purpose, the quantities P, I ad 1 oa be usedbut, in emral, onlay two of the three equations 11-,2 and 13 ozA be
accurately satisfied by a curve of the form given by equation 10 which
inolves only two paramoters

26. It the mlzmN pr eure be chosen as a first cr.terion, then equation
11 is used to give f in equation 10. Therefore, either equation 12 or 13
oan be used to determine an appropTriate value of n for T.N.T. charges.

27. If ioulse is the second oriterion to be adpted fr- fitting the
experiaental resuLts by using equation 10; then from equations A15 aMd 10

Banco, substituting for. Ad I from equations 11 and 12 in equation 15

U , 1 r" . i .. .. .. .

= 7,570 lb. per e13 i.

I a 2.279.1 lb. Boo. per sq. in.

Q 30, 660 ft. lb. per aq. ft.

- 385,200 W tt. f*b.
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28. Alternatively, if energ is ad.opbnd ea the oriterioi, then for an
exponential shape of pulse, equations Al17 and 10 give

" ... ... ... ... ... .. ... ... 0t7)

Taking a v 5,000 ft. per go* for sea water of density 4L lb. per ou. ft.
and substituting for pn and(' in eqastion 17 tr use of equations 11 and 12
then,

sea ,,o . ... .. ... .. ... ... ... (18)

29. Yet another alternative is to make the exponential torm give impulse
and energy coresponding to equation& 12 and 13 whilet disregarding equatior
11. Then, t subskituting from equations 12 and 13 in equations 15 and 17
respentively, and solving for pm, and n, the values to be used in equation
10 for T.N.T. charges would be

P" 6.3 B tons per sq. is .... ... ... ... ... (19)

S = sea .... . s.*.. . . ... ... . (20)

30. Thw, using various y the empirical formulae 11, 12 and 13, three
alternative pairs at formulae can be obtained for use with eqastion 10,
namely, either (a) equations 1i and 16, (b) equations 11 and 18, or
(a) esquatione 19 and 20. The three sets of fomilae agree for a charge
weight of about 130 lb., and generally for mediwa weight charges of this
ord-r of size, the choice of formulae tor p,, Z and n will not to o vital
importance. aemge produced by a pressure pulse oen depend primarily on
any one of t0 three kam titIss p,, I adnl . Tho oboice of formulae for
p,, I and n will, therefore, depend on the meohanim of damages Where the
damage i not specially dependent on Pty one of p,,I and C equation 16 has
the merit at giving values of n It*r ediste to those given by equation 18
and 20. In general, the simplicity or the exponential farm of equation 10
for thecretica, elysia more then offsets the attendant unertainty am to
the beat valuoes to be used for p, and n.
31. Mzperimental measurements have, in general, been oonfined to measuring
the pressuretIze variation in the pulse at given points. However, the
oorreaponding distribution of pressure in space at a given time can be
deduced by using the preoeding relationship between the pressurs/tmo and
press ,re/ distanoe curves for distanoes at which the pulse is of mall
amplitude. Thus in fig. 4, oorrespon1ing pressur/f sPoe distribution at
the time when the front of the pulse reaches the distanoe r a 40 ft. will
be givon & te by the pressuri/t ie curve. The -.ime soule would
then be rplaced by a distane scale with tine 0 becoming r a 40 ft., time
0.001 beomving r a 35 ft-, ti e 0.002 bs c.=L r a 30 ft. e d so on, the
charge centre lying off the figure to the right.

32. .inoe the pulse has an indefinite tall there is strictly neither a
definite duration of pulse at a given point nor a definite length of the
pulse i space at a given time. However, for theoretical analysis using
the exponential representation of equation 10, the paeameter n determines
the rapidity with which the pressure In the pulse drops to unim ortant
mag itudea. he reciprocal I/n, which has the dimensions oft time, gives
a masure re the order of tine for which the presslwe is Importnt and is
the time (rornaent for the pressure pulse.
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33. In theoretical analysis, this time I n tends to play much the same
role for an exponential pulse as does the duration for a pulse of finite
duration. Similarly, a oorrespondind measure of the characteristic length
of the pulse in apace is provided by the quantity c/n which has the
dimensionse of a length. A measure of the characteriatio durLion of the
pulse from T.N.T. charges can thus be obtained by using one oPr lh

alternat3va formulae 16, 18, and 20. The same formulae can be used to
provide a measure of the oharacteristic length of the pulse 1 i calculating
o/n. For example, usins equation 16 and taking z a 5,000 ft. per se.
then

R O.6 1 ft ... ... ... ... ... ... ... (21)

An estimate of the maximum particle velocity u occurring at the pulse
front is given by using equation 11 and the approximube equation 9. pr
T.N.T. oharges.

u a 230 ft. per z..o. ... ... .. (22)

3. The use of the prinoipleWof dynamical sim;'larl.v ha.. not, in general,,
been mplcycd in the empirical analysis of undermater explosion data to the
same extent as for the problem of blast in air. Although the particular
formulae 11 to 14 satisfy this principle, it should be noted that the
experimental deta from which they were derived can be rather better
represented ty formulae not satisaying dynamical similarity. It is not
yet certain whether this d6parture from similarity is a true effect due to
the fact that different mine charges are never perfect scaled replicas, or
whether it is mainly a spurious result arising from defects in the mehods
et measurement.

Btfecta of finite amplitude of the pulse

35. Th4 simple theory of small-umplitude pulses is sufficient to account
for the oropagation of the pressure pulse at distancee where the maximum
pressure is of order 2 tons per sq. in. or iAes. At much smaller
distances from the charge the simple theory becomes completely inalequate
and a more elaborate theory is necessary.

36. Reassonabl successful attempts have been made to calculate what
happens in the neidhboirhuod of the charge. in particular, the theory
predicts a form and order of magnitude of the pressure pulsc in Zood
agr aweAnt with exeriment.! results and the theory serves to indicate the
magnitude of the pressures near the expl ion where it s difficult to take
measurements. Juch more complete theorif'or underwater explosions is
essentially similar to that for blast in air and it will suffice here only
to emphsise some effects connected I.- partioular with the sharp-fronted
nature of the pulse,

37. The passage of a finite amplitude pulse Involves, in general, an
irreversible heating of the viater and a consequent dissipation of ener !
by conduction of neat tiuoud tue wktor and by internal friction or
viscosity. Both these effr.cts are .r,)t pronounred in the &tcep front of
the pulse where the most rapid chandes occur and both tend to decrease the
pressure in this front. On the other hund, the fact that lerer pressures
travel fi-ter than amallur prenures (as in oir) implijs a building up of
the pressure at the fru.it. These conflicting effects bend to strike a
balance and theori indioites thot the thickneus uf the shook front, that in,
the distance in which the pressure in the water risoa from itr endisturbed
value in the front of the pulse to its maximu value in the pulse, is of
the order of a fea ri~lllonths of a centimetre; thia noricrspnnds to a time

s Recent work has, however, shown that for shock wavee, tho principle of

dynamic atnilsrity does hold-
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of 414 N t hs pj'esux at anI mint 0~ the ownir of 1O'" sea. TMe tsm
of fie As I0 to be be," &y "mm rt ant Work Sandate h *at it
tol at I% as full to 0 " Q Immo Such a t ieoftdoe %A be re za as
bthotm t0A es fr as th mtsjumolom of 4~e to hips i snfa ed.

S, Rt b be rimall aeb4 that Oh amw 4eiptod a beat in the
lI j the Ulu Propag ton Of the pweewNxeVISe s aessuat for

the 1e etegot e' the e w~aosion, Vo ee omaimmone 3,
lIt"" ini e9ation 1i Uhi4h r"101"M the pre ls Psstlsup diw~i

al &1#6 Amt a t the total oner liberated by th el Pson. The
p'ressure p se Vium onLy' aeopanie tor stout X$ or the total onerw A the
r"mani FN to keft behind as wew~j in 04 oh babb 1e en kinetia eWOW
ef ,mit&o $A the water &A the $m& oA bkmhood of th e leoion.
Thks aton will be u it ow atier (aar .. 6a),
I~,t* at mi., .t mae ma"-

1h The Uwttable Prueee of the sea waatae s leci to mporbamt
U4&eaten of the weese &o to an Undrter eqAolioa. In
UnMLiorSi the mio satton &e to rafteotion of the pressure jole, it I
ame md that the sqAlsion i otoaiont Ly 4eep (about 1 c has dimsters
ow asp* for eewestions1 eqiloeivea) tow the pressure pulse to behave sImply
aan intese sm wA puls on 'rivoa at the se mwfao.

., When a w4 poles & ive at a bouary between two different media
It will praee U genral A trommA tted pAse aM a rent2ecte pdlse, For
an merAwtsr prles pulse oariing at the ss surtace there will thus be
a trlomitted pAsee or blast In the air ea a refleOted pulse In the water,
this latter being a4itionel to the original puleo. owevew owing to the
large differen e between both the denity en the a resibilty at sir and
wter, the pressure ot the t emitted bMast in the ir is very swal
oompared with the preso in the underwater plse end it In a very good
apprcxUtion to neglot this transmitted pulse. The sea wurace can thus
be ta oi a a surface wherg the pressure eftectively rmnins undisturbed
and tr this to be Wkse the proesmu in the reflected puls. at the surface
must be eoqw' but ot opo*4 t e sin to tho pressure at the srfaoe due to
the origiail iulse.

41. The pressure at em point below Om surfaoe due to the oombimd
origixW &iM r ntrA pdon can be oovoentl v calculated by utiln the
oncept of Saaem. In t1g.5, I rarosents the enom.,-,n oentre at a
deth 4 below the sea surface A B and a ' -he -.'age at I in the Plane A D.
Tho preaisure pAlse sent out frm S san tlen be tke. as given V equation I
where the distane r is seasured from 3. The reflected pulse can
similarly be onasidered to originate sinmltmnoomaly tom I' end to
oontribute a pressure, p' where 1' ib given by

NO prt(t 6' . ... $so too ... 6 (23)

whero r' deotes the distance from S' . The reflection af the pressure
jAlso at the sea surface as a tonsile p~lse orrespona in afftet to an
eqkkmil but *negative" esxlomion at El° . The pressure at P due to both the
incidont and reflected pulses will then be given by

r a r'



For any point on the sea surrace,
r a r' and equation A, gives sero
pressure correspolndilng to the
condition that the pressute at thiS
aurrooe remains unchanged by the
pressure pulsv.,

L.2. Per a point P below ohe se.
surface rl>r, and the prdasout
givet by equation 24 will be the
difference between the two ourv
0 0 D and 040 X' In figure 6a.
These curves ea resentiay of the

A AIR same shape but differ in ,aagn ,tude
4, the ratie /r'. The timediference 001 Is (r' - r)/oc"orresponds 0o the longer time taken

WA ,R.-. for the rflected pulse to travel
omeffeotively fto. ItI, as compare

, .. ., with the ti taken by the original
pulse to travel. from 3. Then . ~resultant pressure at P given by
equation 214 is then of the torm

.0 0 0' 0' 1 F In fig 6o

ta am JiO. Suoh ue of equation 24 leads
sa~wio s roe to negativ pressures in the water

which could be of much the awe
order as the maximu pressure in the original pulse. Some qualiioation
Is obviously necessary to allow for the fact thai 4 wter cannot, in general,
withstand large tensions. Nsperimental evideoce on the tensile strength
of water is somewhat contradictory. Under laboratory oonditions, with All
air bubbles removed as far as possible, ordinary water can appar~ntly
withstand 9tatio tensions ot the order of 500 lb. per eq. in, whilst water
nearly saturated with air can withstand statio tensions to about 00 lb. per
sq. In. Under dynamio conditionsp the strength is probably less and eo:si
to an almost negligible value it the flow becomee turbulent.

--C

00 ) (hi~

001

(4) (b)

Pig. 6 - Pressure/time variationa for a point below the sea
surface



44s for the prevent problem, if the aedon pressure in the pales $a suchpeater than a few Lund lb. per mq.in. it some fairly certain that the
refleoted pass will cause some Uitation or breaking ot the water. ThisoaTltatIon will be most pronounced for points near N in tg.5 where It
leads to the formation of the spe y doam. For the present, attention willbe confind to points such as P in tig,5 at som hortaonti distnce frmI Nj at much points the main affect of cavitation wil be to repaoe theportion K 0'1 o the prem si& tias curwe In fig6b IV a partion K G w.
The revltant our. 0 0 00 X G H corresponds to the type of record oiswv4
erimently for the pressure pulse an odiod 1 the pramity of theams surfae. Sino, In genersl, the tensle phase K 0 X Is relatively

mll ompared with the pressure phase 0 0 0' ], it Is reamablo enoustomary pjtmimation to negleot the tensile phase and reard thepressure/time ouve to be given 1W 0 0 0' K.

4,5s The rfleotion of the promr re pulse at the sa sufaoe with
subsequent cavitation of the water can be taken into ascount theoretically
by a simple "rarsoo, outaftff ufet. Zt in only asceourt to evlute
r ad r', the respeetive UArtances of wW point P In tig* from tleapo-4on I eand its msage 2. The presmwe pulse from I Is then ommAidredto oease abuptly at time 00' (r - r')/o after Its oommomeont. Thisreplaces ow uso of equation whith Is Imrlidated 1W cavitations

46. The surface out..t doom not .affect the measa premure In th, pulsebut it San aodify a reciably the tenmeitted impulse and ener. Assuming
the expoentil fors given by equation 10 for the crAinmi pole 0 0 D to beoo 'e et, the surface out- o deoreases the transmitted implse IV the
fractional amount

The transmitted ene"gy is decreased by9 the fractional amount

jt2 * ~r~)(26)

The lenqth q d/pas a on the mime of the charge. F or example, equation 21
gives q/u ror a tdH.T. charge. The distance (r' - r) depends an theposition of any targOt-point P in fig.5 relative to the explosion end thesea surface.

#I 5 The effect of refleotion of the pressure puls at afre surfacehas so far boon tivated %- the methods of the the .- of sound. The sooond
order tezu In the by'rodansmioal equation, which are neglected In the
theory of nL-A, are nevertheless of decisive Importance when the inoident
pulse reachen' the surfaue at nearly glancing angles.

A mathematioal discusion 12a has shown that it the peak prassurein the shook wave, in pounds per sq.in., reaches the free surfaoe at anange of Incidence less than a ortticil angle (go - 0.21 )o,
da.tu the out-off theory is approximately aoouate. Should the anl* of!.noidenoe be gr-cter tha the critiosl angle, then the out-off theory isnot ocrrect in that it predicts too kdgl a volue of the peak pressure near
the surface, and too short a duration. The failure of tte si plo *ut-offtheoMy beocmes of practioal importance when consideration is given te large
ezy ost.-a In relatively shallo water,
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Cte? Opp 'MQVey

47. Pars givmn aae at a giwen epth, the traotions .eowe ee n
Sapulse ad .ew will beoiese greater an tw - r~) doesas this will
occur as the depth at P fro I N toreanee. The mmlting influenoe of
suae at o en the wariation at dena e with distance and orientation at
emlosona relativ to the taigt Is discased later. 1hsrweoro it tollows
that damage to. ma ace vessel 1 the pressure pie ehoul4 ta4 to be less
wear the water line than near the bottom of the vessels abjeot of course to
the effeot of a masked difference In strength at the ship'& structure at
dCteoreat levels.

=dleo t _ of1to mal e at the- aa-bed.

48, Pwema ue-tms reooos at i",4erwater o3Wzp.loni often show a pWeseno
pulse, follwing, end partly superimposed on, the siain Vole. The obwiouns
Interla'tatioa of the second winse io that it represents the refleetion at the
main palse on the bottom. The time delay between the direct pwse and the
reflected pulme agreen with expeotations, but the naitude of the reflected
pulse in extzemely variahle, lthoaugh it correlates in a genera vmy with -de
hardnesse of the bottom. Thusn the peek pressure In the reflected wave from

= rack bottom might be as leoxe an 30-%$~ of the direct panse, while for a
mdybottom, the reflected pulse might be altogether abent. Should the

bottom oonsnt of a layer of mid or end over rook, the refleotion appeoan to
occur on the rook surface.

49. The sea bad is on variable that It in difficlt to make quantitative
wediotiorns of the refleced sie. Inded, no satisfactory theory has no
far been de.eloped exoept in two elementary limiti-8 anes. The fist
limiting case in that where the see bed to so very soft thai It behaves
exaotly the ae as water itself, and therefore gives no reflection. The
i"eond limitin cas" in that where the ass bed is oaletely rigid, and the
reflected faw in therefore (in tbe theory of sou~d approximation at any rate)
identical with the incident pulse. No aotuaO sea bed in r.gid, but a rook
bottom eight bhave as an almost perfect reflection for very week pulses(i.e. of order a few bidri ed p o.i. peak preassre).

0i-uo well away from sea-bed

50. Flint, the e losion will be assumed nurioiently far from the sea-bed
for the initial events in the inner region found the oharge to U -,tfooted
ty the sea-bed. The pressure wiLse "ent out by the e plosion will Lhen be
the name as for a c&ge~ in mid-water independent of the sea-bed and on
reaohing the se-bed the pressure lin the pulse will be assumed small enough
for the simple luwnar theory of sound winset, to apply.
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51. For a plane rigid sea-bed
the nensssu7 boudary condition
is that there in no poztiole
velocity of tho water perpendicular

E to the sea-bed. This oondition
is smt&fiied if the effect of the
sa-beA is ecnmidered equivalent
to sr. image explosion at 31 , eqoal

kp . every respect to the actual~explosion at 3 in flg. 7.

s r The pressuren/time creat
sny point P due to the original
PkaJ2 az4 ULM 9A L

would then be of the f orn
of G 0'C, in tig.8, oorresI, rin

*simply to the addition orpesuq
F - - time curves of the fcmi 0 C D and

0' 0' D' in fig. 6a, fra a since
explcsion at distances 3 P amd
3" -P respectively.

11 *O=L*A53. In praotioe, no sea-bed in
oa.pltely rigid and the reflected
pulse is -ml.er in mmoiu 4e tan

ti ± indioated tW tbe preoedg a.mg ption o.! camplote refleoti=.
Moreover, the sea-bed my distort the hape of the refleoted pplse.
In fig. 8 the portion 0' C woud then be roplaoed ty the mraller

s or vca bd p 0' G

Bzest Available Cop,
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54. For a polmn Q oa ths aea4 4
In ris.7, the theory of complete

C1 reflection gSives a reflected

pulse from 2" xaotir oeal wan
Wahronoun with the Irlaolent
pulse trom U and the resultant
preesurw/time curve in simp17 the
orinal pulse doubled in
pressure. In practice, such
doubling is not at% 1nod but t L
maximu pressure, or eample, atpoitan a Oha sea-bed, vo be

Wneros than for a peAat $A aide,
water at the some distance fm •
simiar charge.

55. Summing up, for a charge at
H same distance from the sa-bedp

e'IMiA the etteu -! the aoa-bed s
positive In character leading to
additional pressure which is
largest in general at points on

FiPS8 - Prassete variation at the sea-bed. An upper limit to
a oint near th sea,-"d euch a sea-bed effect can be

obtained by aesuming amplete
reflection to oocur, the pressure In the rdfleoted pulse then corresponding
to that tram a oharge in open water at the image n'1 in fig. 7. As a
Anal point, there is son lmiteod experimental evidence that the
reflection becms more complete at more distant points to the side
corresponding to near glancing incidence.

Oharge on sea-bed

56. When the charge is on or near the sea-bed the events in the inner
region, wb4e the pulse is "borne, are themselves affected by the
presence at the sea-bed and the direct pulse sent out from the charde is
no longer the @me as for a similar charge well away from the sea-bed.

57. For the theoretical ease of an infinitely rigid sea-bed it would
still seon permissible, however, to assume that the presence of the sea-bed
is equivalent to an equal charge at the imuge point, the new effect being
that the charge and lmage charge interfere with one another. For the
limiting ease at a henispherical charge of weight W on the sea-bed,
theory would predict the same effects as a spherioal charge of weight 2 '%
in mid-water. Equations 11 and 16 would then indicate a resultant pulse
trom the charge on the feA-bod having both pressure and time scale
inoreesed by a factor /2 a 1. 6 as oampared with the same charge in
open water. The corresponding energ per unit area of pulse front
would, by virtue of equation 13, be simply doubled. This does not, of
course, mean any change ot' total energ in the pulse since this is
propagated out through a heauhere when the charge is on the sea-bed and
not through a sphere round the charge as in open water far from the
sea-bad. These theoretical results for an infin4.tely hard sea-bed are
subject to modification for actual sea-beds.

58. In praotioet, soft .;d sea-beds behave ,ifootively as further water,
that is, the pulse is ,nn'eretAd by, ho p) oe of the sea-bed and is
the same as far a charge at the some distance in mid-water.
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59.' A Mathematical explana.tiox of the "Mind band* baa not so far been
gi-vma, no doubt because of the ccmpa1ty of the prtblea. H'~wavar, fast
olflO photographs of the motion caused by an electric, spark (to ainiate
an explobdon) wa&& at the interface of two liqaida, the lower one having
a slightly greater density than the upper, sho a babble of very pOciiLL&Z
form. The collapsing stages are indeed remarkable, but 1hat In more
important for the present ocnaidrationa is that the bibble in the unp'tr
liquid even in the very early stages is; sli&t.y elliptical, with the
vertical radian greater than the hor-isontal. The lower likZAd thrti-s
a degenerate type of circular curtain up into the upper babble =nd tho
inner regions of the interface taowr upwardse. Now these peculiar bubble
shapes muist Imply tbn-t the aszooiated pressure pulseg in the two liquids
also are not hsm-'-s~herioslly symmetrical. One mould watiaipate that
the pressure palss near- the interface wmcld be anoalous, as inceed is
observed. The blind band and the cavity, s:r crater, ia the lower madiuma
Aie In fact correlated manifestiatiens of the aame wechanical phencaena,
aii both am' generated in the very early sta.ges of the expansion of the
etxplosive g"13s. Accepting this view, ame rmldA not expect sartif icial
obstructions an the sea bed Lo produce "weing", i.e. a bl.ind band.
This is found to 'ne the case. Fur-heruore, one wrvuld not expeo-m to ton
able to detect a "blind bae. =~ the aiz blast from an explosion on the
ground, except very close-in, becoause the ren-line&r terms in the hydvr.-
iamios of air blast arc so =zr ch --ore important the-n they pe for

water blast, and the departure fron "geometrical optical is correspondi-ngly
far greater.

6o. #tTwo mathematical investigatiorz, one supported by ogtc e~yeriatal
evidence relating to the refleotion of pressure pulses at an intarface,
may be briefly an~ti. ie here. The first is limited to weak palear so tb~
the theory of sound is applicable, "n is due largely to Arcus and oo-workers
at Woods sl.Tho second is purely mateatiokl(2) and rc3.&tes to a
finite step pulse in one medium meeting a aeond mei at a plane Inttrface.

According to the ustal theory of wave motion, vhen an Iinite traln
of plane harmonia waves moving through a Olightr m meum in vwhicAh the wa'*m
velocity is o meets the lane Inte-face with & *donar wadium in which thq
-avc velocit, is C, reelection andi refraction occur, andthi refac___ -

Angles of Inicidence greater than or equ*i to the 'c=ritioal anglen
0 0 o0oseol , inioe total reflect~li. Notice that depcn.s ctly on

the retio of the two wave velocities sAn not othfrqec.Best Available Co-a
By means of a Fourier trasfox , a pulse of 9a±q form may be oemmavaed

a a -- znof various harmonic raves. The pulse shAype of interest for
unriruta explosiona, hs.a a zharp front and dacays eo ntaland a
=Knagaable PFeurier integral oani be found for thin oase. Since the 01ritical
a.e o! 2oto is indepandc-nt ~f requien, =:--h a pul~e shoud be

refleet d comdpletel~y for angles grcater than the m-itical ang4.e.



The Interesting polnt arises, however, 1hat each OMpoUt ir the
seidmet ulse ,periences a c p ut Ak,m the value of whli iki
Idaperiat a the frequency. It all the copor ate of aPmo.e ,*r e
ufe th sam chmage of ihases the wemal$.nt sAoe of puas : ftsy oa
ospeoia$ll Anoe region at a steep front.

This si~pe 1bat Important conclusion agros with emperitient 'but
reenit woft at Woods Hole has shm that the refleoted wave ow nly be
reprofaoed 1W the sathuatial ansysis it an appreciable, obso~ytion at
enery t isaamsA In the refleeting medium. 1articoal5Z~ intresting
Is the wo*k, both theoretical en eperimaental# an the atip wae Vstesm
In shllao water (Ma).

The ocasidorale elgebrsia and omputationul diftImaltioq ,? "tOc
problem ot the reflection and reamotion o? finite presare, 43 ,, e
an Interface are deonatrated ien a stiole W Tauf12o). I a at-l pat"
lead 1w a shoek wave, Incident obliquely at an Intertace w Ah i, "dnoe,0'
wmdium, aways ives a shook In the denser medlim, ad a r.eottod K .oh
o, a relAy rietseted wave, dependIM on the angle of in, &lvn and the
mecanical paremieters, In the lighter mediin. A gnc,.*tI si lu'4cu ht'lq no~t
been obtained.

61. To sm up, for soft ea-beds the presence ot the ses.'bvd mW it.
general be negleoted end the -zplosion assumed to take plaot, iii an x lait
depth at water so far as the pressure pu so is concerned. Fo. hrA sea-
beds the ffects dAfer appreoiably aooordinS ae the oharge Is w 41 &w."
ftm the sea-bed or not. It the charge is not near the soe-N4 he l atter
acts as a partially reflecting suface an the maximam efPot 01 khe oeC,-bd
occurs for points on the m-bed. On the other ham, oha, i, o wejht W
oan a hard sa-bed *an be equivalent to a charge at wesigt 2 f In t44-watez
so tar as the pAlss arriving at points well away from the s *4-e is ocr n*d
At the ame time, it can behave as of weight less than W for tl * lrjul at
points on the sea-bed. This phenoeon has yet to be satis ac tuly
e039Aamde

Oscillation and rise of butle in aid-water

62. After the pressure pulae has been propagated well 'ea frm the
explosion the motion of the gas babble ad the uwroundung woter tike
place relatively slowly in comparison with the initial eventi jr- wdiing
the puls. Henoe, whilst the oompressibility of the water is en all
important factor for the premure pulse, it is quite a good sproz..ation
to neglect this compressibility &uring most of the bubble motion. The
mathenatical treatmnt is, therefore, based primrily on this udiw4' l.is
for inonpressible flow as given in standard text books of hy ,oelpamios.
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65. AL?'&4t the 0o4,.etien of the bubule had been predicted, little
earSiXf8ae was atteachd 4o bubble action Util Wrld Wfer 11 when Interest
wAS raPVIVd 1W.the pporsnoo of two Important papers# one ritish, the
other Amerioant these i wO papers have formed the basis for most ;; the
subsequet theoft of biible motion* AA outline of the basi thecry In the
I'itish fom is given wi Appendiz . Xquationa DO, D9 and B10 er,%ble the
bubble motion to by octguteai, Pi.1O Shows graphically the results
oal.ulated for a smal cbare of 4.63 lb. of T.N.T. e p1oded at a 6epth at
20ft* below the sea sgfaetoo

64. Teor0 A It 0 n
fig.10 shows that the bubble
first expands to a maxium
radius o * 6 ft. and then
c.ntracts to a radius rather
lois than 2 feet before
commening to expend spine,
At the sme time, the bubble
tend& to rise, at first very

lowly whbile the bubble Us
onpending,and then very

Ile. o OI. quioky when the bubble
I beonem of small radius asain.
t This rise is represented v the

I ,. : ,., , - .,,I c um v 0 D a P .

~ '*A.MLS~ ~63. Using Bernoulli's equation#
the pressure in the water

S associated withy the bubble
a" motion is found to be completely
0., 84 negligible except when the bubble

t-l. is near its minimi radius*
The pressure then rises sharply
to give the effect of a second

.iggi0 - Ourves hos ,leuted explosion emanating from the
___ _on "position of the bubble at this

time. The resulting pulse
will be termed the *first

bubble pulse** If" ;hs piessure at a fixed distanoe from the bubble be
considered, the fira'; oC.bble pulse ip relutively feeble oompared with the
original pressure pu:.oot On the other hand, itne the bubble in moving
uward&, a target rwm:n l)ove the oriinal explosion may be relatively .3lois
v; the btbble at its fit :A; mInh1na and the resultifg bubble pulse may have
a janaging effect ospr .. ile with that of he original pressure pulse
emanating from the m)re %! stant ,oentre of the original explosion. Por a
fixed point 6 ft. beLcw 'ia on aurface and 14 ft. direotly above a oharge
of 4,063 lb. T.N.T. e ai.1,-',:d at a depth of 20 ft. the calculated pressure
in the first bubblu )t Is shown in fig. 11.

Por comparison it mar be rted that the original pressure pulse would have
a maxm u m pressure o' abz't 2,00 lb. pet, sq. in. and a time oonstant, 1/4
of about 0.0002 oc,,. T c bubble pulse Is thus of muoh lower pressure b-t
has a longer effe:.tio ,iazation than the original pulse.

a, -- --~--
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" 66. Underwater photograpty and
piesu-el~otrio gauges hwvu been
used to obtain considerable
empirical data on bubble ation
reeult~ng from emall explosions
in experimental tanks*
qualitatively$ experiment

S16" confirm& the theoretioal
prediotioms that the bubble will
oscillate while risin; end that
It will send out a at each
minim, the pressures in each
pulse 1eing small omared with
those in the original preasure
pulse but at longer effective

OhU A' T" .A ..... dauration, Quanitativolys the
?S.e theOr ha given good predictions

ot observed period of first
oacillt tion tnd the rise during

Wigel - O Uted &ressWM/as this period. The tler. cannot,
narteta or m:rs, 53 e boever, prediot with much

Maccuracy the orm and magnitude
of the first bubble pulse and the

cumre ehsm in 411 lhould not be regarded ae an aoourate quantitative
predictIon. This defeat at the theory was eaptated since the aolapsing
bubble tends to bourme unstable and depart from spherical shape and may even
split Into separate maller bubble. which ooalesoe into a single bubble
again cm re-onpasicuo Furtber, near the inimum radius where ohangee are
repid it is no longer a good approxemation to neglect the effects of
compressibility. In general, therefore, the theory cannot be expected to
predict with ooure* aW quantity depending prisarily on events when the
bubble is near its rlncia radius. It may be noted that althooth izn fig.10
the most pronounced ie occurs near the minimum radius, this rie depends
mainly an upward momentum aoquied when the bubble is luarge. (The force
produoing the amentua is the bucyanc, of the bubble which Increases with
the ails of the bubble). The breakdown of the theory when the bubble is
small daee not, thsrqtore, invalidate its use for estimating the rise of
the bubble 1n the first osc llation.

67. With suitable alas ot charge ad dtUa of euplosion, several
oscllatlon of the bubble may take place before it bneako surfaoe or
deSenerates into smaller bubbles. The period oi the second and later
osillations and the assootatod rise owing to the net lydrootatic Coroe
osmncA4 , in pneral, be predioteod with the asme acouracy as the Initial
oscillation and rise. This further defeat of the theory is urdoubtedly
a "saea w it. Aovs or onergy 4urlng oscillation due to suoh ouses &3

tui lulenoe whioh are not allowed tot in the theo,7. Due to this loss of
6s', the later oscillations tend to become more rapid. For example,
in 9, experiment with I ea. charge of Polar Amon Gelignite axploded at a
doptO c, 7 ft. in 15 ft. of water the periods of ti first, second& aa .
third -aIej.llatios were .t-.. to be 0.072, O.I%9 rI, .' 0,15 ae.
respe.tivay. The aaesco,,i energies of the bubLL t,,.on w ,ld then be
about 0000, 3000 and I0M) oa,;rwsa for the suowessix-+ ooiL'tione
indio -ing that f'r this c-se about two-thirds of the urr aS
dissi ated in eaoh oscillation.
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68. The main qualitative featurea of the bubble motion in mid water us
predicted by theory and iobserved experimentally, can be summhrised as
followal-

(1) an oscillation of the gas bubble,

(2) the rise of the bubble due to sne net hydrostatic force, and

(3) the production of bubble pulses subsequent to the original
pressure pulse.

The Initial elosion is followed, in effect by subsidiary feebler
explosions. It the explosion takes place well to the aide of the target
these "explosions" are relatively unimportant. If a charge is exWloded
vertically below a target, however, the rise of the bubble under gravity
say cause one of the later explosions to occur very close to the target
and contribute appreciable damage. This phenomenon of enhanced damage
when an explosion takes place beneath a target instead of to the side, has
been observed experimentally and is pussibg the most important prectio"n
consequence of the bubble motion.

Behaviour o bubble near tree and rigid surfaces

69. Possibly the most remarkable features of bubble behaviour are thoss
associated with the presence of nearby surfaces. One extreme aspect is
the behaviour of the bubble at the free surfa* of the sea where there i
virtually no resistance to flow and whore the pressure remains oonstant.
T' second extreme feature is the behaAour of the bubble at a completely
rigid surface preventing any flow perpendicular to it. The effects of
such surfaces have been both predicted mathematioally and observed
experimentally on the emallsoale.0 Briefly they are as followas-

(1) A f surfaue exerts, in effect, a weak attraction for the
bu51 while it is expanding followed by a strong repulsion
when the bubble Ia small and contrating. The net effst in
that the bubble tend& to move away from a free surface during
a complete oscillation.

(2) A rigid surface exerts a weak repulsion for the bubble while
it is expanding followed by a strong attroion when the bubble
is small and contracting. The net effect is that the bubble
tendA to move towards a rigid surface 2nd stick to it when in
contact.

T".b.h..0 - 4 - -- A , .,.. ..1goad,,, .166 ,eu~eeasng

d inatno from the surface, subject in cuse I to the bubble not breaking
suif'oe on its expansion.

70. The repulsion from a free surfaue and the attraction to a rigid
surface are in the nature or what is known mathematically as a second-
order effect. It is no pos.ile, therefore, to give any short account
of the underlying theory and ettent'-on will be concentrated on the
qualitative ruUlts in connection with the effects of the sea surface and
the sea-bed on the motion of" the bubble.

STite reader is strongly recommended to see cin-filml of bubble motion.
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Motion of bubble near sea surface

71. The tea sutrface behaves as a free surface and repels the bubble
downwards. Po an explosion near the sea surf ace there are, therefore,
two opposing effects; the repulsion of the bubble by the sea surface, and
the tendenqv for the bubble to rise under the net hydroeatic tO. Consider
similar charges exploded at different depths, exoudlng extremely shallow
depths for wh ch the bubble vents an its first expansion. As the charge
depth deoreases the repulsion of the free surface inoreases; the gravity
rise will also Increase, but more slowly because the operative "depth"
affecting this rise is measured from a point 33 ft. above sea level (since
the atmospherio pressure is equivalent to a head of 33 ft. of sea water.)
For a shallow charge the repulsion can be the stronger effect and the
bubble will sinks wbilot for a deep oharge the surface effect will be small
and the bubble will ' rise. At some intermediate depth the two effects can
exactly cancel and the bubble neither rises nor falls. Therefore, the
major effect of the proxmity of the sea surfeae on the motion of the
bubble is a downwards repulsion tending to lessen and even reverse the
upwards motion due to gravity.

Motion of bubble near soa-beds!

72. Rlxperiments suggest that mea-bodo in fact behave qalitatively like
a rigd surface in the sense that they tend to attract tTie-bble. With
very soft sea-beds and/or charges some distance from the sea-bed, this
downwards attraction is weak und manifeasts itself only as a small decrease in
the rise due to the net hydrostatic force. With charges close to. or In
contact , with hard see-beds, the attraction is strong and the bubble
tends to stay on or rdar the sea-bed until it breaks up Into small
bubbles.

73. An Important additional effect observed experimentally is that the
proximity of tbe sea-bod tenida to suppress the osoillations and the
bubble pulses. Thus with I oz. charges and a gravel sea-bed three
oubble pulses were detected for an explosion at 8 ft. from tae as-bed
whereas explosions at 1 ft. 6 in. or less from the sea-bed gS- only a
single bubble pulke. Bxperiments wih i oz. charges and an . fioial
(steel plate) rigid sea-bed showed a similar qualitative effect but the
seonsd pule was evident at a charge distance of 1 ft. thovgh not at a
charge distance of 6 in. Charges of I lb. to 5 lb. exploded on or near
a mud sea-bed also indicated this suppression as the position of the
charge epproached the sea-bed, and with the charge actually on the sea-tcd
there was rarely more than one bubble pulse which was of a broken nature.
Therefore, the major ffeots of the proximity of the sea-bed on the
bubble motion are first, a downwards attraction tending to lessen or even
reverse the upsa-dm motion due to net hydrostatic force, and secondly, a
suppression of the lae' osoillatiuna and bubble pulses.

Vslble surface phenomena

74. The visible surface effects, often very spentacular, consist
essentially of a spray dome produced by the pressuri pulse and a
subsequent plume produoed by venting of the gas bubble. The dome and
plume are not of direct significance in connection with damage. However,
a knowledge of surface phenomena may enable the expert to estimate the
alse and depth of an explosion if photographs of vhe dome ond plume are
available. This can be of operational value.
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Jpruy dome

75. The spray dome depends on the pressure pulse being reflected as a
tensile pulse at the aurface with subsequent cavitation otf the water. To
understand the mechanism of thne formation or the dome it is first assumed
that the pulse can be treated as a small-amplitude pln wave*

I J*
Al Ag----------.

I~ol I4 V a#~ .

(C) (b)

Pihowing the distribution of pressure with depth
?;~;",,,, ,V the exploso

in fig.i2s, tha ourve A B Q represents the distribution of pressure with
depth Immediately above the explosion at the instant when the front of
the pulse reaches the surface. At a later tine the pulse, which viuuld
have reached 4.he pusition A%' DO 41 in fig12b it there were no murface,
is instead reflected as a tensile pulse. The tensions in thsis wave are
given tV the curve A N P D ohioh is tt~e Image GnA o the portion
A' B' N A of the uriginal pulse which has ceased to exist. The pressure
in the woter (apart from the hydrostatic pressure which is negligible in
comparison with pulse pressures) is then given by the difference between
the curve A N Q'representing the remaining~ original pulse and the curve
A TZ P D representing the reflected puls. Over the depth A D the net
result is a tension in the water inoreasintd from zero at the surface to a
magnitude iJ Y a the depth D. Let the instant depicted in Vig. 12b be so
chosen hbat E F is equal to the greatest ten~sion that the water can
withstand. Aet this instant, therefore, the water will oavitate lit the
depth 1) and the layer of thickness A D %IIl be projected upwards. The
top D 7~ of the weter below sill then behave as a new free surface from
which the remaining pulse D I Q' is ref'lected as a tensile wave and the
whole pruces a n be repeated. If 5 F, representing the tensile
strength of the water, is small uompared with D 7-, representing the maximum
pressure In " he original pulse, a succession of thin layers is Prrojected
upwards each of~ which will break into Orops.



76. The reflected pulse Is produced in effect by a "negative" ohargI
above the water tending to suck the water towards It. The particlis
velocity in the water due to the reflected pul3e in thus upwards, that in,
in the sae direction am that due to the original pulse. If the
cavitation tension 3 P is very small, the tension in thu reileoted. pulse
will be approximatel.y uniform throughout the thin layer A D and eqv-1 to
the pressure, similarly uniform, due to the original pulse. Bach pulse
will then contribute approximately equal particle velocities and the total
partiole velocity will be approximately twice that due to the original
pulse. Considering the first very thin layer and using equation 17 th*
velocity of upwards projection of this first layer will be

V 2;m.

where p. is the pressure at the pulse front. For the next layer the
sante type of formula, would hold but P. represented ty D F in fig. 127b,
is replaced by the slightly smaller pressure represeiited buy D B. Uncle
the pressure in the original pulme decreases iateadi3.y each successive
l#Ver will be projected with slig~htly smaller voloulii';- than the preceding
layer. In particular, therefore, the top of the doi'~e is formed lty drops
from the first initial layer and attention will be concentrated on this
layer.

77. So far, only a point
Immediately above-tihe explosion has
been dinzcused. In fig*13, B
represents the charge and 34 its
Image in the sa urf~oe A C.
Consider a point P in the direction

310111 P making angle 0 with the
vertical. Due to the original

N J1 pulse, the initial par.iole velocity
e at is m in the direction S P,

AIR %J whilst due to the reflected 'pulse
*it is u.~ directed alongP El. The

* P resultant velocity v of the water
* WATR ~ *projected initially at P is thus

v~2LIMcosO ! .fooQ . (28)

where Pm refers to the maximium
pressure at P. Since k,, and
var- inversely as the distance a P',

Fi - Resultant vlity of the variation of v along the surface
oro~leoted waer, for a g~iven weight and position of

charge is of the form

V OMCox ................ (29)



I the &OPe thus does ames
stay as the horisonal

AIR aisame tam A iueass and
Isas to a do-shev"e contour.
With the aspiGPN o"# med, e
doime would eintend to 11*11011
tut the itrte&tion at a finite

I 'Value fear de tension
at whioh water eseitatee Vcu2.t
restrict the dome to a finite
ameat oSwat~ as aosrvd in

Fig. i4 thickress, at the initial layer
projeoted at P in tigIJO. Wll bo
greater than at At the voriatIOP

ME atf thloemoss, with distance A P
beiii qAjta ly at the sap It D 3, As th eyo sIncreases In
thisemove : stage wl be reached where It no laWger ees up to be
piejeete am spro end an edge will te formed to the rlsile dome.

?8. UsyM the done there to thue a region SA which ruptu~re occurs bel.ow
the surtee to form a relatiely thick top leyer In a state of tension.
It ft observed In practioe thiat the spray doe is surronded IV a "blak

Aim , the ouer rais at iahis fully dautle that ofthe ose. Itsa
= vokse at eherge is eqhodeil baer a oertain depth there Is no spasy

th wana pressure being insufficient to cuse cavitation In thin
ltwo , *prially this depth tor ToR.~s charges ccmurs when the awdamu
presur ftfnthe ;aoon srrival at the surface is loe than about
0/)tonprs. A.I Thus,for eessple, thereIs no spray do=e itsa

)M0 lbs sharp Is exploded deeps' than about 11.0 ft.

The precise mechanism at the surface pheacms has not been finally
eluoidated, Speark photographs of call sub-ufaoe explosions, show that
the free surface, as it Is thwoen upma..rI, breaks into a vory large anmber
of "needles or spikes", The tops of the noodles peel oft as drops. The
implication of thia result is that an instability ot the interface has appear.d
at some early stage in the upwarl motion. This agrees with some mathematioal
a&M experimental Invstigatirns of (61. Taylor end D.L. Lowis. They have
prod that If a syste composed at two media with a common iz~ertaoe
containing "lal Irregularities (iLeo ripplesl, is cocalerated in the directi.on

from the denser medium to the liahter mediu, the irregularities j~r
exponentially with time. The shook wave striking the tree murfaoe is a limiting
ease ot thiq phenomeom, in that It cause* a finite chage La velocity
Instanatneously. The effect is vo cause the areste of sany smsa. irregularities
to shoot ehead at the main. bulk of the water.

Tho initial velocity of the "profile" of these water drops is greater
then the velocity iv, considered In eopation (29). Were this not so,
mesuremsits of the initial vvlocity %listribution, of the dame Would permit
one to calculate the exact depth of the exylosion# end the peak pressure-
distamee relationehip. buch calculations have In fact been msa4e with
reasoneble euooesjsalad ao must therefores oomollAs that the Instability
La the Ysz7 early paut of the motion ot the dom, in soon absorbed in the bulk
motion, which thereafter prooeed. as if the instability had never existed.

The magnioation of surface ripples y the underwater shook decreases
rapidly with horisontal distance away from the point an the surface above
the explosion. Oine photographs of thi surface show a Uxrkening effect
betore anything also can be seen (18a). The eaot mise of this Otlack ring'
dependsn on many factors, espetially the lighting conditions, but there can
be no doubt that the fndatental eplenotion is to be found in Taylor's
Ideas on th# inatalility of an 'aclerated Interface, in contrast with other
explanatlonw whinh rel.atej the darkening to cavitatio"' below thm surface.



79. The spray dcoe is not of direct Interest in connection with bmseg
aims it gepresenat ery wanted traem the attacker' a polnt of view.
However# the theory of its formation, using equations 27 and 28 or more
complioated analogous tormulae allowing tor a finite tensile strr.,th of
water# an be of sawe use for' subsidiary purposes in conjunction with
experimental measurmnts from aims films at spray woloooiW, also and
shape of the dome. lA pArticular, the depth of explosion cit charges
dropp*'- fram aircraft am be estimeated whilst on the aore tundamental
side msh measuremients am % used to obtain empirical dnta, for the
maximumn pressure pm LA the pulse.

80. Occasiorallyv, it Is possible to distinguish a later secondar s
dome due to the first bubble pulse. The affeot Is generally indis
because for deeper charge& the bubble TAub. and the rasulting ssoonaxy7
dome are amall, whilst for shallower charges this doms tends to be
obscured by' the plumes breaking through ver7 soon afterwards. Pcer
charges near enough to the sarteos tor the bubble to break surface cia Its
f irt expansion, for exaak-Ae, 20 ft. or less for an satol. depth charge,
there Is of course no bubble puls and no seockdary dome.

The plume

81.* The secnd phase of the visible surface effects is the aruption,
through the donal or the %&fter displaced bodily ty the bubble motion.
The resulting plume is somewhat variable In character and time of appearasce
but it has been possible iu some inutanoos, to relate, at least approximataly,
the plume pem 2na with the babble motion. For a 500 lb. T.N.T. charge
ex-plodod at a depth of 50 feet, the first sign of plume appears 1* sea.
after the first appearance of the spray dome. For shallower depths of
explosion the interval becomes shorter until finally the plum and done
became indistinguishable. On the other hand, as the charge depth inoreses,
the interval becomes longer and the effects decrease. At a depth for
which the svpay dome no lonaur occurs, all that apears of the plume is a
churning of th#4 surfaoe some seconds after the explosion as the residual
gases strean up# the gas bubble having degenerated Into small bubbles with
little Interna pressure.

82. A remarkable plume results from the detonation of a charge close to
the su=face when the gas bubble vents through the surface with a high
oilnux velocity. The plume structure from a normal type ct expaosivp W
welght W lbs. detonated at a depth D feet, *aere UVD is about 14. lbs.;
feetli, i.e. a charge with its contra at about owe charge disater below
the arfaoe, is shoam In the diagram. This illustrates the typical
behaviour of such shallow underwater explosion#.

When the gas bubble vents, the pV.s rapidly overexpands, ontmining
water from the region of venting into the brush-like cloud motie which
nonsinto of finely divided water and gas, and so tnsto disperse rapidly.

free surface in, however, unconstrained and peels upwards to torm the stem
of the plume, the base of the stem keeping in step with the M.!paudio
avity. The hollow mature of the stem sheath has been confirmed br pMlse

X-ray phatoptj~ho. The gas pressure within the stem rapidly falls to a
sub-atmospheric value as the stem expends and the excess pressure of the
outside atmosphere makes the fluid inr the uas reconverge Into a jet 'kich
moves upwards with a high velocity, A tall sander column ensues which
reaches a relatively great height and Is c~wzaotsristio of such shallow
explosions.
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If the depth of detoationi D is incrased slightl.y the 1iitial
appeaaoeof i the pi'- inslightly dhaziged be053'B th p. pressoreon4a.- -Z n...e ttA44jw- 'e1,14 son 4imlisih with the

TV Spect,to the diameter ofre tm uutil for a sa.pthi of detnat!=
Vmm U~b is about 1.5 1b fw- the cloud som width equals that

the sam at msadima grwt. i.e. about 2 harge diamters. The ma - i=
of stm and jet tormtion in, hwver, fi~mta y unalterod. ?or
geomistri-412y sma&flar shaLlow underwater e..,emsx of different soales,
the diaamsions of the various plame feabares scale rou4hly as the 1ne
dimensions of the expriment or as the cubs roat of the obarge weight.

Scas idass of the heigbts attained IV the Jets frou such shallow
w~darter erploions is3 afforided by de following figure. A 1W lbs.
oherge of P.1. No* 2 at a depth of 1.6 feet, i.e. fwee W;#D a 1.3 fame
a jet %hich rsab a beigh of ow 20 feewt. A 300 lb.. depth oh&A%.
fired at 5 ft. below the surface, ioe. ii- a 1. forms a jot whiob reaob..s
ove: 600 fee. eM is om1? about 30 to 40 feet in diameter.

UNO*G WATIat CAV~

Best Available Copy
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DWUAUQI 37WMTAM AM*l W1R A1UKMA ML TO
NORCW-AC IUWMZM

8S 80 ter in thie ohapter the explosion he been &sedme to to plese
in open oter vith no target present enA attention ha boon ooeooretel
on the roesulting pressure In the miten Bowevr, the prosees an
behav owr at the target modifies thie premure m that it i not possible
to make the smple esuption that the target io %tb eotod to the
pressure whibh would occur W the ebsme a the targot The Important
aen rether diffioult problema fte Interntion betwen teret ald

plqosioa effects must, therefore, be coMl4orods

b6.P ttet, to effeots associated Ath the pressure plse W ill be
atielk& 2xiatS thearlan for the Interaction between the pressu e
ploe and o target hve followed two beic lines openalwS on two
difforot i1ple typos at ftaret-

(t) the taret io assmed to be plas ene a of I-1nito extent
but eapable of ysIedlo,

(2) the target Is considered to be plane but only a finite
arme i eseemed to yold, the rmisiaOr of the target
being fixed and r41d.

I general the frirt type at theory Is mor relevant to aotuel ship
targets wlt*t the second t"p of theory to espeoially relevant to
special typoe o1 minglelate target& used in mall-soale ruseaob.

Pressre 204140 iNGIMt on infinite- DjorA oir-bookd jIo

O. The dimensions of actual ship targets are usually large oupared with
the effective longth of the pulse end the ourvature of the ship's pleting
I malls. Therefore, it iii not umeasonable to regard thq hull plating
to be an Infinite pleans pl&at. As a further simplication$ the
resistane to deformation of the hull ie represented by a r stanooe
distributed uniformly over the plane area, the movement of any elo nt
of e*os being opposed by a tormo proportional to disploeont o the
olment.

*Suoh a relstanoc is usually assooated with 4n elastic spr4 .g but,
as explained later, this lnear rletion hols also forP _etl,
stzetohing of a plate; it is the letter rather than thm-nTomor which
is loeing similaded, sloe elastio d formsetioo Itself invulves no
permanent damage.
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866 Por t1 amplest oas$, the
poeure pulse arrivos et normal
itcidncee and the explosion to

NCINCI14T OWlI aufficiently far awy for the
POO. tR oPLoN pulse to be treated as a plon

wave. Iveqr element in the
plao plate then behaves In the
sowe way and attetionl *as be
fixed on unit area. !he
ineiinm t pressure pulse from the

RPOLL41, PU M explosion will. then ive rise to
a refloote4 pulse, the form and
magnittude of which will depend

All WATIR on the motion at the plate.
Pig. 15 shows the we ers pulse
Inoident on unit area of
I.tinite plate. 2pWresion
fr the displaement ot the
plate end the pressure on It are

Fig. 15 - 6901 ul 9imt o derived at Appendix 0 where Lt
u n isshown that It

t * time measured tro the ftint awival at* the puls at
the plate

x w displaeent at plate
k 0 resistance to motion for ait area per unit displaceuent

of t1 plate
pia p prosae in irident puloe
p, a pressue in reflected pulse
p a Preaie on plate
p. * mazium prssae In inoident pulse (at time t a 0)
p 6 particle veloit due to the ineident pulse i water

touching plate
U pax-ticle velocity due to the refleoted pulse in water

.touching plate
.P mans density of water
o • velocity of sound In water
m a mass of plaute per unit eros of surface
n a exponential parameter determining rate of doosy of pressure

'henz -- -- " (30)

2p0
p - p+P'- . {je -el. ... ... ... (31)

where - .. . . .. . ... ... (32)
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FI&.1 Pressure gif plate When thore to -no aitaton at Plate or in VAter

Pig. L6 Illustrates tho pmesstke/ttiae variation of equation 31
dtsg~,maticolly szt1 &how& that the pressure aoting on the plate will
be initially 2% which correspondsa to instantaneous ocmpp ote reflection.
'The pressure then docreass to zero, followed by negative values
unioh will ultimately tend to svro asiaptoticellye

87. This oco'irrnon of tensions betwen the water and the plate raises
Immsediately the question so to whether any appreciable tension oan in
fact be sustained 'oetwesn water snd paint or sel Further, if the
precediog theory ware correct, after tension develops between the plate
and the water, there will also be tension In the water for some distance
away froot the plikte. Oan water withstand these teieions? Moreovor,
e';en if the water does riot break, can it exert on appreciable tension
on the plate? The answers, to these questions, affect vitally the whole
problem of damage to air-backed plates by the pressur* pulse. Three
osea~will be oonsidhred.-

(1) The water aticirs to the plate end does not avitate.

(2) The watir cannot exert ar~y tenbion on the plate, but does not
itself cavitate.

()The water oinnot exert any tension on the plat. and itself
cavitate. after the plate leaves the water.

Water sticks to plate and does not cavitate

88. Squsetion 30 holds for any value of tine and the maximumn value of
the diaplacement$ which occurs when t becomes infinitely large, is given
by

2p, 2p.
x - a- 46..(33)

mn6E pok
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This maximum diaplacemert is Indopendent of the target ropwteee, being
in f.~ot simply twioe the diiaaamout *6aoatod wth th Volo ~ila. iamid-water
with no tafget pzeaento It indicates, for example, that at 50 ft. fwom a
chage at 300 lb T. II.T. the maximum deflection o* the plating would only
be about 0.4 in.. This to certainly too mnall in comparison with observed
damage to single-hullod tae vessels having plating about 1/4 it. thicie.
In general, thersfore, tie asaapdons of this case GOem Ualikely to be
relevant in the practical pnbla at damage.

Water exerts no tension " plate but does not cavitate

89. The solution ;Aven by equiation 30 is now valid only :or the initial
period to in ?Ig. 1% during whtch the praaiur an tii. plate is paaitive
At t a to the plat* will leav" the water andi will subsequently be brought
to rest by the resitanewe kx. Putting p a 0 In equation 31, the time t,
is given by

ua rh loge. ... ... ... see 646 (34)

and thence by use* of eOuation 30 the velocity %. of tho plate mt this
time is

this is the velmcity thf whiah the pleto loev~e th.' water. Whilst it may
be permissible under most relevaut practical oonditions to neglect the
stiffness tarm km during the time t. In order to derive equation 35,
it in m!ta.eti: 'o introduce vhi* resistance during -the subsequaent motion
sinus it as then the only aehnim whioh brings the plating to rest..
The subsequent maximum displacement xn,,, is easily obtained from. the energy
equation

V%"',, 4 mv" ... * . ..* ... ... (36)

Tho nai1mm displacement given by equations 35 and 36 will be groator than
that given by tquatton 33 tor ase 1, the at. ffnea k being restricted to
values mall enouCh for It toa be neglected, as scermod in deriving both
equations 3~4 and 35. For example, with A/ in. plate and typical
stiff bess, the explosion of 300 lb. T. R.T. at a distance of 50 f t. would
produce a deflection of about 1.2 In. on the assumptions of as$@ 2 on
ompad with the estimate of 0.4 in. for oss 1. The damage (as indicated
by MOAM * imIScement) estimated on the asumwptions of ase@ 2 is still,
bowover, on the =&Itl side in comparison with observed damage In many
oaSes. It in desirable', therefore, to see whether the remaining 00s0 3
will lead to greater estimates of damaga.

* Eqution 35 is obtained by differentiating equation 30 with
respect to time that is.

To - d
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9Q. For comapriaon with **so I It io contanient to exprosa the roxultN
Cor the present case 2 in terms of the traction or' the energty of the
inciaent pulse which is oamuniostel to the plate. Writing,

mm a oergy communicated to unit area of plot* . (37)

-T- s energy in th3 pressure ptilso, incident on .. (38)
ton0f unit are*, at the plate

then from equations 35 and 32 it follows that

0 14

Water exerts no tension on plate and cavitates after plate lea water

9-b. Ocusider the general case where the water cavitate. at sooe finite
tension. The conditions In the water at various stages of the motion
are then illustrated diagratoally In fig. 17 which shows In each asage
the incident pulse, lettered P to X, moving to the loft and the reflected
pulse, lettered I to U1, maving to the right; the latter is plotted
negatively ammoo it is easier to s at a glance the resultant pressure
or tension sa the differenoe rather then as the amE of the ordinates of
two curves. Pio 17& illustrate& theo conditions prior to the plate
leaving the water, the net pressure, given by the difference between
the curves IQRM and IQ'V1, being positive everywhere. (Pig. 17.
applies also for the previous asses I and 2).

92. Pig. l7b illustrates conditions at the instant the plate break* away
from the water, the net Measure being sero at the plate and positive
elsewhere. Pig. 17o Illustrate& the conditions after this Instant but
prior to any cavitation in the watezn The water i.s subjected to a not
tension aver the range OL and to a not pressure for greater distanoes
from the original plate position. The plate is now ahead of the wate:.,
thst is to the left of AS, with a gap between. The abrupt charge of
slope at T' In fig. 17q corresponds to the charge-over as the plate leaves
the water, from reflection of the incident pulse at the ecoelerating plate
to reflection at the subsequent free water surface AB. (The conditionsI showr In f I&. 17o represent also the water conditions in case 2).
93. Pig. 17o will continua to represent the events In 0-' water antil the
greatest ret tensiori T'8 exceeds the tensile strength of the water. The
resultant particle velocity In the water is represented (to arbitrary
sk.sle) by the am of the full &an broken curves in fig. 17. In particular,
therefore, the water to the left of T'B in fig. 17a is moving to the left
and if T'S becomes just greater than the tensile strength of water, the
layer to the left will break away and follow up the plate.

94. For a finite tensile strength %~f water, this first layer will be of
finite thickness, but duo to the shape of the curves for the incidont ornd
reflected pulses, subsequent layers of -infiniteaimal thickness will be
projoetei after the plate and in effect a "cavitation front" in pr~opagated
beck through the water away Cram the original plate position. Ths
subsequent cot-ditions following such cavitation in the water are Illustrated
in fig. 171 wvhere the cavitation front at position CD sparates the water on
the 1leftt which has cavitatea ea is roliowinF up theo plate, from tho
water on the rlght which has not yet oavitata.
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93. The cavitation front travels back through the water with a velocity
preater than the velocity or the itldvilual pulses, &rd finally the only
part at the reflected pulse which *esoap*s" from the neighbouahood of the
plate is the part P'Q'R' in fig. 174 In which the proaauxe is either pouitive
or$ it nregtive, at magnitude loss than the tension RON to cause covitatior.

96. aming up, the essential testures f the motion according to theme
assuptions are first the plate io projected sway fr m the water,, secondlL
the motor cavitate. and follows up the plate and thirdly, only the initial
portion P'QoR' of the reflected pulse escapes to large distances frm the
plate.

97. The velocity vo with which the plate leaves the water is greater than
the velocity of the water which toll*". up$ but as the plate is slowed
down by the resistance kz of the supporting structure, the first layer of
water will oatch up the plate. As the suoceeding layers of water also
catch up, the plate will have an increasing thickness af water moving with
It an it Is slowed down by the aesisance of the supporting structure.
Some of the kinetic energy at the water which follows up .. 11 be lost on
Impact as esoh lar ostohe up the plate and water ahead, but the rest
of this kinetic energy must ultimately be absorbed by the resistance at the
supporting strinture. The final mazimum displacement of the plate,
representing "damage", will thus be poater in case 3 when the water
follows up than in the previous case 2 where there was no mush pianomenono
To illustrate the potential magnitude of such increase in damage, the
simplest case where the water cavitates at sero tension is considered, the
enrgy lost on Impact as the asuoesive layers catch up the plate and water
ahead being neglected.

8 With the above aimplifying
asesmptions, the total energy to
be absorbed by the rjs .3tarwe k
is the total energyi LL of the
origina, incident pulse leas the
SenrgyS L,.of the positive portion
P'Z In fig. 17d of the

*eflooted pulse which travels sway
to large distances frn the plate.

o.,, With the sesemed neglect of kx in
CASE 3 WHIN WO CAN the initial stages of the notion, WITMA1AMO :a 14"SNIi

AND IMPA LOS S when the posil lie portion f the0, WOE Ni tsCo reflected pulse is produced, the
energyr .in this mositive portion

06. depends only onct anl the remalUf
fraction ct the incident enargy
which in to be absorbed by the
resistance x is shown plotted as
the upper curve in fig. 18 against
an abscisse '/- 4 1 For most

CAS 2praotioal conditions f non-
oontaot explosions againf- xstngle-
hulled vessels the value cf £ is
relatively large corresponding to
small values of the absoiaso, less
thAn 0. 2 in fig. 18. The upper
curve indiostes that for sueh
oases, over 9C% of the incident
energy has to be absorbed by the
resistanne of the plate to
displanemant. For compsrison,

S o o o, os To the lower curve in fi. 18 shows
t the fractinn of the inciient enezw

given to the plate, aocordi.g to
equation 38, or car-e 2 where
there is no follow-up effect.

Fig. 18 - Snergy t -ensfdrred to target For practical ooe corresponding

fran pressure pulse
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to -wn11 eb--jttze in ± 1S 't te &4ev tia in cams3 to arm er~y
ommunicated to tbe plate is about three times or more tan Vlow
corresponding cemmunicated energy ir c*e 2 XCi denaage Is th us to be
expected in case 3 then in cas 2.

99. T he Lqptr ourv C tfi. 18 is based on the negloot of the energy lost
by impa Ass the oevitated voter o&ohs* up the plate. A more rig .-t-a
analysis, allowing for uch impact losses, suggests that for practizal
oases of 1ltrgoE , the eg! finall transferred to the *oat is abotxt
tvo-thir~dA of the incident op= ?hi omzated 9mArv Is atIl1,
howuver, oonsierabny eter tkan that given by the lower oua-. (oase 2)
in f Ig. i8 f cc mall absoissas corresponling to larget .

1CO. The aotual meobordan of oavitation s indi"t*d by Andervater
photographs of ar-baod plates subjected to mall-oeal explosrns is
the formation of bubbles in te moter whiah at first gow in 8sie and
later collapee as the water %Ales up on the doelor-tirg platv. 1hlst
tne roooedlg stapler pioture of On bcIbsar# ce tbo plate by oo4:-.---
layer.'is thus not strietly oowr-ot the min oonclusions already gi vn
are not invali ate& The essntis. toatue from the 4mge aspect in tat
cavitation enables the water to follo-u, the plate and. transfer aspme-b .
extra earlg' frno the water to the target. It appears to be relatiely
urdaportant whthor such foll p taies place by the water splitting ir-to
layers -t-o h bbaer the plate or whthvr it occurs by the water "strtohlv
due to the formation o bdbblse mloh subsequently oollapse s the water
piles up on the plte aid maes fo mad with it

10n. Ttw effect at a plane pulse arriving at an oblque argle instead of at
normal ino Serao oan be tken into ,,eount quite simply. :f I be the
angle 1itveen the pulse front an the plate (.. 0 for nor"a Increi e),
then first, oquations 30 to 35 oan be simply generalised by writi4
P, ao sO3 r P, and a o7. for a. r particlar, equation 32 booma

an 04MI.

Saoondly, the energy lootbot on unit area o the plate is no longer the
same as the enerW pe unit area of the pulse front, tbe two unit are..
making anle..wth one swther.t It is the feemer energy which is rele.eat
and equation 38 is rcplaced by

PL ooo')L

L 2fon

Thaa, if E azrsLk-v, ,mr fined ty equations 40 and *1, the ourws. cf fg. 18
h'-Id, in general, for oblique '.widetc* as well as normal incido=*.
Taking into &ooount Impat loaes, the general result that cbout tvo-tbrdX
of the inoaidnt energy is tran srred to the target still holds for
oblique inidane, the only effot Ce inoidmne being t. deorease of fl ,
the energy inoident pw urit area of plte with inoroasing obliquiyt.

For glanoing inoidenoe, it is possible t ,-t at-alous results ooon
but such csses are usually unimportant tnoe Lt 3 then so Kuall.

Best Available Co p '
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102. The fto that the pulse front to spherical and not plane has also been
Investigated it was Concluded that up to the time at which the plate
leaves the water the assumption at a plane wave In a reasonable approxziatio .
Beond this time, that is when cavitation ets in, the analysis for the
spherical pulse is also invalid. However, it sems likely that in
practical cases the crvetvze of the pulse front will still he" little
effect. In general, it seems probable that the meohanlm of transfer of
energy frem water to target envisaged in case 3, involving ovitttion ard
follow-up ot the water is the most Comen process for single-hulled abips
subjected to the pressure pulse from non-contaot ezplosions, especially
when the Conditions are suh that appreciable defomation or even rupture
of the hull ocour.

Presure pulsei ident on a -YeldiX dispiro in an infiniteunvelL~ng ftff.lo '

103* A considerable amount of experimental work, both empirical and
fundamental, has been carried out by swing targets consisting of a single
circular or rectangular sar-baoked plate to represent a psnel of ship.'
plating In a ship, ony one panel of plating dishing under the action
of the pressure pulse, is restrained from pulling in rourd its edge& by
the surrounding panels of plating.

AA

AIS WATER PLATI

DI 00

ORM MOOVL S0X "COIL

Fig. 19 - essential featre of box and dru, models

Fig. 19 shows a typical sinele plate target, the air-beoked plate DO forming
one tace of a strong box BM. To simulate the resistanoo of the
surrounding panels and to prevent damage to the box (which can then be
used for many experiments) the plate is much larger than the face of the
box ant is fastened by bolts or by welding to a thiok rigi, baffle
indicated in section by AS and CD For the present discussion, the
essential feature of this type ot target is that the large surrounding
baffle is relatively unyielding, being not only very stiff itself but
at,,o wster-backed. The presince of the baffle can modify appreciably the
transfer of energy from the wjter to the effective target plate BO.

Much theoretical analysis tias been carried out for such targets but it
will suffice here to give only the enalyaisi"or the fimplest assumptions
sinme this serwes to bring out the essential differences between this type
of theory and the infinitq plite theory alrebdy discussed.
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*1 106 The yi~laing plate BID of
fig. 19 ic represented in fig, 20

SATES 4by a rigid piston D0 whose motion
AIR WAT2,11,in resitste d by.a f orce proportional
AINto displaceisent The baffe Is t

considered to be effectively

~ fixed and rigid. T'he pressure
FeOOe 4XewaLOsi pulse in taken to be a plane pulse

.0-0 444141e_-of sall amplitwl~e arriving at
normal inoideaoe to reach the

c~. tenet at time ta , the pressure
4~ & in tOw pulse varying with

time according to the exporkntial
form of equation 10. The polem
can be considered in two stages:-

(i) V! the piston DO be hold
fixed then the Whole

PIg. 20 - Prsuepleis u plane ABOD in fig. 20 is
on Yeldng Lsto infixed and rigid uaid the
Inri~tS111Y3.1dia Ipressure pulse undergoes

complete ref leotion. In
particular# the prefsure on B0 will thon be twice that in the
maoidence pulse, namely*.-

pressure withM- fixed a 2pi'" so* 0. (42)

(2) the effect of the motion at the piston must now be added and so
an approximation the compressibility of the water con be
noglected so far as this motion iii concerned. The second
stags of the problem is thus to consider the incompressible
flow associated with the aotion of' a rigid piston in an aper'ture
of a rigid wall So for as the piston motion is concerned,
this flow results in an inrease of the effective msss of the
piston by the addition ce a virtual mass MI, the .sgnitwle of
which de~pends on the size and shape of the aperture.

105. For a circular pis~ton of rsdius a in sn aperture of a rigid well in
water of mass density , the virtual mass M' is given b9?-

8' "

This mass of water It' effectively moves with the piston of mass M andesifrts
a drsr an the nistou which decelerates it. In addition, the resistance
kx on the bauk et the piston also resists the movement of the piston caused
by the incident pulse. The equation of motions for the piston can,
therefore, bc formed from ths three forces. The rosistanoo km is small
in the initial stages, that is, when the force due to the inoidenit pulse
is not sneIL. If the resisattwe kA Is neglected, an approximate relation
for the velocity v communicated by tho pule to the piston is given by

v, 2 "'( s p0  E * . (44)(M4U')n

'"The equation of motion is:- ()WtI)T- +c = 2 fl~pedt 0
If the teim icc 13 ;W,718004 the s~olution for the volocity v is:-

v 2 a t
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The corresponding energy given to the piston and the entrained %*tir of mass
N' is then

This energy has ultimately to be absorbed by the spring asLstnoe andis the energy omuniosted from the water to the target.
106. For comparison with the previous infinite plate theory it is oonvenientto express the results in terms of unit area of the piston, If

0 w M u mass per unit area of piston ... .,, (46)

2o o energy transferred per ur.t ares Mo pinton (47)

L " n energy d Lm incident on uit area of

yon piston ... .. .... ... • (48)

then using equation 43 for IT' it the follows from equations 45 to 48 that

m * i I ... ... ... ... . .. (49)

In equation 49, the fraotion 31%ra~p is always wall for praotical ratiosof plate thio P to plate diameter. The main factor determining themagnitude of £L. is thus the ratio of 0/n, the characteristic length othe pulse as given for example by equation j, to the plate radius a. For
a given target, that is given a, the ratio Ui/t will increase steadilyas o/n increases, that ie as the size of the oa rgenoreass and therewill be a particular size of charge for whiohJ- L. ,or larger Ohargesstring lo"er pulses, the communicated oner gy will become geater thenthe energyfl Lin that portion of the pulse which i directly incident onthe target. What happens physically Is that the pulse striking the
baffle roun the piston or plate is reflected without any absorption ofenergy and the pressure in front of the baffle is higher than in front ofthe yielding pistone Iqualisotion of pressure then tends to set in by theformation of a diffraction wave starting out frm the periphery of thepliton, This wave contributes an increase of preisure on the piston anda decrease of pressure on the bafL01Yj. In this way, some of the energy ofthe pulse incident on the baffle is dtfracted on to the piston Thediffraotion of sound pulses of small ampLitude in water is similar todiffraction in air di;sussed in Part I Chapter 4 of this Textbook
where it is puinted out that long -,ulse are #ubjeot to greater diffraction
then short pulses. This same effect is evideor in the present problemand is responsible f mr the steady increases oft Awith increasing length
of pulse.
107. The preceding simple theory has been extended by a number ofrefinemente of which the most .mpc..tant 13 the oonsideration of the effect
of the compressibility of the water. The assumption of incompressible
flow implies that the wteo" everwvhevi in contact with the piston knows
immediately of the reflection of the pulse at the surrounding baffle and
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mS4ti~s its a 6t s egan) In faot, the net V uch reflection
trises thl'oyih the water wit th e a ound and takes time

ltto ceseb the ea% at the piston by imy Cit the W401r Morecoer,
fta&&mpttoa 0t a &1414 piston implies that %tto% efet oany increase

Ist~ U W4 eay Um ml the otI ~ pietto ishared out Inatantanely Oser
the *410 Ptatsvil in tests :eiauls effects trvel reatiely slowly
fre the 4411 to ths sent" hi plots - mote slowly than th velocity
* el' Wloots in the watsh The Vot result to that in an actual drum target
the odismevt ot the *late at Its oewbe is umaware atf t existence at the
liottle until time iwf arA up to this %let It wAll behave as part at an
infinite plate anti the theor of part. 05.102 La ieloemnt

IOS. FromsqatcW 3)4 and R2 it Gen be shwu~ that to imreasea as n
ferfesiontha sa egha th pt* * c/a Increases;* this time U.

la te waeov Ifto*# i Wopresnt loss with. a utfliently longpule the Aiffoactkan wae" trola the edge will roach the contra of the
plote (C. the tim #a)bete th e ourrence of'say tension. The increaseof presure Aus toM diffrction waw" may prevent any tensionsi
developing. For a outtletently long pulse, therefore, avitation will
nt %ecur &Wtho ultimate notion of the piston will be the s"me as that
Ai~loated by %be assumption of Lamereaaible flow, The effect of

aoresibillto ts than measly to fro4paoo a deaying osillation superimposed
01 emotion for Incompressible W

ON9 Pur the other, entrmisi of a very short pulse, the position ts quite
dWffrent.6 In this case, the prosea at ofGase 3 Involving cavitation will
U: virtually complete at the Gentre of the late before the diffraction
wave arrive trom the edge and uince, the difrated pressure is reesie for
a short pulse it ean he" little effect on the smount at energy ocawicated
to the tart.

1I0 Wo t intermediate le1Mtao at ull*, .then mkay be both appreciable
cavitation aid appreciable Gift raetiori.' Physically, in such caces
avitatian will tend to ovismenoe at the contre of this plate iind spread backc
through the water as a beard of btfbly vter, thes bubbles being
aibseqtaently closed up both by the diffracted pressure from the baffle
aid by the water piling up on the dopelerated plate. Quantitatively,
this prooues Is difficult to analynali but qualitatively it seems fairl

Gcertain that the efect of the diffration frm tite baffle mouat be to
camuntcate more energy to the target than that deduced for the preoedO4,g
asei 3 an infinite plate theory. The previous estimate for oane 31
that about two-thirda of the directly-incident energy is transferred to
tho target should thus fome a loir limit for single-plate targets of
box or drum typs subjected to e:?plosives causing appreciable damage. On
the other hand for the longer pultsea where equation 49 indistee an energytroesir in iexas of the lower lUnit, the use of this equation should
provide en upper limit sine it ivigleots any impact losues associated with
the olobing up of the cavitated veater.

iII. TIhe eApunimtimn that the nfflc in infinite in extent will be a
reasonable approximation ror a baifflig or f inite size ora3y if the baffles
width is large ompared with the length of the pulse. For actual drLn
targets the outer diameter of the baffle in usually about twice the diameter
of thes air-booked plate and the assumption of an infinite battle will not
be Juitified for pulses of length comparable with, or greater than, the
plate radius. Moat vxperisente with drum Laret,,i have, homever, been
carried out with small rnhargas Cox, which the length of the pressure pulse
is nnly Abouut one-fif th of the plot,, rsdiixe so that the asswimption of an
infinite baffle is a fair epprod.instlon. As an eXooption, gau 1u7
SoEniAd *issentially ol. a tOLIt 0yJIturiCAl 1)0(31 01.0301 Ot eah end by a
ckylvi' lcphr#,p with small bofilo, hiave booen used for manty years in
t'-Lals wit firull- oaole aherge:s, th~ e T1 ' 1.lidriz of the die 1ragni
nelring W41m % nii ewiplrlb.til in!uAW ot~ the putonfiel, &mu.e vewr of the
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explosion. In such trials with large charges, for example, 300 lb. T. X T.,
the pulse length is long ompared with the size of the gauge and tag
preceding theory for an infinite baffle In not applicable. A very.
imilr approximate theory can, however, be used. Thus if the pulse is

very long compared with the gsAge dimensions it can be argusd that if the
disphragms be held fixed, diffraction round the sphere will rapidly
equalise the pressure all over the Sau and this prssure will b4
approximately the same as that in the incident pulse. This orreepomis
saply to dropping the factor 2 in equation 42 and the rmeinln nruent
can then proo'ed an for the infinite b--fle. In particular, equation 49
will then be modified by the insertiftof a factor 0.25 cn the right-band
side, that is the transferred energy l is only 25% c the similar energy
for the case of an infinite baffle. Den so, with a sutficiently long
pulse ng a large value of c/na it isatill poesible for the transferred
oneryU. to be many times the direotly incident emrgy, although
reflection from a baffle plays no part in the theory. In this cae, the
yielAing ce the diaphragm.reducea the preure in its noigbourbood below
the inoiaent pressure, and eonery is diffracted on to the diaphragm from
the surrounding water which is effectively much more unyielding than the
diaphrvu It must therefore be r-liaed that viilst the presence cc a
baffle can increase considerably the energy transferre to a plate, it is
by no means essential to have a baffle in , --. t the transferred
energy can be greater than the directly : eerf,.

112. Smming up, the main importance of -. sent theory irrnolvirg
diffraction effects is that it indicates a .chanism by wioh the energy
transferred from the pressure pulse to a target can be greater than that
estimated on the previous infinite plate theory. The present theory is moat
releTant to apecial types ce single plate taxget used in masl-soale
experiments because for structural reasons they usually involve a baffle.
For actual ships, it would appear that, whilst the infinite plate theory is
ir: general more relevant, sone increase of damage due to diffraction effects
is possible. For e.zmple, the hull plating may be stiffened 1.-ally by
seatings for machinery and some of the energy incident on these stiffer areas

will tend to be diffracted on to unstiffened panels %n the vicinity. A
similar affect can take place in the vicinity of panels forming one -all of
a water or fuel oil storage compartment. In general, such effeots are
unlikely to be large and if some allowance is to be made for them, the
simplest correction is to replace the previous estimate (case 3, aruQ9)
that about tw-thizds of the diroetly-incident energy is tranferrd, by
the criterion that all this energy is transferred, that is --
Insofar as any simple criterion can be used for tbq, c- lax problem ot
damage by underwater explosions, this bypothesis fL = C). is most in
accord with experimental results.

113. Finally, for both the infinite plate and the finite plate theories, it
may be noted that by expressing results in terms of the t fransferred
to the target, the stiffness constant k only enters insofi_ as it has beon
assumed effectively mall. Generally, provided the resisting force remains
small in comparison with inertia forces whilst most of this energy is
tronaferred, the exact nature of this resistanoe, for example, whether it
is constant or varios linearly with displaoement, is not important. To
this extent, the mechanism by which the damaging effect of the explosion
is transferred from the water to the target is indSpeOnent of the precise
nature of the deformation of the target. This greatly simplifies the
general problem and enables the transfer process to be discussed broadly
without the added conplication of a simultaneous consideration of the natu'o
of te deformation of the target.

Bodily motion of targets de to pressure Dulse

114. Besides damage to the hull, a ship or target will tend to move as
a whole under the action of the pressure pulse from an underwater explosiac
Such bodily motion would be expected to decrease, if anything, the damage

Best Available Corl
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to the hull Par ships, this etfect ig probably snall, but for mall-soale
targets, iioh usually only sImulate a typlol part f tht ship's struoture,
the bodily motion will be proportionately larger and it is of some
importame to estimate whethebw it Is likely to effeot the damages

115. The one theoretiocl problem for which the bodily motion duwe to a
wall-amplituf pulee has been compUtely solved is that of. rigid sphere
cnd than only on the assumption (usually Justified) that the motion t
mella empared with the radius or the sphere. The enslys iseoat easily
be condensed and attention will therefore be conoentrated on the general
oonalusiom The bodily motion of the sphere depends on the twin
processes of reflection and diffraction, the former tending to increas the
motion whilst diffraotion at the pulse round to the baok ot the sphere tends
to de rease the bodily maotio If a to the radius of the sphere, a is
the distance of the expl.oeion from the onr of the sphers and 0/n is the
characteristic lenth ot the pulse (asumued exponential),* the qualitatt.v
results depend on the ratios de these three lengts" The terms lon
pulse sd short pulse will be used to denote the two extrse oaes Where
a/n to large or small, respectively, compared with the radius a of the
sphere. ]Pr long pulses the analysis and oonolusions as restriate to
the ose wheore gi to also la sineo otherwise the assumption that the
pULse is of a all amplitude will be violated Since long pulses ors apond
to large explosions for most pracotico targets, this condtion that Vs is
large will usually be satisfied It oatastrophic damage is to be yoadded
Por slcrt pulses, the theory ts not restricted to large yalws or x/a and
in practical oases it the dmage is not to be negligible the relevant
values at z w11 usually be at ordea 2&.

116. fe main onclusiou from the analysis for a rigid sphere is that the
bodily motion of a target is unlikely to affect the damage apiweOiably io
the oases of sithor -

(1) a long pulse from a distant large expLosion or

(2) a short pulse from a mall explosion fairly near the target,
for example, x a 1.25 .

117. Par a log plane pulse from a distant large explosion diffraction
round the sphere (target) will tend to equ-lise the pressure on the front
ans book and this equalisation will be hastened by the actual bodily motict
as the sphere moves away from the explosion. Measuring time from the
instant at whioh a paano p'lese first strikes the nearest point of the
sphere, the dtifriAeted pressurel 11 reach thn furthest point on the back
of the sphere in time t u (1 2)/c a 257./o and the analysis In taot
Indicates thet equalisatton Is virtually compleot by this time.
Subsequent to this time the resilual resultant foroe on the sphere as a
whole is small and negligible. Pr long pulses, this time at about 2. 5 a/a
is small cmpared with the oarsoteristic time I/n of the pulse and in
effect only a small initial portion of the pulse produces any appreoiable
bodily motion. In oontrat, the effeot of the equslisation of pressure
is that all elaments of the surface are subjected to a pressure approximating
to thot in the incident pulse and it is on this relatively long dsi'ation
pressure that the damage to the target will depend. In general, therefore,
the bodily notion has little effect on the damage due to a long pulse from
a large distant explosion.

118. Par a ahort pulse from a relatively near small explosion the same
oooluaion is re ohed on somewhat different groun" Here the most
relevant ot is that the mess of the target is large in relation to the
site it charge and only a mall velocity of the target can be produed.
Xn contrast, most of the effect of the pressure pulse will be concentrated,
on a small portion of the arget nearest the explosion and quite large
Local velocities can be prod,,ed. Por saiample, it was estimated that for
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6 sphere 4&mulating some half-scale targets, the meximus bodily veloity
Would be only about it ft. per sea. whereas the corresponding veloctyO of
the plating nearest the explosion, es deduced from equation 35, was about
380 ft per sea* The bodily motion may thus be expected to be unimportent
for such a cose. It will be noticed, that whereas the sphere was aisamed
rigid in the analysis for estimating bU41l motion, the results wero used
to 4erive conclusions concerning damage, which automatically Implies ame,
3-iolding of the surtace. However, It seem& reasonable to expect tVat the
bodilyv motion of a yielding target will be less than at a rlid target
and1 since the thoretical nnolusions reter to cases where the bodily notion
is expeoted to be unimportant, the use of an over-estimaton for the
bodily motion Is Justified* However, for oases where the tWery of the
rigid aphre indicates spgaoiable bodily motion It would be necessary, for
practical aipplicatIon to revise the theory to include amne allowance for
yieldin& This problem io extremely difficult but n*pors o
specific targets can be made by appoximate mthds. p~s o

1196 The problem at bodil motion and the previous problem of copper
diapbraa Souges represent cases Wyee the offet of diffraction round an
abstanUl can be at Impuntin Mei effset to Olaf 4- ame Amn tac
for pleac,-eleotwla Sougsrused to measure the prseswetime variats n
the presisure pulse. Par this purpose it Is desirab"'e that the wesse
of the gauge, which Is necessarily of fialte eAse, saolA not ma if
appreciably the pressure In the water. The effects ot diffraction rond
the gauge and bodily motion assis*to this purposi by teing to eislisse
the pressure round the gauge.

120# Por actual ship targets, questions at diffraction do not &Ase to a
great extant in underwer explosion theory, especially in comparison with
the similar effects in Anr Thus the tvy.ical naval target Is usually
relatively isolated and questions of sceening of one target by smother
rarely arise. Similarly, the diffraction of air blat Into a building via
broken windows hes no real parallel for the underwater target.

Behaviour of ass bubble in wesence of a tenet

121. The attraction of the gas bubble to a rigid owea and Its repalsion
by a free surface have already been describe&. A target which suffers
damage by an underwater explosion represents an intermediate asse or a
yielding surface. The analysis of the behaviour of the bubble near a
yielding surface Is very difficult, especially as some allewavae must be
made for the prior etrect of the Mreasure pulse on Vt, target. S ince
bitble motion is relatively much more Important on the small-scale,
theoretioal and experimental attention has been mainly concentrated on the
behaviour of the bubble for small explojo against box and drum models
targets. An early theoretical analyli for this problem suggested thatI the model might behave qualitatively as a free surface at one stage of the
plate defleotion and as a rigid suiface at another stage with approiable
motion both away arA towards the targets -4 Later revised thea7, however,
sugjgested that repulsions effects were negligible and that the target
behaved essentially s a rigid surface with aresultant attraction at the
bubble towards the target. In the weentlaw, this latter conclusion bad
been deduced from experimental observftioU'; the bubble motion near a
amall bco model wioh showed clearly the attraction of the bubble to the
target. The tnagnitwi~e of these dieiplacenenta were in reasonable alpeewent
with theoretical values calculated on the exeimption that thoflat target
plate and surrounling baffle could be treated assa rigid disa-Wb equal wa
In generl,thorefore~it appears that small-scale box and drum model targets
behave effectively as rigid surfaces and attract the gas bubble.

12"' The bubble pulues are intrinsically much feebler than the initial
prlsoeure pulse but dism to the attraction at the bubble to the target, the
bubble pulses ensa from a source rearer to the target and can thus
contribute appreciably to the damage.
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byesthe menelecryton of the plate stril arer oel altso

(2) prniedbn at the closera distance correspoenaingesto the tre lt
bile itssilfil ag n the presence of fith.Ta ube pa stuends
to Wvn the rt ubbl pulse contrbuteittl to the fixtna daIge

5bnis simularb terl thafo the rit-bed threis tne tppea
theag duetotblbubl pulleeis.onestraAvailableh oCopr
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123. At dist&aOMe greater than the olitleal diatame,6 the tinst bkbblk
pulse originates from a 4GWoc sW3Y trM tOR targt V Iits iutewsetOR
with the target can be treatedllong the lines irdicated for the prsee
pulse in Pame iOai'1. The main point to be noted to that the b%6blei
pulao Is fairly long compared with both the target plate and battle
aivensions. The discussion concerning long pulses is thus *specialty
relevant to the bubbl plse it thee ba model experiments eAn diffraction
effects lead to a tiae red energ some two to tow time t1W ouma
in the pert of the btibble pale direotly Incident an the target pate.

126. Sumiivw up, io smll-scale experiments with box or a models both
the attraction or the bubble to the target and diffraction effect& enhance
the importance of the bubble which cea produce damage comparable with that
due to the initial pressure pulse. The relative importance at the bubble
to greatest when the charge 3s a certain critical distance tfeo. the
target corresponding to the biubble awiving at the target Cieu It is or
minlimmrsdiue %nd the resulting bubble damage tends to be ocentrated
locally on the target plate.

12M For actual ship targets the importance at the bubble In causing
damage is much move problemstial For small charges fairly, close to a
target vessel It saeem likey that the bubble can contribute appreciably
to damagol this is relevant to the attack of aimr by a large
namber at mall charges (cms of wich 0My explode close to the targt)
rather than cms large charge. On the other hand, for lurg. charges the
movement of the bubble towards the target will in general be mall, this
Lmoemnt increasing much slower that the scale cc the explosiom, and it is
doubtful whether bubble damage Is at tmartence to!- such f ull-eale
non-coontact charge against single-balled reusels. A possible exception
is the enhanced effect already mentioned for arges irectly beneath
the ship's bottom tMe effect depending primarily on the ris o the
bubble due to ga'avi~y though it my~ be assisted by the target ataction
as the bubble oppoeohmi the shipis bottom*
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NAW9J (W DEPOWAMICW OP TON TARM

126. yor theovetioal corsideration, it is convenient to consider separael3y
the, behaviour of the target prior to rupture and the conditions governing
rtunse. xisting theory relates primarily to the yielding of targets.
whlst the rupture of targets has beon sasinly investigatod ezpeixasta3.iy.

the major part of the presenit section will, therefore, be concerned with
yielding withouat rupture. Bince nearly a11 nval targets hae steel Imlla,
attention will be concentrated on targets constructed of stool.

liel&Laa of steel tarnts

127. It is first necessary to roopis an essential difference between
the usual problem of designing structures under static loads and the problea
of designing to resist impulsive loading produced by on underwater explosion
The full cumv of fig. 22
Illustrates diagpaintioally
the typical shape of the statio - -------I
ttV$S-BtVIAi curve for & Mild

Steel sp"Gimon tested in simple
tension. The main features ane
the initiel elatio portion AD,
the upper end loser yield
points 01, 0, the relatively flat
portion GD, the strain hardening I
p orti on D&' and the final

fiueafter the ultimate load
ha been reached at F.

126. in the normal problem of
desiga under statlc loads the
naxiam loads to which the
structure io to be subjected RI

are given and the traditional
Mothad. is to design so that for Pig. 22 - Static stress-strain curve
ezample, the --aomn tensile for mid stool
stress corresponds to a point S
in thes elstic rang.. This design criterion mans that it is reasonably
certain that inacooiecis in the method of design will not reslit in the
actual stress exceeding the yield point. It In important to note that,
sinoe load is the given criterion, the elastic range covers mare than Al^fw7the total range of load up to failure. Accordingly, in traiditiona dogigc
the extra saying ot steel bj designing to a stress beyond the yield han not
in general, boon considered suftficient to warrant the extra riskc of rupture
and the potential inconvenience of permanent distortion. problems of soatio
loeW. ig have thus been primarily a design "ustion of elastic defo~rmtion@.

129. OA the other hand, for the problen of impulsive loading du to an
underwater axplosion, the ouaalative evidence alreadyr discussed suggests
that the basia criterion is one of energy rather than load, that is, the
structure has to absorb a given amount of energy rather than to withetad
agiven maxium load. Now iA the static tension test the energy absorbed

in proportional to the area under tli full ourve of fig,2g) Lias energy

a For oertain types of structure the actual static load at collapse
may be many times the load at which tho elastic lizit is first
exceeded locally in the structure. It vee' probable that pnticity
will baoocio increazingiy irnportant in static design problewa in the
future.
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SbaOwpiC tLo i the elstic VOW being small caoqsnd with the mrV
Absorbeda plmatioollye The full Wmm Relates to a norali static teasilan
test at & OW rte OfatrIa. Pe hL&V V&I8Of Atwail &Ato Impulist.y
laing both yield stress apA ultimtile otioe tend to Inme 9 tkaewoer

to the Oratot " tive entesto "aa uppst kigh rate. at stralft the lildhea
ava-iableVO&I eise'uwgsts that tW OW" toods to be at the tom~ AWl..
?im latle absorption ef emrW to still sall ealed with tUS Klaat.
abaoa'ptiomell linse it Is not p ocp~eble to construct vessls Wit hells
,which a Obsorb eurtficiat Samo~la to y to Withstand SAY 111017
seale of attack the mob peator *et&g ebapton *5 piamptio .Telhiia
Is of prum.n~t Impartanes.

i3O. suming up$ timrtores where the traditional designa o easria
otinetures, unftr stati. oad *&t based essentially oft the theor'y
slastiolty" the srenst parob~ss at alltruoo subatttsA to nab ate
explosions in prIuiY a qrsotom at the theory of Plasticity. USe
basiclw a aiquitin appempami~ lnolved in the theory at the pinete..
yielding at swrIAl, threfore, am Itsamussid

Noaeatal appopmptiom for plastic yielding of steel
ii As a first simplificationt yielding In a simple tenaio tent will be

aeemped to take plaes at a onstat Moos. Per static loads this
invoe wegleoting tdiffermec between the upr amd loppor yield points
and limiting moli reftLft to strains up to the point Dinig2 IOU

big% rates of stprain whene the
tr umnv becomes sore of tbe

a Shape AW # the "Assqtion of
afnat topped stresa-atraft
cumw tende to be relatively
&ovuate fo OWstrains fight up
to failure. Tba *SeOMA
Simplification is ti nsota
the initial elastic portion so
that fin~lly the assued curveI to that shown in fig. 93.
This rofers to the ondition
of siopple tension and it is
amW neessay to onsider the
Ieneral Case of any Sstem of
ot-resses.

£ 132, ZIt U0 1 #L ~
denote the three principal

SimlifeA tres. tra maere ooreaponding Prioipal Strains.
Tensile stnesss will bejacenas positive a 0* will wree to tin greatest almebrea Stroe Ad

to the least algebraic stress, that is, d. > 16, > 6" . lor the simple
tension teat the SaBUwd relatio Of tig*23 then Ooil~sponds to

I(#a onstant o

Por mo general conditions of otioes seveal dirlarent theories have been
advaed for the oonditioa of plastic yielding, but only two of these s"le
theories hars survived the test of tim and eqierinmnt.

a Providsd brittle fraoture doss not take place.
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OVe hypothesis doW to Mahi states that plastic yielding camosG when the
-A-wai shear stream reaches a definite value which io tndepeadent of the

nature of the stream system. Since the isaiu shear titross 6a 14alf the
greatest principial streas differenoml this hypothesis sy be written as

le .1(& cnstant aso~ *01. 0 0 - (51)

in which the constant is ehesen to agree with the notation of equation 50
for the special case of simpl tension. this hypothenis is often referred
to as the maimum stress-diferens or maxim shear stress hypothesis.

133. A alternative bypothesis is that yielding aemeonces when (sL

in which the constant tospagin ooneniently expressed in terms of the yislil
'tress e* for simple tension by subtitnung trom, squation 50 IL equation ;I*
This hypothesis an be given a physical oipfioac* %r considering the
elastic deformation prior to yielding. The energy U stored per unit
volume due to a purely elastic deformation obeying hooko's law ORn be
written if Z is louWe a HMAdlus anAap is Potson'sa ratio in the foss,

'U 63 5± d,6'2+ ell 4 -L~ f ( .- ), +~~)~(4 )TJ53)
in which the first term represents t&he work done in increasing or decresing
volume whilst the second tern is the remaining energy stored in ohange of
shape. Heads, equation 52 states that yielding will omneno whem the
emorg involved in change of shape, that is distortion, reaches a certain
detin' to magnitude independent of the stress system. This hypothesis is
attributed variously to von lAaes, Hoooky ana EWAer and is usually known
as the -ax--mm energ of dim tortion'ypodlaesis or the maximum shear strain
mnrg theory.

134. Both equations 51 And 52 refer only to the oondition for the
oosencsnent of yislding and the onstant a, refers to varying stresssystems rather than to varying strain after yielding. For use in the
present problem the constant in either case will be taken as ho-'ding
throughout yielding and since elastic strain is to be neglected, equation 51
or equatior 52 will then be assumed to hold from seo strain up to failure.
ftarimanal evidence indicates that the assumption of equation 52 is more
accurate than that of equation 51. nowver, equaition 52 is a non-li n.a
relation which frequently leade to intraotable mathematios and it is
necessary to use equation 51 or even more drastic approzimationh. So far an
energy absorption is woorned, equations 51 and 52' differ quantitatively
at the most by about 15% whilst for qualitative de~aotiona the two hypotheses
are unlikely to lead to any essentia differences. It my ba. zotel that

both apend essentially on yielding du. to shear stresses since when
6*a p ; and there are no asar stresses, neither hypothesis &a be

satisfied; that is, both indicate no plastic yielding under hydrostatic
tension or compression. In general, neither equation 51 nor equation 52 is
sufficient to datermine what happens after yielding and two further boasio
assumptions are necessary.

135. The second basic asumption, known as the NLaw of Yielding", relates
the principal stress-differences and principal strain-differences by a
proportionality rule, naewly

d. -d. d*. 6' . " :> ... ... (54)

There is little evidencoe to suabstantiate the validity of this law of yielding
but exporimnt~~have shown that, while riot exact, it is at least a fair
overall aj, 4roxit~tion in the range of stresses covered by these experiments.
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136. A tbirdt basin assumption in that under ploatta yielding the steel to
incompressible, that Ip there is no ohW in VolW of thi steel so that
to the first order In strains

0 1. + 4, ea;U 0 ... ... .. ... (55)

This assumption to reasonably acouratt, Nquatiora %, 55 and either
e0 quations S1 or 52 SLYe three basic eoqations for the simple theory of
plastio yielding in steel. Together with the three oqtions of
eq.ilibrium In a static problem or too three eouations of action in a
dyumi problem a total @t six eqaations is tkae obtained to doetouaane the

six frnwn , 0 *' a, ofI* ee In addition, there a"e the usual
relations depedin only on geostry which omanot the atrains se, e 3,
with 4eplaoemnata. theme letter oan be introhaoeA a convenient in any
specific problem it the eqiatatob are thereby smbplified. the bull
structure o a chip my be oonoi~dreA bro& ly as composed of two simiple
units, hmely, a beam an a peas1 ot platiLg. TO illustrate the
Implioations o tb preceding thoory of plstic yielding, two relatively
simple statio problem will first e onsiered.
Plastic bending of a beam
137. tg.2U represents a beam of symmetrioal seotion bent in a ]2€Au at
symmtry. isum, as in the simple theory of e"astic beading, trat plow
seotions remain Plaw e that th beam my be eonaidend a composed of

fibres each of whioh is
stressed either in siple
tension or simple oompressioa.
Zn this "ase, either eqiatioa
51 or equation 52 gives theV result that the fibre stress is
so for a fibre in tenutota or -
so for a fibre in oompressioe
* noe, ngletin M a elastis
region* the stres. is So
everwhere above the neutral

--------------------------. -NIT~. axis and -$* below this axis.,
Po pur bending with no n-
sult*At axial force the aes
above the neutral *xs met be
equal to the a.re of the ross-
seOtion below this axial this
datermines the position of tas
neutral is for any iven shape
of cross section bent plasti.e-
ally. Having fixed this Lais,
the resultant nonnt G dW to

ig 2 - S trioal sectioo of beam the fibre stresms can be ah-a
to depend only on so sM the

shape of the oroa -seotion:G will be Independent of the amount of bending.
Thus, on this simple theory which neglects elastic effects, the plastic
resisting moment for any given beam is a constant Go.
138. Consider in particular that the beam i. simply supported on a span
of length 1 an subjected to a central conoentrated load W. The beniing
moment in the beam is then W24 at the centre decreasing lin arly to sero
at eaoh end. Bnoe, if W ts increased steadily from sero, thin while
W < 40b/1 the bending moment Is everywhere leta then the valu Go n Ocoosry

a The resultant bending ginmat a is given by..

G od s b(x) - 5b() 3: d
dod

where the symbols have t A usaning idioat in fig.24,

m
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to Oa&e plaelAo yielding and, since ulaoxni deeto are being neglaotd, the
beam remains Undetlected, Wholn W a 44c/1 however, the MOMent is Go at tUs
entrs and plastic yielding ecoens at thm oentre. Away from the centre
the awment is still lose than 40 so that the beam remains unbent and tends,
therefore, to deflect in the shape shown in tfi& , consisting of two

(e) (b)

Fig-25 - Plastic o nfR uf og wtd bea by conotrated

straight line portions with a ooncentrated bend at the centre. Since the
resioting momnt 00 is Independent of the swunt of bo nlug it follows
that the deflection will take lae under the constant load W 4%/i.
The load deflection curve is tZ of the flat-toptAd shVe shown in fig.2,
being similar to that assund initielly ror the a sostrain rulation In
simple tension (or oomression) illustrated In fig.23o Uerimenth on
the plastic bonding of beams of arious sections hae shown that this
simple theory is substantially correct.

Dishing of a thin panel of plating
139. Oonsidor t. thin circular plate, initially flat, rigidly find r u&A
its circumofernce and subjected to uniform lateral pressure. For
appreciable plastic dishing, the bonding resistance can be neglocted in
comparison with the resistanos to stretching since the latter involes
far more energy absorption for a thin plate. Secondly, the lateral
pressure will in pneral be small compared with the yield stresses in the
p lane of the plate so that the problem becomes approximately one of tw-
damnsional stres with one principal stress, normal to the plane of the
plate, equal to "ro. By virtue of symmetry the prinoipal stresseo will
then be

o, normal to plate

4 , radial In plane of plate

S, rcumferential in plane of plate.

On theme assumptions, with use of the previous plastioity equation& and
negleoting elasticity the problem has been solved., The most important
result w1hA follows whether equation 51 or equation 52 is taken as the
conditiun cof plastic yielding, is that

61' - e o ... ... ... ... ... (56)

ThiL reault implies th~at the stress in the plan~s of the plate is an equal
tension in all directions, that in, it behaves like a soap bubble.
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149.s the solafion has also bein SiWa tar an elliptically shaped pael of,
plating. In this ease, it the, major Mad minor anse of %Me ellipse A"e tals

55 oO.Oi~.t5 aa Ono 07. It is toogo tha~t Yoe pii~pal. stresses in the
pl at o the plate at sAW point aoweI MA 6$ parallel to the &2.5. sot

6, MA C' wsparately oateat ever the pawel, but are not in general
ec'Ia to emo another, their ratio depending on the ratio of the minor and
major as. ot the ellipse. Nowver, altbough strietlyu G & Ir t it be
assued as am approximation that the elliptieal panel behaves un a amp
bubble with 44 -s a#It em be shMw that the SOMVg absorbed by tho
plate #Loew"i to this approxioatiou differs by only a sail twentie frm
the energ alslate6 b Mhe move emwot aclutio. Using egiatios 31 thi
error varies from 0 to ; a the ellipse varies between the exteemm ases
at a drels Man an intiaiteoy lg Pal, whilst It esgiatos 32 io used, the
oureapondiag error varies tugs 0 to I 3L

1W1 This result tor the elliptiesi panel Illustrates a result whiok ams be
sksoms to be generally ladependet ft at hape at t pamel. flow, for any
02ljoss of plating ubjoeted to a two-flaasional primeipal stress system

66 a G predusiug puisuipal Saussa 0 0 I the PleAyw or the plot*,
the oenerg T absorbed per muitk volume by ' ;keStieteiWngeam be
evaluated 'by using either oqmation 31 or ogtioa 52 togothor with

atioe %1 "Ad 55 and thes Valoo of U as be smared With the soap
approximation OL a *~ o Xhehgves

4A foe(e of foe ... too.. . (37)
Aig 26 sh the resulting
aeqiarisos tow different 'ratios

ex/, f heto toneile strains
i*0 -F' inthe plain, t e plate (The

reaiigprisolpal "at,I - ~-40UAiCN SI give plaito5. For a
ATON $ givenstatsatraii4 not onlyr

does the soap bubble approximationl
Eive an energ absorption

AI'P0XIMT~4differing by relatively small
04.- -.0 TON."amounts from that dadeos4 fro&

04 IAIt equations 31 or 52 but it also
gives A 1AiStoru4iate 60ti10.0

124. The ASSUMUtOn that the
0-1------ 4-plate behaves asa soap bubble

snorting uniform tsionsoa in
all directions the. appears to be
a. reasonable averageo approximation
to e~watiofls 51 ad 52. In
particular, tho practioally
Important ase of a weotanIPula
panel, whtich Wa yet to be solved
by using ecgatiou 51 or equation
52 oc be easily solvezoi_____________
using the soap bubble approxi-
mation~. Providad the onteal,
dstleation Is not azxssive,
that is loe then one sixth of Pi.27 -Plastio atrotabiAs of RMsI b.Y
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the smaller span, the loo,&-deflootion mumse for the plate undeir any given
distribution of statiu pressure wil.l then be of tha straight line form
indicated in fig. 27. The linear load-defleotion relation aore usuuly

assciaed it elsti poblomm', thus holds for dishing ataanla
plating whioh is stretching plastically. It in this result :oh is the
essential jmastifiati..& for the linear resistance assumed In the theories
discussed earlier.

143. in this discussion of plastic yielding many approzitoations have been
Introduced and it might* fairly be asiad - my not the calative error be
so large am to make the final results valueless? The answer to thu
qL"tion. lima in experimnt. Using a large box model with an unsupported
plate area 6ft. : 4 t1.0 a steel pl06e JIn. which was teoted under 41
uniformi static pressure applied bydrulically from the inside at the box.
The results woe In good agreement with the soap bubble approximiation, the
shape of the dished plate being similar to that expected of s. soap bubble
and, iapart from a small stiffening offeat (attributed to some strain
hardening), the preasure/deftleation ourve was sensibly linear. Fuarther
confirmation of the theory was obtained by s. statio teot on a * 80o1.
replioa of the large ba nodA42L

144. it is Importan~t to notice that the soap bubble approzimation is only
valid in problem suah as that Of the lsapod pawel of flat plating in 'woic
the plate is stretching in both directions. For &awred panel at plating
such as a submaria pressrer bull, in whio0 the plate my be ocoressing int
one direction and stretching in the other direction due to lateral pressure,
then either equation 51 or 52 leads to an energy absorption approxisately
equol to So times the numericelly greater strain This approuimation hais
been suggesuted as of possible application to the problem of the submarine
pressure hull but no serious attempt to do this has yet been made.

,Plastic deformation under kynomio loads
145. The only problems of plastic yieldi.ng under dynamic loads wh'ich are
at all amnsble to exaot theoretical treatment are simple *%ses in which the
motion is effeotively omo-disnsonal. The one came which has been treated
fairly exhausitively is that of a long wire fized at one end and subjected to
a suddenly applied load. at the other en4. The basic alyifothsce
was given Independently In this country and in hAmrioa. This ose is not
of direct application to the
present problem of beams and
plates but two general quli-
tative results are of sm
interest. First, If the stress-
strain ralation under dynamic
loading is oonoave to the strainI axis. for exmpnle AD' in fig. 22,
the nigher the stress the sore
slowly is it propagated along
the wire. Pig.28 illustrates
a plastic wave travelling along
the wire tending to become less -
steep as it progresses. The
strz as distribution curves ABC
wave travels to the right. STAI

This is thm opposite effect to
that hold~ng for the shook
wae" in water where the wavei
tends to become more steep s Fig.a - !asi inwx

* A linsar resistanos is not always obtains&I in elastic problemo.
In particutlar for the pt-etnt case of a )Awcl dished by lataral pressur,
elautic stretching of the plate ii~tro11o a a. non-linear tern in the
re stanoe.
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lUa proGreses. A second result for the plastic wve in a wire is that rf)
plastic wave cia transmit a partials velocity peatax than a certain
critical value; thus If a long wire is hur; from a fLzd point and a
weight is dropped on to a yohs at the lover end of the wire it is found
that it the weight is dropped from above a centain height there is little or
no plastic strain in the wire except very olose to the yoke where it wouliL
treak. This result is mere especially relevant to the question of upture
discussed later$

146. For lateral losds on beams, one case which has been solved, inoludil
strain hardeing effects, is that of an i0mtely long beam sub~eoted to
a concentrated dyamio load at one seotion. The mes practical case or a
beam of finite length presents reater difficulties. BoWever, using the
proe4ing simpliied theory that the beam y1oeJ under a constant bending
moment, it i possible to solve mow simple special oases. Conaiaer,
for example, a simply supported bean given an inital triangular impulsive
distribation of velocity which is sero at each end and rises 1l.nearly to a
mauim at the enatre. In this case the deflection at oy tim is also of
triangular shape, that is, of the haW, given in fig.25, &And all the
initial kinmtio energy is ultimately absorbed by plastic )fading at the
centre. Por a given amount of energ communicated as Initial velocity
in this particular Wmy, the muaxim central deflection of the beam can
easily be oalou:ted by equating this given energy to tim energ absorbed
in central bending which is simply Go times the angle of bend at the centrol
this angle is thus dotermwrid and hence the central deflection can be
caloulated.

147. 7or a panel of plating dished plastioally by lateral load@, it has
been seen that the assumption of a uniferm tension in all directions in the
pl*A-e of the plate in a reasonable approxim-tion for static loads, This
approxiation can Qlio be applied to solve certain special oases of dynamia

loading In particular, if
a oiroular pnel of plating
fixed round its circumference
is given an initial distri-
button of uniform velocity
corresponding to a very largs
unitorr. pressure acting for a
negligibly short time, then
the croa section of the
deformed panel at any time t
is shown ir fig.29. Bore

A.. the outer annulus AD, AI'
__.. -(in section) has been

deformod into the cons
....... frustrum AC, AO ', (in

section) which is at rest
whilst the central portion
EB' has moed to 00. &W Is
*till undeformed and wrving
with its initial velocity v.

lig.29 - Sectan throu fo rm oireuar At it later time the deformed
__ shape is Similarly AX'A'

where DD' is uneforcd and
moving with velocity v whilst AD, A'D' I.& stretched and at rest.

148. ITeotively, a plastic wave traveLs inwards from the fixed edge
leaving behind it a stretched portion at rest whilst t|w central portion
ahead of it in un for This plastic wave travels in fact with a
constant velocity O, .4 where So is a yield stress as defined
previously andfl is mass denity. blor steel, 01 it about 570 ft. per se.
and is therefore not orly small oc ared with the veloolty or elastic
wave, in steel (about 70OO ft. per sec.) but also in comparison with t.o
velocity of the pressure pulse in water (about 50C0 ft. per seo.).K

x This result is relevant to the question of whether cavitetion in the
water occurs with a finite p&nel ur pltin&.
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When this plastio wave reaches tk* centre of the panel, the whole plate has
bencze stretched into the form of a oon, AJU' in seotion, which is at
rest and no further deformation or motion will occur, the whole of the
original kinetic energy having been converted into permanent plastic
stretching of the plate. For a reotangular punel of plating given an
initial uniform velocity, the
oorrespondIng final deformation
would be of the roof-tup shape
shown in fig.30, with the
sloping sides equally Incl ed
to the base; the same shape
with the top cut off g2ves tie
intermediate ahpe whilst de-
forming, a central flat
portion being wdAefor--d and
moving with its original
velocity whilt the out6r
stretched portion would be at
rqst.

149. Other special oases
which can be solved are
Analogous to problem of an
elastic eabrane subojeted to
dynamio loading. Such
membranes have certain 5efinite Pig. 30 - of dformed
shapes (theoreticealy infinite rectangular panel
in mmaer) in each of Whioh they
can vibrate with A certain definite freuency. Such a vibration is known
as a normal moade For the analogous plastic pel, solutiuns can be
obtained if the applied ialilsiTe pressure Is distributed over the parel in
the shape corresponding to any one definite normal mode, provided also that
variation of the overall -goitu of the preau.re with time is such that tha
plate continues at all points
until the final deformed shape is
obtained by the plate coming to
rest at all points simultaneously.
In fig.31, for exazple, a
rectangular panel of plating of . Co
sides 2a and Zb with ames Ox, 2 b

0y parallel to the sidseand with
origin at 0 is aubjaeoted to a
suddenly applied pressure
4istribution of pc a oos 7 z/s
om qiy/2b. It is shown at

Apendix D that if such a plat"
is fi ed around the periphery . 7
and the deflections are
relatively small compared with
tt-- s--Ir span (one aith or -ig131 - mangu-.,r pate z,,ec.t-A
less) then to impulsive pr'ssure

distribution

w(t) . 'r (t) '30 s _ 006 - . .. .. (58)

• ,(t) . /2 (1 - oom. t) ... 9... ... ()

where w(t) = defleotionof point (x,y) in tl- a plate at time t
w 0(t) = central deflection of plate at time z

h . plate thickness
9, r uniform wmbrene stress=tmBest Available Cop,
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S &a2 b2,2be ... ... .. . ... (o

4r &a2 ..

The final solution given by eq ationz 58, 59, 60,oaul 61 will be valid so long
am the plate i a strething, whioh is true up to t a 7/04 At thia instant
wo(t) a wo a K and the plate ia at rest everywhere with no velocity ana
W fleoted shape w at any point (xy) is given by

w a K Goan fLA . 9--e ... ... ... ... (62)2a 2

This represents permanent deformation and the plate will ',i fact remain in
equilibrium thereafter sinco the applied pe seure p, coor V/2a coo I' y/2b
is insuffioient to cause further stretching. Equation 62 with K defined by
equation 60 is bherefor the final plastic dishing produced by the suddenly
applie*d pressure p, co TI 7/2a coo f Y/2b.

150. The relajv simplicity of the preceding example lies in the fact that
the plate defleots in a constant shape throughout the motion. Similar
results can be obtained for a pressure distribution of the more general normal
mode type, namely, a pressure distribution of the type p e co m TI r,/2a coo
a 17 y/2b where m and A are any odd inteager. The resulting deflection is
then of similar shape. Up to the time of maauin deformation these solutions
for a plastic plate are separately ilentical with those for an elatio
membrane. For the elastic membrane, the solutiun for &ay distribution of
suddenly applied preesure an be simply obtained by suporposition of the
previous solutions for the separate normal modes* However, for plastic
deformation the prinoiple of superposition cannot, in general, be used.
Thus, if mor. than one mode is involved in the elsatic case the membrane
will in general stop stretohing and start contracting at one point in the
membrane whilst it is still stretching at another point Th.M introduces
no difficulties if the strain is slastio since the some egi, mrotns hold both
for an increase an4 a decrease in stretohing. For the plastic plato this is
uot true, the soap bubble approximation being onPy vali when the plate is
stretching in both direotiona; if the plate oease% to stretch it may remain
inextensible or tend to compress in one or more directions and the
fundamental amaution and equations out be ohanged. For any general
type of impulsive loading on a plastic plate, it would thus Le necessar , when
seeking an exact iolution with e-my given plasticity "aumptiona, to watch,in effeet, every point in a plate azl ohangs the banic equations locally
whenever the plate stopped stretching. Such an allowanoe for the difference
bet.veen loading und unloading is complioated enuugh in the simplivr ce of a
plautio wire subjected to dynaico loadaj for tho plate problem it ham yet to
be carried out scooessfully.

I51. The difficulty introduced by the irreversibility of the plastic
deformation can be avoided by further upproximatio4 For the previous
special cases of loading by oresnure distributions of the nornal mode type
p, os m1 x/2a cos n ;or y/2b the simplicity of the analysis deoends
essentially on the fact that the plate defleots in a constant shape throughout
the deforation so that all points of the plate cease to stretch and become
at rest sisaoltaneously. Tho irneversibility of the plastic deforuation
jiLply implies that the plate remains in this defored state without further
motion. This suggests as an approximation for the case of loaadng by an
underwater expLosion that ihs plate be assumad to deflect in Pons constant
shape. This ,*ssuiptlon I= been termed proportiotal motion tinoe the
deflections of any two points rerain in costan , ratio througtout the motion.
Thus for a rectwigular panel uf plating of wides 2A, 2b, ad thickiwas h,



f± iwd ound the pariphar.Y# the afleotion w(t) at tim t would be AssumedA to
be of the form,

Vlore t(x~y) is any suiitable
:hapa which vanishes a'ouud Use
*din at the Plato Ai animti
at the onitra so that wo~t) is
the central deflection at tins
to Pot practical purposes$
the final permanent daflection ~
represen~ting damage to of
particular ihportano and It
is natural to Coosa t(zy)
to orrspond approaimte~q Ii7
to final observed dislos in E- --
box modal experimnts. Theiee

inf static tosts undor uniforts
pressure and a reasonable
approiimtion to the observed
dishas :is

corresponding to parabolic sections parallel to the sidms am shown in fig. 32.

I Us. Veins the sobraam saiprxnimtion of a unifrm tension a,, and sassuming
that the defleotions are reaonAbly small ooxpared with the &-I ler span,
expressions for the energ i Lp absorbed in plastic deforr,1kion by at-sabing
from the flat plate to the dished shape, the total enegy4 of the daforming
plate and the work W dots by the pressure in deforming the plate are derived
at Appendix Do In particular, it is ohmw that for the parabolac @hWp of
equation 61g

b15tao into assuotons of aropoinalh motion tod ~unio membtraches tes

mama value s corresponding to sero velocity of thn plate*

x This is valid in partioular, if the pressure distribution remins
consant after spr11oation or It the pressure is transient and ceases
while the plate ina till deflecating.
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i., ?bs presedng dis o ion Indicates an approzmte mehod at tratlag
the plastic diAsing of A plate U a glien dynAmlo Pressure. For the
diahing of plates by underwater explomions the pressure on the plate is non
known, eb Initio, mines s previously discussed eit dpend on the motion
of the plate aL JA prtioalar# on whether oritation com 1n the Water,.
The problem i-ihen more oomplicated, but the asumptions of proportional
iNtion end uniform mewwane stream bveo In noral been the main 8irlityln
assmptiosa (so far as the plate to ooae In tiw no"e "oq oatsa
analye 'a s"okIoi for th* intarotion of target and water phenomoena Thoee
analyses lead to the conolusion that in many oases, the pressure pule fromiexplosions tend to ooamnieate a certain definite quantity or oneGAV Which to
aproxAtely equal to the enera directly incident on a d eforming target
plate. It thinIs so, the final dishing at the plate can be estmte
withot intermdiate calaulation of the aetual motion. Thus using a
asmd deflected shape of the type or eqAtion 64 the total ener ebeorbed
In plastic deformation Is given by ea*tioa 65 and tance by *Camm energy
abseorbed to energy ommunicated,

where we is the final eantral defleotion. The diree y Inoidsnt exnrg
depends on the charge weight and the geometry of the target and tae relative
poe ltion of the charge; if bubble damage is appreciable the oontributiona
to ILI from the 4 eubseqent bubble pulses mmt be added to that from'the
pressure pulse.

155. Squationa of the type 66 hawe been the moet ommon siaple basis of
oompaison of theory and ezperimnt for box model and drum model tests,
One minor point which may be noted is that for different assumeA shapes
f(xzY) of proportional notion, the energy absorbed var es les for a given
man derleotion than tar a given central deflection. Thus if V to the
man dsfleotion, the energy absorbed ean be expressed in the form

and if this is equated to the incident nergy fl an estimate of ;Winstead of
wo is obtained. Such estimates of Y very les for different assumed shapes
then do oorresponding estimates of %. For this reason, results of box or
drum nodel tests are often expressed in terms of the man Weiaotion rather
thAn the -mum defleation.

156. The use of an asuumd shape for oalculating the final absorbed energy
fp in the preoeding mnner doses not, of course, depend on the asumption of
proportional motion, but only on the mose general asution that tho plate
stretohes throughout it defoma ion so that the uniform membrane stress may
be assumed as a reasonable approximation. The assumption of proportionalLution Is, howver, of ii~ortne sine it to invlved in analyes fomne,
the the retioal basis for the conoluaion that approximately all the incident
energyh ij Is oomunioated to the target.

17. Tb preceding typo of analysis is especially relevant to experimental
investigations using box or drum models embodying a single plate fixed in a
relatively rigid frame For an aotual ship the supporting framework of thw
panels oannot meessarily be ansumed rigid and the basic system Is rather a
panel of plating sur -rtd by yieldinS tam. This mare diffioult problem
Is likely to defy exact analysis for a long tisa but using an approximate
mthodeche dsflotion of any section of the beam and the deflections of the
ends of the beam can be estimated. This mthnd is of general applioation
to problems of ynamio loading of struotures but is especially xelevant to
the present type of prob.Lem sinoce it enables th, diffioulties Introduced by
the irreversibility of plastio deforamtion to be overcome.
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;^. Essentially, the method is based on mailtona' prinoiples whioh my be
regarded am the fundamental bais of classical 4rasnaac and on aa ssumoption
or proporlioal motion to each se ate uit of a mplsm. Thm top a plato
supported on yielding beaMs the sae otthe detlecting beas woold be
eassumed Ad also the shape of the plate detleotion relative to the beamo
but the overall inpitudes of ben dafteetion and plate deflection vould met
be restricted and Would set necessarily be In a o tnt ratio to oa
another. It bhilton' s prtmtple to applied to the tion when so
restricted, the problem as analogous to one of particle pudom and the
Lpprozmste solution is given by liagrane'e equations. A detailed

ecription of this method and its applioation to too lengthy for diu'isnion
ht:t the wi2 n steps when the mtO is applied to a sipplic elastic probm

eouUlzm1 at APPend& So

i 59 Par problem af plastic detormation the application of the method is
necessarily complicated by consideration of the irreversibility at the
deformations, but, In general, this is not too difficult, involving ainly
a consideration of the motion in several distinot stageseri The potential
aocuacy of the approzimate method has been assessed by applying It *t
elastic problem aoand aomparing the resulting solutions with aodn*12y
exct solution. Raessonable agreement was obtained. Pufther In cos
plastto problem to which the mtho has been applied the ro-4sts
solution we in reasonable agreemont with experntal re tsutmr s

I0. summng up, extoting theory at the plastic detormtion of targets by
underwater ezplosions depends to a large extent on approximate pla tioity
as tions and approimate mthods of analyst. in spite of this, a

rtain maurse of agreement between theory and exeri ent hbs been obtained
aid, pending more accurate theory, approximate mthod my resonably be
expected to thicw light In particular on the qualitative bebaviour of a
ship's hll atwute subjeoted to underwater explosions. For exaiploo the
iqiortant question ao the optima distribution of weight of steel between
plating and supporting framework for m-m4- resiatane to impulsive looatag
is essentially a qualitative question in the aense that the answer ca
reasonably be expected not tm depend greatly On the precise mpitude e
the loacing.

t6i. The onaet of rupture in ateel undoubtedly de e ft on may faktera saaha
cbasacal omnposition. mioro&bruoture, the presence of flaws, size ant' geeft tul
abape of spea n, rate of loadingand temperature. 36" research Is &%
present being carried out to inven tip to the soli tive importanoe of these
factors but at present there is no w*ll-established quantitative theory
which can be used to predict rupture. Attention will therefore be
concentrated on the qualitative points which seen of most Importance in
cn. jtion with the problem of underw.tor explosion dange.

162. Broadly speaking two main types of fracture may occur in steel,
first, duotile fracture in which considerable deformation preceds rupture
and secondly, brittle frao' av in which little deformation occurs* In the
former typo, the enrgy absorbed in the steel prior to fracture is Mnch
greater than in the brittle type of fracture. since, as previously
discussed, damg by underwater explosions depends to a large evtnt on
the ability of a structure to absorb energy it is obviously desirable from
the ship desuine's viewpoint that brittle fracture should be avoided.
The ductil fracture is usually associated with a sliding process in the
steel due to shear whereas the brittle fracture is considered to be a
Iearing apart of the metal due to tension. The .ype of fracture wll
thus depend not only on the relative inherent strengths of the steel to
sliding and tearing but also on the type of stress system to which the
steel U subjested; for example with uniform tension in all directions
thera would be no shear in a uniform material and failure would take
place by teertng and be of the brittle tAA.'
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llotch brittleness
163. Hinute Impeifctioaie or araca in the Steel osm give rim to high
local stOess and, Un particular, there is reason to belie"e that twiadal
tensions may be developeA locally at the end ot a sharp crack with a
consequent tenasoy to brittle frature. This Wa been twestigated
extesivewly by testing speaimna with notches out Is them and it is fommd
thAt brittle fractures can then cocr iwse siia~r uswtche apecimje
exhibit a ductile fracture. Zvi view of - hle# the tera notch brittlees
has become a general ters to describe trtttle fracture where it to Suspected
to be dus to stress ocentrations arl.aivtrom oracka or local inhompeil
af the material. Thaw. seem littl.. axcw that such notch brittleness is
one of the moet important factors AW influence ruptures In particulax
it Seem clearly established that in~ rttues creases with deavessas
tesmjratiare, so that for example a no,%j mraomen ray fai! with a welatively
duc tile frawature at a roos temperature of Z6P' wheweei a similar mpsoimmn
tested in an ice-obath nay exhibit a brittle fracture. Vithaegerd to
cheicoal compoition there is som evidence that mngooes is befiatal
in tending to inhibit brittle fMature as" that a olim wagme content
of 0*30% to destrable, especal1 tow shipseplate owsr Lahti.

Shap and @iss of steel spe cimn or taret
161. When a normal tensile pecimen io tested and exhibitst a dootle
fracture It is well known that up to a eartais load, the *psuas a ede to
stretch uniformly but then develops a concetratedt loca oa where "W tune
f inally occurs. The evarg absorbed in the specimca be somideveal
broadly Am composed ot two parts,

(0) the energ VS& in uform extension af the specimen

(2) energy absorbed in looal nooklag.

Por specimoe Of given diaamter buat varying length made from the raw steel,
the former energy will tenO~ to increase in proportion to the length wheresa
the local necking enrgy absorption will vmmain relatively constant provided
all specimens are reationably long oqpared with diameter* The shape at the
specison as defined by the lengtia-ter ratio thus Influtnees the a"verg
amount of energy absorbed per unit volum at the steel even thoughi the
applied load is nominally uniform throughout the osaeimiu

161. A second effect is the time effect which occurs for specimens at
gsometrically similar shape differing only in overall din-, asians, a&h
specimen being a smaller or larger scale replica of the *thar specimens.
Thus, if similar notched specimens are submitted to similas 3tatia bending

cntio up o fracture it is found that the larger the specison the
by the ratio of central 411flection to zpaa if the specimens ane supportid
At each end and subjected to a oantral load. 0orrempondingy, the energy
Absorbed por unit volume up to fracture Oma"es as the *ims of specimn
increases. The precism echanism for this $ise effect has yet to be
established but it is uaoubtudy relatod to the fat that although the
specimens are true scale replicas on a macroacopic scLe their microscopic
structure Wa not similarly been scaled.

166. Th isis effect Wa also been ohierved in underwater explosion
effecots using different mism of drum model targets constructed as scaled
replicas and sub~ected to Scaled cherie conditions. rve it was found,
that whereas amformationsi prior to rupture scaled1 reAsonably vall, Urp

tat ruptured when dished (relatively) to a less extent than small
targets at rupture. it I-As in fact long been known fros eapirical
observation that damape by underwater explsions to full-s cal targe ts
tended to be ifeater than in corrosponding msll-scale trials. This
mise effect on r-upture toe thus specially relevant to qtwnrtitative
inoerprevations of model tasts.
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17. ptuabo ta.ll y, apeed ot loagdn mr be onveniently oonu ered to
imve two effteot. l t, theIs a a pousible effect of themicroscopio
behaviour of th iteel, t6 resistance to Sliing tending to inorese with
increasing rate of strain. AM a result high rates of strain ae oonfioive
to the brittle " of failure with smlli energy aborption Where the
froture doel rs M ai Aotile experiments with short apeOimn have ohOmn
that o97 high rates of mt tln o lead to a ArgeIncre se n ths yield
point of mi steel and the enery absorbed up to fracture can also be

hanr e in a static ts3t. aeoondly, thare is a poeswble maoroboopio
ef e pe~nding on the 8,ynats of the method by which Impact strasa

ate applio& Thus experimnts have been carried out on Ion$ wie with a
at th lower and subjeotei to the Imaot ot a Wight at diMent

;eiooitis a. Above a certain er-tieal velocity (about 100 ft. per "ea.
Ln times eperimnts) it was found that the energy absorption to trmoture
sudenly dmeas ad This phnomnon dpands on th propagation of platic
wves up the wi t.

168. Por a normal ductile soteril. wih a given stresiftrain aumr
o ve to the strain aLi it is possible to aalyse the Ipl a-.

diamnsional propagation at plastio &train up tm wire an it is in tact
found that %bon is a limit to tim partials velooity whioh can br
treasi ttede in tim ewiinsnt d er coidoration, at tm lamo pe04a
the offet of theeolty iven to tim end of the wise ould be proapted.
up the wins whereas above the critical speed the velocityof the t% was

osater tmn the maxm particle velocity that could be proepsited.
it me in ftot found that, uMrsa below tih oritiol speed ractuwe could
ocu anywhere La the speolmon, above the critical speed, fracture ma
always at the Impact end with themoset or tim wins relatively unatrained.
Thus a low e ergy absorption my be associated with high speeds at loading
even though the fracture itelf is llmentially &&1til'1

169. This type of localised fracture with low total energ absorntion
my be of moms importance in conmotion with the behaviour of shipls plating
when subjected to uneromster oxploslon. Th s a panel of plating will iz
general be W vs4 a higher welooity normal to itmelt tban the frammmWk to
which it -is attached and round the esaps tim resultant lateral Velocity
of setratobing My be greater than oan be propapteo1 through the plate,
The p l un thus fail roun O edges with relatively little oenrg
absorption in the min body of the plate. This effect of eap restraint
is relatively unexlored'but in probably of considerable importance :.A
actual ship targets.
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AP~MlDX A

Zheogr , a mll-aitgas sound pulge

Al. proesure i pulse

Lt t a time interval after the Initiation of the explosive oharge
? mas enaity of water
a s velocty of sound in water
p a pressure In pulse (additicnsl to the hydrontatio pressure

existing prior to the arrival of the pulse)
V U velocity potential
r m distance of point frcm the centre of the charge

Assaing the pulse is of sall amplitude and retaining only the first order
tem, the pressure i1 related to the velocity potential V tW the equation

The partial differential is used since p and V will very in general, both
with tite and with space oo-ordinates 86e*ting the position of any point
in the water. The velocity potential V can be shown to astia* the we
equation

a . , .. . . . . . . .... ... (A2)

where in reotangular co-ordinates

V V 2 3 7R% ra + t 999 . 9. 9.. . 9. foe ... (A3)

Transforming equatiun A2 to spherical polar oo-ordinateo (r, , )

F "1'', " ' (( 1( i)) V

But for any point distant r from this centre, both p and V will be
functions of t and r only and equation A4 can be wrtten

r If. . .. I . (A5)

Equation A5 can be writtln in the tom

one solution of eciAtion A6 is

V a (t ............. (7)
rwhere ' can, in general, be any function.
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From equations Al and A? the pressure is given by

where - t denotes the derivative of P with reepeot to t as defined 1W

t(t) d-1 1 P )i .. .. .. (.. .... )

AR Particle yeloolit. The particle velocity U *an be derived frm
the veloity potentsal V by the relation

I e Pra 1 . 4 to.e .0 see 0 0 (*iO)

rram equations Al and Al0

where t i. defined as before 1W equation A9.

The first term in equation All is similar to the epression for the
pressure in equation AS and decreases Inversely as the distanows whereas
the seoond tern decreases more rapidly as the Invers" square of the
distance* At large distanoes this aecond term, smetmes called the
afterflow, becomes negligible copared with the first tam and to a first
approxtmation

Using the approximate relation of equation A12 and equation AO the pressure
and partiole velocity are related by

p a f~ .*.. 0.. .. '. ... ... *... .. . '

AN uit area,. The Impulse per unit aria I tranmmitted by
the pieacroas she sherioal surface at radius r is givein ty the area of
the pressuro/tIme curve at any distanoce. f the origin of time be taken
from the instant at which the sound pulse starts tro the contre, so that
it arrives at radius r at time r/o then from equation Al

I p a * P f (t d t ... ... .. .. (A)r 0

T'herefore

rf

Since the shape of t(t') 1 independent uf distance, the impulse per unit
- va varies at the inverse of the distance.
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~ ! he energy Par unit area fV , soof spherical auxfaos at radius r Le given

C) a J u d t ** gee $so gee gee 0*. ... (A16)

The Integrn In equation A16 Is the rate at wblob work to done per unit
&MG 1W the 351st within lbs sphere of radius r on the ester outside this
sphe#

Fr=n lbs aPPrOMtsat relatam Of equation A13 and equation AS

C) a4 6 t .*o Of g . ...00 (AM7

The total enrg 2 tranmtted &aroma the spherical surtace of radium r
to given 1W

Thes use of equation A13 in deriving equations A17 and A18 corrsponds to
nesglecting the second term in equation All. if this latter team is
taken into aaoourit, the energy 3 Io no longer independent of distance,
end even when the pulse is strictl.y fits in duration, some energy is
left behind as kinetic anewgy of the ester after tbs pulse 'ism passed.
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Theor of ,au bubble motira

B1. The gas bubble is assned to remain spherical throughout the motion
but osoillates in elte and rises under the influenoe of gravity. The
motio is considered to take pleje in an unlimited mass of water. The
tree surfaoe is taken to be sufficiently far away as to have no direot
effect on the motion, (The e urfece will, howeer, enter indireatly, in
so far as its position determines the hydrostatio preasure in the
neighbourhood of the bubble),

B2. The motion of the gas bubble involves two wll-known types of
incompressible flow. The firs4 type Ia the bodiy motion of & sphere
through water tn a fixed direction, namly upwards for the gas bubble in
the present problem. The seoond V"po of inoompreasible flow Is the pure
radial motion of the Sas bubble oorresponding to an exparing or
ontr-Aotilng spheriael cavty.

B3. The following notation will be used for the analysis o the moties.

t a time Interval 'after the initiation of the exploave charge
a, mass density of water

a a radius of bubble
a a aooeleration due to gravity
a a depth of bubble centre below a point 33 t. above the

water surfaoe
p " pressure inside the bubble
v a volume of bubble
G(a) - potential energy or ga in bubble. This Is equal to the

work mt.oh woulA be done by the Sae on the walls of the
bubble it expanded adiabaticslly from radius a to intidite
radius

Stotal energy associated with the bubble motion

4. It is a standa result that a sphere muving linearly in water can be
regarded as having, In addition to its own mass, a virtual mass equal to
half tne mass of the displaoed water. Therefore, negleoting the weight of
goo In the buoble the total effective mass of the bubble is the virtual
mss 21a3o . The upwards velocity or the g1a bubble is "d-/dt so that
the uapward momen'in is - 2/3lWra d4/dt. This upward momentum is
produced L7 the net hydrostatic force on the bubble. Neglecting the
might of the gs In the bubble# this foroe is eamply the wei,;ht of the
displaoed water, V43 3ps. Therefore, by eZewtona secoond law of motion

Vrta's- A ,17W ,a ) ... ... .. ... ... )

Integrating equation B1 gives

- *3 Badt . . ....... ... ... (B2)

B5. Another relation between a und z can be derived by torminj, the energy
equation of the mntion. First, the kinetic ener&' in the weter round the
buoble due to the combined readiul and lineur motion is given by

* ii (
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Secondly, changes In gravitational potential ener oft the water nan be
saoply allowed tor kV. taking the bubble as having & negaulve We34Sht eOIl
to the weighit af the displaced waterj The potential eneru due to
gravity can thus be written as 4/*a'e ts. PMnally, the potential ener&r
of ompression In the lan has been defined as G(a) ubilat the tollal ener&7
ot the motion in Qb Hence the energ equation oan be written

b n-2 6" + I rf *I, Cs() ... ... (B3)

B6. The valueba 0(a) and Q1 will depend on the nature of the eiplosive.
Por T.N.T. It wAs deduced froa early measurementax of the period of
oscillation of the gas bubble that Qi, a 0.Q where Q is the total ohemical
energ, liberated ty the explosive which as be taken as about 860 alories
per gram tor T.N.T. In 0.G.8. units the enera Q, of bubble notion tor
a T.N.T. charge of mass N grams Igiven W

Q, a 1.8*5 x 10 N erg. ... ... ... .. ... ... (

D7. An expreasion for 0(a) an be obtained tW using the relevant
adiabatic relationship between pressure and volm for ogaseous product&
of the explosion. Using the relationship calculated t" Jones and Mifler
to T.N.T. it to found that

t f
0(s) a.2.189 x 10x;4 ... ... 00# to..... . (05)

where a Is mesaured in am. and 9 in gramus.

38. Iquations B2, B3, B4, and B5 aan be used to determine a and s, tor
a T.N.T. chsrge of g~iven sioe. However, for calculation purposes it Is
convenient to put theme equations in non-d4aensi'nal form. This aan be
done ty Introducing a length L defined by

Hence writing

a1

-'L *09 97)

the equation, for a' and s' are

do' 2 (3J
- I, W 2 a,3dt, too...i. . ... 09)

"Later resulto suggest that a better estimste is, 4. 0.4 Q
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For T.R.T. the ratio " oan be exp'essod a*

. 0.0177 L .. .... . .. . .. ... (BIO)

where L is In oontimetres.

B9. Equat ions B8 39, and BIO are sutfiioent to determine a$ and a'
as functions of time subject to given initial values. Pcr most purposes
It Is sufficient to take *' a 0 when t a 0 and it the oharge is exploded
at a depth m. below the level*33 ft. above the sea surface, the Initial
onditions can be written

a0

-o when t a 0 (B-o).. . ...... (III)

Slce equations 38 end B9 are non-linear, they can In general only be
solved t" a nuerioal mtep-ti-step proces. Moreover, equation 7310
involves L explicitly and since L varies with the sim of charge, each
calculation must be carried out seportel fr a partioular mise of
charge and a given depth.
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S"Ondlj, 011801W in gravitatic ,a1 potential enerw of the wter nan be
si=nV allowed for byr tolcing. the bubble am having a negative meight equal
to th. weight of the displaced water1  The potential enerV due to
gravityv can thus be written as J/%ralgs. Pi1nally* the potential snea
at compression in the gas has been defined am 0(a) wbilst the total aerq
of' the motion is Q, Hence the ensrL7 equation can be written

0b elfa'( a' a" sita + 0(a) ... ... 03)

56. The values of G(a) and Qj, will depend on the nature of the explosive.
Por T.N.T. it was deduced from earVy measurementaff of the period of
oscillation of the S3 bubble that Qb. a 0.PQ where Q Is the total chemical
encrg liberated IV the ez-,lcsivs which cen be taken as about 880 calories
per gra for T.N.T. In 0.0.8. units the eflerg Q, of bubble motion for
a T.N.T. charge of mass 9 grams Is given by

Qbfl0 . 8 5 xl 10 Varse so, ... 900 6* *. .. (i

37. AA expression for 0(a) am be obtained IV' usigig the relevant
adiabatic relationship between pressure and vc7.ima for aaiou products
of the explosion. Using the relationship calculated t Jane and Xiller
for T.N11,T. it is found that

0()a2.189 x 10m 1. . (BS)

where, a is measured in am. and 9 in gram.

B8. Squetions B2, 3, 04,. and 35 can be uaed to determine a and a, for
a T.N.T. char~e of given aiss. However, for calculation purposes it Ia
convenient to put. tbese equations in non-dimensional form. This can be
done 1tr Introducing a length L defind by

Hence writ ing

a a a'L

OW :' L b j.* (B7)

the equations fo at and a' are 3 oO

S2J a ***' ... 09 .*n)

mL~or results suggest that a batter estimate is, gb o .4 Q
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Per TAtT, th~e ratio sL~ on be empao a m, o

whers be to in~ eetaetia

It to rnutttiiat to take a' a 0 When t a 0 and it the obarge to emplo854
4% a Mopth se below the loe.33 As. above the "ea aurtmoe, the It~ tial
oendiviensa en be Witten

Wase equastios A$ end 5$ are non-linear, they een in gonersJ. oft be
44we a nmerieel etep.te p Prsees. moreavero equationflIQ
Inweive. Re euploitly and sine Re variee with the "ala t *her#e$ sek

eel~'.tiemutst be earrned ouat aeParetely tor a Portioelara' a t
GWOr and a given depth.



AN C

Zffotsat Zofur p~aw ulae normallY inOidant DIT Plate

Cl. ?igOCl sibm the pretinur
palss mnrsaly incident on unit

A arts of an infinite plate. Idt- t -tivse neasured from the first
arrival of the pulse at the

1 CO6KT PUIJ 12t
i MOPLOWOM .

unit area pr unit
diplacemett

a, 7*6= praein incident pulse
Pp 1 * pressew. in rof 10teW Pul"a

We U"Y on pla to
AIR ST p. = SaMUiL'U p3rtBl inl p)u*

u, Partic3 -velocity due t3
* tVw Licdet pulse in

water to-hing the plate
u, particle velocity due U4.

,the reflected pulse in
7401- oscor 25l incidiet cc water touching the plate

W it arms of inf knits vlate P a mass density of water
o a velocity crf sound in w"Ver
a w nes* at plat* per unit

area of su.rf ace

The plate can reasonably be assumed thin *mugh to neglect aes'10i urs,"
within it and can be treate as moving bodily with velocity d'/dt. The
particle velocities are taken In the direction of travel of tho rospotir.
moves% The total partial. velocity of the motor it the x 1diraction is
therefore u, -u,. Assuming in the first instaw.o that the plate end moter
msove taotbar, the continuity of veclocty lmplies -

dz

Now equation A13 holda generally for a plane mave or pulse travelling in
ary direction, the particl, velocity being taken an at _,,mod in the direction
of travel at the we. HOU0e

Substitutinig in equation C1

The equation ct motion far unit arva of plate is -

.L p .* .. .... ... . . (C)
dt1  

*

Substituting for p.. from equation '13

at f'I 2p, . . . . . . . . . . . . . . . . . . . . . . . . . . (5

Best Available Cot;'
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sqmtlao as roe%$&e the "splasomeet of toa to te pressure P4
to the &nattent Palo, thet Is tbe pressure fulopon valor in the absence
It the tawset 1t Lt i anenlent to use The exponentil4 romp tar
this peesurs

Subelttirg to equation 05

Boouti 07 OR be solved tor the Initial 6"mlttoss gkosh eorres"oi
to the plate being at neet beoe the aaplstns, that to

Par 10et pVSotUol Gasee to uh$Ah the thesaY 14 All GppItOAble, it to
suffioctly seuret$, in %he tiret insancte, to segleot the tes amh
is eqMet1em 07, fhe a11tMOR tear the G6aPLaceM411 6t any t&e Le then

a a p -- ;~Igt e . .. (p
mUf (-o)E ItJ

whers E to A monh&mealua Asae t itmad bI

0offelp"Alu to the solution 09 tor t00 thapaemtents the reew#r on the
plate *an be obtained tms equations 03, 06 and 09 Lu the tams

P 14 tf PI ; n 1  ... ... (a011)

Now$ whetcee poaetL,, value be aaa~ve1 toE, soluation a0I1 tiloste
thet the pessure aattmg on the plate mill be L Ltill iftys
oonvapanug to Instentancoua Oamplete ret.eatou cii wi 1, then
dercas tc. acre, tollovcd by nesset"w values wb~ah will utimetely
test to soe Z;mtottoally.

'Ihe symbel P. La wiac4 rather then pm at equation 10 tu s'wvi$
untueion with the letter soffix AMi the symbol a ea tio mass per

unit s4acto platisj.
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AUOM D

Dfomtion at uiol!Sma plastic. pw kJ suaa mied prosaff

:A ft&.DI a ntamular pal of
plaIat~ i es 24 Ib with smis
Oaf Oy parm11e3 to them & e andA
IM @W14$t Ot 0# the plats GftI,
is subjected to a sudisay lidrIPressure dlatributi po. 08
Zr -o
hi a plats tbSiesom

us OAa~t O puats

Q atu*eti at point (W,7) iaL ..- st Use t

then tar Gefleotima whicoh axe alat5Yely Wal ompax with the IMal evan
(am sith as 1ea7s the eqlutioat OMotion of the Plate is

it the plate is find around the periphery the soluation at equation Znlis

subject to the initial onditions that the plate is flat and at neot$ the
soluiton of eqation% D3 to

The final solu&tion~ given by equations D2, Dh*0ai. q will he valid so long
as tis lat inOntci~g whch s tum u tot aHAM Atthis instant,

K*t aw a adtepaeiM ~ o evigywiete with no loolty and has
a dt~ntedshape given b
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whre we a I Is the permanet oenta a derleuttan (tthat I& rt O) ana w in
the peramnent deflection ot Ay point (X, y). Squation D7, theretore,
repOent. pen WAun% detomtionn an the pIlatwllx rain in equiibrium
thereofter since the applied preasure p coan ao' is inmUttiaet to
oauae turther strekbin& Thkav, equation D7 with ! i tiaed by equati D5
is the lnA1nestia dishing produoed by the asaud.y applieA pressure
.o 11 1.

Iersxty ubbaorbed in plastic defor ation

D2, The energ l ubearbeo in plastic datomaation by atretohing from the
tlat plate to t ash e shape is Sh time the inorease in area of the
plate, It proportional motion at the htorming plate be aesuned# that is
the plate deftrogi in a constant s"he throughout the -aotion# then the

deflection %#t) for a poLnt (x# y) in the plate at tiee t would be at the
tnm

W( t) • w(t) t (z, ) ,,, ,.. .,.. a.. ... ..a .... (I.I

where wo( t) is the central deflection ht time t

thrfoe C~ iah~ 04() 0 2~) + 1A2%' dyft .9 (D9)

In particular, it the plav4 I a asumd to defors in thi empirical parabolic
shape given b

t(X,. 7) , {- - . .... ..... (Dio)

then nfleaso I~%~ Soh %(t) ... ... ... ... be, (Dii)

Kinetic energy of deforming plate

D3. The total kinetic energy Zot the dalforaingl plat" at tine t is

fcr the shape given by equatim D1O this Stvwo

- f h , b ... ... .,.. . . 3)
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Work dam by priasar

D6 I' the Mtion is pro4e by sam* Siven presiturs dsmtzibutim
p( to x y) whioh vaties in a Imim manune with t# :* y, %he work W done
by this pressure is

w Ve 1(t) P xit, )t(v)&l ... ... ... ...

Me. Por a givtn presstr p and ,a &s lie4 toxu to the detO ming plate
:Uoh as equation D08 the tlmatm K U Iuwu ken.., equat g the
oosbiaea plastlo ea kinetic energy to th wcwk done, that in

gives fecu equations Mi, D13 i DI$ an equation of the to=

H , k we(t) j1(t) at .. ... (I17)

whore xM j'bb)

q.. ... . . . . ... .. (.. .)

The energy equation M7 own be Gitterent.ate with respeot to time to give

14 Ast~) NJ 0 (t + (t) (Di9)4 *. .

Thus the asmaptions of proportiuw4 mutiun au uul e unitrm moa urms . a
in the plate lead to it motion anoJ.ogoun to that f "a& i on a VxIij of
atittnee k subjeot to a dynaio load I(t).
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D6. For different assume& shapes t( z,y) of proporinal =%oua the
erargy absorbed by the plate as gi.*in by equation, D9 vrwies less tor a
*i~eu mean 4stleotion thatfr a livena eutxe4 doftiection. Thus if

The energy Absorbed hy tho plsto "n bet expresse. in th4 form

Z it to oqua~Jed to the inaet, enerugyfli an estivate of i( t) instead
or w.(t) is obtalned. Such estimates of wt) sM %es for different
assumedashapes then do corespanding estimates of r.(t). Poa this ratm,
resula of box or drum model tests ane ofteASn ees in teons at the ma=
deflubtia rather tha the maximum dsfleoti=6m
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21. * ig 3 rersents a wMifor
eljAstio beams of lgth 2& supported
an spring supports end subjected to
a va1foIr.7 distributed load w
su4,ll applied per uni4t length of
the beem. Under then onditions,
the do lotien or any sectioni of' the
beam istant z from the oentre at
time t to taken as y. and the
Sefleation of the eods of the beom
at this tiesodooted by The
deflection of the oentre 0the beam
relative to the 6.u.J of the beam io
represented ty l2 while the mess per
unit length or the beuam is denoted bt,

First, the bean is assumed to deflect in the constanit shape

Rquation Ii satisfies tie nossax-I conditions that

Beain oent Uj a~ at1shaz) 1. . .. (

The problam in now reduced jo find~ing ad 11 as funat ions of ties. The
kinetic aeway of the beem -0~ is

gas)d * es ... *. .. ... ... ... ... (~

Whilsk the total potential ezurgy H or the systemn is

Hl U(K) ks ' ( x ... ... ... ... ... . .

where the first term represents the contribution of the two end springs and
the second term is the elastic energy of bending of the beam. Thirdly, the
virtual work of the applied load w due to myz small variation Sy in the
4efleotion Is

SW -a ya . .. .. .. 00(5
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Using1 the see~med defeoated ehato eqistifsi 31, s qwliona 33s J and 315
becomeofa the toxu

where A, 3# 0, 1, Q e414 k ane OWASUAte Iep4id~b6 0 the bfa and spr13.
PM Arutie* and the applied load we For the two wwous 5 andizo
Lapsaw's equations we

whLob, wen &pUeG to equation 36 SIi'.

3 .Oj + kJ .Q P. foe .. ... .f . (310

IrAtialy, the oystem is at rest so that

I I U hnta0 o f s

The ordinary siaultejieoua difewentWa equations 39 anM 10 oam be
solved subject to Coaditions of' equaati Ili ad haern. the metho&

determines am
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Airblast r :m undewter exmloj~cm

Not a great deal in kaz about tho airbiast cau~sed ty obiaros
exploding below the vzwfao in water. The few measuremnts wich have
Dean mode have show that if the charge is just above the surface of the
later, the blast wve is the saw as that from & similar chage restin~g

n the !,-'.~. the centre of the oharge is a dcesU -- expressed in
units oft the 'wczjge radius, the blast wave in the air in Lalieved to
be apprvxlintely boi-epAerloal in shape and intenity, ountred at & point
in the water surlaos above the chrge, and1 to be rugAaiy the saw as that
caused t. a dh.arge e weight SW exploded on the ground, where the
re&aotion factor 3 is mb-w in the fmlloulx graph as a ftntion of D.

-6 -1, -

exmple, in the case where a WyaA~rlosl charge, loczg oompared wi ti its
dimlter, in detonated with telongt vertical, part iemder wa+.-r and
Part above, the Part below watar is very appreciably mffled, as is clear
frca an Insecstion of teourve 5 above.

An explosion which on-ss a stroog airbiast wave over the surface
of water throws up spray. A layer of water is ariped off the surfrioe
and beas up into droplets vhi'-h sow In the turbulent boumrsory layer.
It o"n be ihawn that the height tc, stick the spray reaches is &aroximate3ly
1/30 ft.. Whftre I is the positive Impulse in the blast wave, measuredl in
poun1ds wwijit miii iseondmfin 2. This fm=ila r-412 begin to fa~il -6or ma11
charge (i lb. or loss), 'but w-cuild be -tzt. -vai-.~ o agrce~
The failure is duae to th. finite time t~ken for instal-zlities to develo~m
in thbe water surface (af the order I WmIizzeooW2), a time wbic is
indekendent of the scsle of the explo~±on.

Best Available Copy
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AFPUE= G.

GrawIt waves In the sea caused I& oxm.oaia

It & mall charge, ma a. few ounces, is exploded just &bow* or
below & Water surface, an Iispressi"v wave getea IS geunted. Soe

A611g laws trm mall to large charges, however, ane such that large
charges gnrate disppointingly seall Wave qetegs, particularly it the
charge Is exploded above thes Water wrtaco.

The waves "sused 1*~ en explosion below tjie surface isanposed to
result mainly free the creation of a cavity which breaks near its
mazisium, The largest cavity Is caused than the depth of the oharge to
about 70-8CO of the -- 4--~ bubble radius, a result Which alluws the
optia depth to be fticulated. The wave lMight at distances proportional
to the linear dimensions of the bubble (or cavity) ame dircmIF
propor~tional to the linear dimesions of the cavity. Siims the bubble
is created against a pressure which Is the ea of atmopheric presoma
and a head of water eqjual to the depth$ the aixs of the cavity Inoreattes
loe rapidly with charge weight than dos the linear dioensions of the
dAVV*~

Wen the charge Is exploded a few charge radil above the water
surface, the wave system io geunted by the Impulse given to the water
surface. In this case, the caling law Is that the wave hel*Lt at
distances propotional to the linear dimensions of the charge to
proportional onl~y to the sixth root of the charge weight. Comparatively
enormous charges (eeg. the atomic bomb) cause waves only a tew Inches high
at a distance of 1,000 yardst

Xf the depth of water is only of the order of a few charge radii,
the waves near the aentre are comparable In height with the depth of water,
and therefore probably break. The them.7 of smll wave heights, Is no
longr applicable, and the Waves mat be considered moi'a *ralogous to a
tidal bore.

Broadly speaking, gravity waves caused IV explosions are of little
operational Interest, but there awe two possible exceptions (a) where the
charge 4* enormous (seve*" thousands of tons, In relatively aheilow

water), (b) where multiple charge arrays, giving a "besm', are employed.
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EXPERIMENTS ON THE PREISSURE WAVE THROWN W
OUT BY SUBMARINE EXPLOSIONS.

CO0NT E NTS.

PART L--AMUVM
SaCTIOr4. kPAGO. PAGI

I1, Origin and purpose of the experiments 3 . 3
2. Scope of the results 4 - 4
3. Nature ard genesis of the pressure wave 4 . 4
4. Effect of a 300.lb, charge of 40/60 Anistol at a dikitanoe of 50 feet - 6 . 6
5. R~egularity and symmetry of the pressure wave - 7 . 7
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PART I.

(1) Origin and Purpose of the Experiments.
The development of depth charges and non-contact mines as a meanF of

destroying submarines has made it necessary to investigate as filly ns n0ssiblA the
effects of different charges under water, at different distances, and under different
conditions of depth, &c. The damage inflicted by a non-contact charge is due to a
pressure wave transmitted through the water, and it is the law of action of this
pressure wave that requires investigation.

The most fundamental way of attacking the. problem is to make an exact physical
study of the pressure wave springing from different char&,s, and then, as a second
step,.to determine the relation between the physical constants of the pressure wave
and its damaging power.

This has been a recognised aim of investigation since observation mines were
introduced in the American Civil War, ad in fact the most extensive experiments on
the subject, up to the present, were those made between 40 and 5) years ago by
Lieut.-Col. H. L. Abbot, U.S. Engineers (" Experinients to develop a system of
submarine mines, &c."-No. 23 of the professionpi papers of the Corps of Engineers
of U.S. Army). Abbot's worl.., however, suffered fromi the limitation that the only
qnantity which he attempted to ieasurp was tl)e iitenrsity of the pre* .-,re at differe:.it
points in the water; tbere were no means for ,'",,:nin7 t!h, 'uration of the
pressure or the character of its rise and fall, though these are factors which may be of
equal importance as regards the effect on a ship. The same remark applies to the
continuation of Abbot's work in recent years by Lieut. Schuyler, U.S.N. Moreover,
p resent knowledge shows that, even as regards'maximum pressure, the gauges used
by Abbot and Schuyler were too sluggish to give correct results (Section 19).

The necessity fcr fuller investigation, taking account of time as wblI as pressure,
was urged on the loard of Inventiun and Research in 1917 by Sir R. Threlfall, and at
his instance an attempt was rr.',, 1-.-b, r rw -- dA.f,! . -', g' th-i-*1..;..d g:c
more complete information. In the first half of 1918 a successful system of gauges

A2
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was evolved depending on the un of Poft copper pihige to register the momentum
acquired by ttc:l pistons exposed at their outer ends to tap pressure in'the water and
free to move inwards towards an Pnvil. 'rho construction, theory, and use of the
gauges are described in Part H. of this report, Part I. daling only with the results
obtained, and it is sufficient to say here that. the measurements from a aet of gaupe
enable a stepped disgrpum to be drawn, representing the average pressure Iuring
different periods at a given place in the water, as illustrated for example in Mi. 1.
A curve drawn through the steps in such a way as to take in as much as it leaves out
is assumed to represent the timo-history of the pressure. The nauimum pressure
was determined separately by a somewhat different type of gauge.

Some prelimirary oxperimnita wnre. made at Portsmouth, but as soou as the
gauges had passed out of the experimental stage approval was obtained for carrying
out a systematic programme of investigation in deeper water. The locality selected
was Troon, on the Firlth of Clyde, and H.M. Drifter ' Malapert " was allocated for the
purpose. The experiments at Troon commenced in August 1918 and were concluded
in the following April. A list of the charges fired is given in Aipendix L, they were
mostly of regilar Service types and ranged from 4f1lbs. of explosiye to 1,900 lbs.
One hundred and seven shots were fired altogether,. amounting to about 21 toun of
explosive.

The executive arrangements and the working party and ship were under the
direction of Lieut.-Commander D. Errington, R.N.

(2) Scope of the Results.
Broadly summarised, the experiments have shown that the pressure wave from a

submerged charge of high explosive is a verl regular and symmetrical phenomenon.
In the region investigated, that is to say, at distances between 25 and 100 feet from a
oL-)lb. charge and corresponding distances from other charges, the pressure wave

follows very approximately the simple laws of sound, the velocity of the'wave being
the same as that of sound and the pressure falling nearly in simple proportion to the
distance. All the principal features can be explained from the standpoint of acoustic
th.)ry. For example, the influence which the surface of the water exercises on the
pressure ut any given point can be completely accounted for by assuming that the
pressure wave is raflected from the surfaci as a wave of tension.

The pressure wave from a big charge is more intense and more sustained thun
that from a small charge, the two pressure waves being connected by a definite
relationship deduced from the principle of dynamic similarity.

Other questions examined include a comparison of various high explosives
(T.N.T., 40/60 amatol, 80/20 amatol, guncotton and ammonium perchlorate) and
also of some powder chargeu; the effect of surrounding a charge with a lari. nir
,;pace, as in a buoyant mine; the effect of exploding a charge on the sea-bottom
insead of in mid-water; the influence of the sb -e of the charge as affecting the
synunetry of the pressure wave; and the effect of composite charges, made by lashing
together several charges, of which only one is primed and fired.

By observing the deformation of standard mine caes suspended at known
distances '-om various charges a beginning has been made in the investigation of the
relative damaging power of different pressure waves, and it has been proved that the
extent to which a structure is damaged is not entirely determined by the maximum
intensity of the pr~cure, but elso by the period for which the presure is sustained.

(3) Natare and Genesis of the Pressure Wave.
Before describing the results in detail it is useful to picture what probably

happens at the moment when a submarine charge is fired. Assume that the charge
is a sphere of T.N.T., weighing 300 lbs. and therefore 22 inches in diameter, and
that detonation is initiated at the cenLre. The velocity of detonation in T.N.T. is
2:.-,00 feet a second, so that in about four hundred thousandths of a second the whole
of tbe explosive is transformed into incandescent gas under enormous presaure. The
globe of gas expands' rapidly (but much less rapidly than it would in air, because it
has the adaitional inertia of the surrounding water to overcome) and in a thousandth
of a second the volume of gas has probably expanded 5 or 10 times Rnd 0- pressure
fallc. to 2 or 3 rpr cent. of itW first intensity. As the pressure falls the gases expand
more slowly. In the first few hundredths of a second levitation has no time to lift thern
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appreciably; afterwards they begin to rise and to lose their sperical form. What
happens to them eventually depends on the depth at which the charge was ired.
If it was fired at a moderate depth, say 30 or 50 feet, the gases rise and vent them-
selves at the surface before their pressure is completely spent, throwing up tall

lumes of smoke and spray. But at a greater depth, asy 200 feet, the pressure of
the gases is entirely spent before they can reach the surface; probably after several
sends the pressure falls to less than the normal hydrostatic pressure, owing to
condensation of steam and other causes; after this the gases are churned vp with the
surroundinp water into an emulsion, which, being of lower specific gravity than sea.
water, pours up 'lowly to the surface.

The eupposed history of the explosion products has been traced to a conclusion
because it is of interest to account for the effects observed at the surface, but it is
only during the first thousandth of a second or so that the effective part of the
pressure wave is generated. At the moment when the wave of detonation reaches
the surface of the exploding sphere the charge may be supposed still to occupy
exactly its original volume (Section 9), and !he water in contact w:th it, which until
that moment was under normal pressure, is instantaneously subjected to a pressure
probably exceeding 200 tons per square inch. The first layer of water is compressed
and thrown outwards, compressing the next laver, and so on, -rd in this way there
is generated the front of a pressure wave, which springs away with a velocity that at
first exceeds and then rapidly approximates to that of sound in water. The globe of
gas, expanding much less rapidly than the pressure wave, feeds the rear of the wave
with a continually falling pressure. At any instant the pressure in the water at
different points along a radius increases continuously from the boundary of the gases
to the front of the wave, where the pressurd is a maximum.

The pressure wave is, of course, nothing but a vry strong sound wave; the
mechanism of its propagation is e9sentially the same as that of sound, the difference
is only in the intensity of the pressure transmitted. According to elementary
acoustic theory the pressure in a spherically diverging sound wave falls off in simple
proportion to the distance from the source, Lhe time-pressure curve at distance D, being

a copy of the curve at distance D, with the pressure altered in the ratio D The

velocity of propagation is independent of the distance. This theory, however, is only
exact in the case of infinitely weak waves, since it rests on the assumption that the
compression of the medium is indefinitely small. At a very great distance, froiu a
submarine explosion this condition will be approximately fulfilled, and the experiments
made by Mr. Boulding in connexion with submarine sound ranging have proved that
ak distances of several miles the velocity o& the pressure wave is the same as that of
sound in sea-water.

On the other hand the simple laws of sound cannot be expected to apply in the
region near the charge, where the very intense pressure produces considerable com-
pression of the water. In this region the velocity ox propagation of the pressure wave
must be greater thn that of sound (Section 23). Moreover, the front of the pressure
wave, where the pressure is greatest, must travel faster than the subsequent parts of
the wave, where the pressure is less, and this involves a tendency for the crest of the
wave to become flattened, the maximum pressure falling more than in simple pro-
portion to the distance. At the same time, if the energy of thp, wave is crerved,
the time integral of the prresnre mst fall less than in proportion to the distance.

The present investigation was confined almost entirely to distances at which the
pressure did not exceed about 2 tons per square inch (25 feet and upwards from
a 300-lb. charge and corresponding distances from other charges). Under this
pressure 100 volumes of sea-water are reduced to 98 7 volumes, that is to say, the
"condensation" is only '013. which is a small quantity though not of an infini-
tesimal order. It was t erefore expected that the pressure wave would behave not
very differently from an ordinary sound wave, both as regards velocity and in other
respects, and the experimental results proved this view V be correct.

There must be a great difference in this respect between, the propagation of
explosion pressure waves in water and in air, for the pressures necessary to produce
the same small condensation in these two fluids are in the ratio 23,000: . An
explosion pressure wave in air must certainly deviate widely from the simule acoustic
laws for a great distance from the charge.
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(4) Effect of a 300lb. Charge of 40/60 Amatol at a disance
of 50 feet.

Towards the end of .1917 Mining School carried out a series of experiments in
which II... Submarine D. 1 was attacked at different distances with depth charges
containing 300 lbs. of .10/60 amatol. Roughly speaking, the result of these experi-
ments was to show that at distances above 51) feet the .,am&ge was not very heavy,
while at srinller distances the damage was vital. The gauges for the present experi-
ments were accordiagly designed to be suitable for the region between "'5 and 100 feet
from a charge of this type, and the pressure at a distance of 51) feet. was made the first
object of investigation.

The result is shown in Fig. 1, which represents the iaverage of five shots. The
pressure rises to its maximum intensity ('80 ton per square inch) almost instan-
tanuously, at most in a few hundred-thousandths of a second ; it-falls in a thousandth
of a second to a quarter of its niaximuni intensity, and afterwards continues to fall
more ana more slowly : after five thousandths of a second there still rem.iaa a rerv
small pressure.

The time integral of the pressure

Spdt --- the area of the time-pressure curve)

up to five thousandths of a second is I (t = 5 x 10-') - "68, a pressure of one ton
per square inch for a thousandth of a second being taken as the unit. The whole-
time integral of pressure, up to the moment when the pressure ceases or becomes
negativc, can only be very slightly greater than this. More than half the time
integral of pressure occurs in the first thousandth of a second, and more than four
fifths in three thousandths of a second, I (t = 10-1) = "40, I (t = 3 x 10-') = "60.

A time-pressure curve such as that shown in Fig. 1 gives complete information
as to what happens in the water when the pressure wave passes. For example, the
velocity of a particle of the water at. any .uoment is

E
ap'

a being the velocity of the pressure wave (Section 6) and p the d .nsity of sea-water,
or 33 p, if the velocity is expressed in feet per second and p in tons per square inch.
The particle-velocity is greatest in the front of the wave, where the pressure is grc,.test,
and there amlouut, in the present case, to '26-4 feet per second. Again, the displace-
meat of a particle from its original position is

-I pdt, or 0"401,
(p.

if the dispiacement is expressed in inches and the time integral of pressure I in the
dimensions defined above; thus in the present case the total displacement of a particle
by the pressure wave is "27 inch.

'lhe flux cf energy, that is to say, the energy which crosses each unit surface of a
sphere with the charge at its centre, is o

F p'dt, or F = 7"4 x RO jp'dt

if F is expressed in foot-pounds per square inch and p in tons per square inch. In the
prisent case F (t = 10") = l-1u, F (t = 3 X 10-') = 15'7, F(t = 5 x 10-') 16,0.
Since nearly nine-tenths of the energy passes in the first thousanudth of a second,
which corresponds to A radial distance of about 5 feet, it is clear that nearly all the
energy of the pressure wave is concentrated in the front of the wave in a layer only a
few .tfet thick. The whole energy of the pressure wave, assuming that it springs from_
tue charge with equal strength in all dire tious, i. 4 r D'F = 72 x IV foot-pounds, or

21 x O foot-pounds per pound of explosive. Since the total energy liberated by the

Qi)
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eXPInsion of I lb, of 40/60 amstol ;a roughly 1(f fno -pniindst, it (tppestre tbqt abot a

quarter of the whole energy of the explosion gets away in the pressure wave.

(5) Regularity and Symmtry of the Pressure Wave.

A. mass of evidence was collected showing that the pressnre wdve from a high-
expiosive charge tinder A-ater is very regular and symmetrical; the pressure wave

springs away from the charge with practically the same strength in all directions, and

when similar charges are fired under similar conditions the results are nearly
identical.

The time-pressure curves illustrating this report represent in most cases the

average of several shots. In only one instance (referred to in Section 10) did the
results of any individual shot differ by more than about 5 per cent. from the group
average. Three typical groups are %hown in the following table, and some other
figures are given at the end of Section 18.

TABLE 1.

D = distance in feet from centre of charge to gauges.

P = maximum pressure, in tons per square inch.

I (t = 3) = time integral of pressure for the first three thousandths of a second,
in units of 1 ton per square inch for oaie thousandth of a second.

- Chue. shot. f D. I'.I(t3)

1,600 lbe. 0120 amatoI - - - 85 63J 1.1 1-25
1 86 1-1 115

87 1.5122
Average. I hSI2

272 No,. R.D. No. 30 mixture 69 50 .68 6
71 .63 61

I 94 *68 *65
A verage. .67 6

312 IN.. guncotton - - - 60 *062 .J
63 .63 -54
67 -59 -52

Average. 61 -53

The symmetry of the pressure wuve was tested, in a very large number bf shots,
b~y comparing the indications of two groups of gauges at oqual distances from the
charge in opposite directions, one group on the side away from the " Malspert," the
other on the near side, and in some casee a third grup o f gauges was hung at an
equal distance vertically underneath the charge. The ratios of the results in these
three direections are shown in Table 11. When copper gauges were not available for
this purpose, use was made of the plasticine gauges described in Section 20. The
distance of the g~auges from the charge was in nearly all case 50 feet from a 300-lb.
charge and corresponding distances (Setion ID) from other charges. It will be seen
that there was only one instance of 'Pronounced dissymmetry (Shiot 27) ; in all other
cases the diffa renceq are slight, averaging Only about 6 per cent. Considering that
the differences recorded in the table must be partly due to errors of the gauges and
inexactness of the measured distances it is clear that the strength of the pressure wave
is generally very nearly the same in all diroctions.

The special case cf a charge of vmry elongated shape is dealt with in Section 15.
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TAsnE IL
= maximum pressure.

I(e), I (p) - time integral of pressure measured by copper gauges and pluticia,
gauges respectively.

"The arrows represent three directions from the charge, - being the direction from
the charge towards the Malapert."

.I t p).
Ibot.

1 7 ... 100 !o
20 - 100 IU -

22 -100 91
2 -- 100 97
25 -- 100 96
27 too00 92
29 1 00 - 10
30 - - 100 90 98
32 - -. 100 lOS
33 - too 104 -
34 - - 100 97 97
36 - 100 98 103
36 - -- 100 96 -
37 - 100 105 -
38 -- 100 8 94
44 - 100 96 106
45- 100 88 94
46 100 106 100 103 100 101 -
47 - -- - - 100 102 -
49 100 100 100 6 - - -
so 100 95 100 98 --
5! - - -- - 100 111 -
52 - - - - 100 88 -
53 100 94 100 95 - -
55 - - - - 1(0 9 -

56 - - - 100 106 -
57 10 95 - 100 94 - - -
58 t00 96 - 100 00 - --
59 - - - 100 103
60 1® 100 - 1o 104 - -
61 100oo I too0 102 -

62 100 105 - - 100 1 -
63 tO 10, - 100 5
63 100 103 - i - -

66 10o 90 - 1oo 0 -

67 100 98 -- 00 8
68 100 4N - 100 106 114
69 1 00 104 -- 100 oo o- -
71 00n 100 1 00 1 05 --
72 tOO - 104 - --
74 100 - 1N -
81 1OW - 106 - -
S4 to0 9i - 100 94 . .. ..
85 100 107 - - -

80 100 102
87 it) (13 ....
97 Io0 108 ..

9 - - -- 100 97
95 1oo 97 - too - _
98 100 101 - - -

100 100 106 -
103 100 102 -
104 100 105

(0) Velocity of the Presure Wave.
The experiments described in Section 23 proved that the velocity of the pressure

wave is, within a few per cent., the saine as that of 3ound in sea-water, or about
4,00 feet per second.
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(7) Variation of Pressure with Distance.

This was investigated by hanging gauges at difTerent distances D in the same

radial direction from the charge. The results. which are recorded in Table It., were

calculated in the form--

Pressure (or time integral of pressure) at distance D1 = [Dt\x
Pressure (or time i tegral of pressure) at distance D, \D11

It will be seen that the maximum pressure appears to fall off slighty more than

in proportion to the distance (x > 1), but roughly speaking the tihe-prebsare curve at

distance D2 is a copy of the curve at distance D, with all the orditates altered in the

proportion D,. Examples are shown in Figs. 14 to is, 20 and 23.

The results indicate that the wave ipreads with very little dissipation of its

energy.
TABLE III.

D = distance in feet from centre of charge to gauges.
P maximum pressure in tons er square inch.
I(t= 1), (t .- P) = time integra of pressure for the first thousanlth of a second

and for the first three thousandths of a second, in units of one ton per square inch for
one thousandth of a second.

4i brge. -but. D. V. X 1) I 1(f ) x

1.900 ,$. 50.10O Amatol. Average of 88, 90 -  46} l"71.. 4 - 1 .. 2 --33 196 10

is --- 4 10

1.6M 1l,. 40/20 A,,ol .- vrn,, of S.3,.86, 87 63 . 1- 1.o4 - . 99

, o 1 1, .. 'k .N . . - 5 5 s o--- 53 4 } " 3 M 6 " 1 0
'I40 )23)

1,000 Ij,. T.N.Vve. - .\o rage uf 32, 33 - T 5 54 S t .95
120 - 3:35 I -1 5f

820 Ii1w. 401601 AmntoIl .vemrage of 36. 37 - 69 -4 * - 7 91

'I I - 1 -9 48
820 Iis. MIN6 Ainonui 52 6 69' 7410

303 -16. " A % o 264 97 .94

310 I1,. 40/60 Ainatol - 29 50 -. " "60 I'

120~ -23 - 1.00
300 R-9. 10160 kinnti A~ entre of 105. 106, 12~ 4 '00,

201

(8) Surface Effects.

When a charge is fire4l at moderate depth the effect observed at the surface is
always twofold. Take, for example, the case of a 3ix)-lb. amatol charge at a depth
of 311 feet. At the instant of tiring (actually a few thousandths of a second after
detonation) the surface above the charge hegins to rise into a white dome of broken
water, which reaches a height of about 35 feet on a diameter of 140 feet. About
a second later the top of the dome is broker, through by a rush of gas, which carries
up plumes of spray to a height of 100 to 200 feet. The first effect signalises the
arrival of the pressure wav. at the surface; it has nothing to do with the products of
the explosion, in fact there is" solid " water between the exploded charge and the
surface at the moment when the dome begins to form. The second effect represents
the venting of the explosion gases.

A large number of measurements of the dome and plumes are recorded in
Section 26. The plumes are very variable, as might be expected; they generally
appear as a, broad bush-like eruption, but sometimes take the form of a single thin
spout, rising to a much greater height (e.g., Shots 51 and 65). The dome measure-
ments are more regular, anti might have been even more so if it had been possible

t) AS lt'.$
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to take cinematograph records ; the actual measurements are from photographs, and
uannct hc regarded as very Accuratu, siuce it is diicult to expose the camera at exactly
the right moment. The significance of the dome measurements is discussed in
Section 22. Some photographs of typical domes and plumes are reproduced at the
end of this report.

When a charge is fired at a great depth the dome and plume eflects appear in an
entirely different form. For example when a 300-lb. Amatol charge is fired at a depth
of 200 feet the surface above the charge, over an area about 200 feet in diameter, is
observed to quiver, and a slight flicker of spray is thrown up, but the surface as
a whole does not rise at all and there is no sign of the whiteness caused by disinte-
grated wAter--on the contrary, if the sea is perfectly smooth the surface appears
darkened, its still water is darkened by a catapaw of wind. Nothing further is seen
until about 25 seconds later, when a largo volume of creamy green fluid be/irs to
p, ur up at the surface, consisting of an emulsion of bubbles- and water, the residue of
the explosion products.

The fact that the surface in this case is not broken at tht moment of explosion is
a proof that the energy of the pressure wave is completely reflected (except a minubte
ira-tion which passes into the air) and since it is a cae of reflection In a dense medium
at the surface of a light medintm the pressure wave must be reflected as a r-'c of
tension. The pressure in the wave front when it reaches Lhe surface is r' 2 ton
per square inch, and the reflected wave starts downiward with a tension expreseked by
the same figure; it is clear therefore that the water is able to support a momentary
tension of this amount without breaking. To discover how much tension sea water
is capable of supporting, a series of 404b. and 300.lb. amatol charges were fired at
different depths. The point dividing complete reflection on the one hand and
coni;Xte disintegration of the surface on the other is not very distinct, and depends
moreover on the state of the sea, the surface breaking more readily when there is any
lop, bit approximately the minimum depth for complete reflection at a flat calm
surface was found to be 60 to 80 feet for a 40-lb. charge and 125 to 150 feet for
a 300.lb. charge, corresponding in both eases to a pressure of about O'3 ton per
square inch, and it may be concluded that this is about the greatest tension that sea-
water is capable of supporting, even momentarily.

The idea of the reflected tension wave leads to a simple theory of the effect which
the surface exercises on the pressure at any given point in the witer. Assume, to
begin with. that the pressure wave is completely reflected, without breaking the
surface. The effect at a point B, Fig. 2, is found by superimposing the effects of the
pressur- wave X direct from the charge A and the reflected tension wave Y, arriving
y the path A C B. The tension wave is weaker than the pressure wave in the ratio

AB

and arrives later by an interval
A'B - AB

a
a being the velocity of sound in sea-water. The result is (as shown at Z) that the
first pa of the pressure wave arrives at B entirely unaffected by the proximity of the
surface, but after a certain interval the remaining pressure is obliterated by the arrival
of the lensiln, wave.

If the pressurc iz strong enough tc break the nuilano the matter is not so oimple,
but there is reason for believing that the same rule holds, at all events very nearly.
To take an iuaginary case, suppose that a plane wave of the form shown in Fig. I
travels vertically to the surface, and that it disintegrates the water to a depth of 2 feet.
This means that the first 4 feet of the pressure wave (from t - 0 to t = '8 × 10-,
Fig. 1) fails to get reflected, its energy being spent in giving an upward momentum to
the disintegrated water. The rt'nainder of the pressure wave, from t = '8 X 10-3, is
reflected from the new surface, feet bolow the original surface, as , wave of tension.
he point to observe in the present connexion id, that while the tension wave has

been shor of its first 4 fpvt it has also 4 feet less did.ance to travel, and the moment
of arrival of the front of the reflected wave at any given point in the water is there.
fore the same " it would have been if complete reflection had occurred at the original
surface. It may be concluded therefore that the rule stated in the preceding pars-
graph still give. the correct moment for the obliteration of the pressure at any given
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pont in the water, and closer consideration shows that the rule is applicable in
the region of disintegration itself, as well as below,

To teat this !zcory. four 261-lb. charges of 8)/20 amatol were fired, at a depth of
34J feet, and pressuti measuremeuts were made at depths of 1j feet, 2k feet, 3k feet,
10 feet, and 341 feet below the surface, the direct distance from the centre of charge
to the gauger being 4) feet in every case. The time-pressure curve at a depth of
341 feet is shown in Fig. 7, which ro.resentP the average of the four shotw. The
results at other depths are bhown in I igs. 8 to I I; in these figures the rectangular
steps represent the experimental results, but the curves are simply copies of the curve
in Fig. i, with the pressure cut oil at times corresponding to the theory; for example,
with thu gauges at i depth of 0 teet the difference between the direct and
reflected paths AB aud'ACB, Fig. 2, is 12'2 feet, corresponding to 2'5 x 10" second,
and the pressure is represented as ceasing at this moment. The good agreement
between the curves drawn in this way and the roctang ulsr step's derived from the
experimental results is evidence of the coricotness of the theory.

Further confirmatibn was obtained by firng a 1,000 lb. T.N.T. charge at a depth
of 51J feet and measuring the pressure -t a point 40 feet bt~ow the surface and
250 feet distant from the charge. The experimental results are shown by the
rectangular steps in Fig. 23, while the curve in the same figure is derived from the
curve shown in Fig. ZO, which represents the presutcre fi'nm the same charge at a
distance of 75 feet, by reducing the ordinates in the ratio . The difference
between the direct and reflected paths is 16 feet, aud the presure is therefore
represented as ceasing at the moment t = 3'25 x 10 -. It will be ,een that in this
case also there is good agreement between the experimental rectwigles and the
theoretical curve.

The effect of varying the depth of the charge is covered by the same principle.
At whatever depth a charge is fired, within practical limits, the pressure wave
springing from it must have exactly the same character, for even at a depth of
1,000 feet the hydrostatic pressure is less than 2 toi per square inch, and the
density and elasticity of the water are practically the same as at the surface. The
only effect of firing the charge deep is to remove it far from the reflecting action of
the surface.

A comparison of Figs. 1, 3, 4 and 5, all uf which refer to 300 lb. charges of
4064) Amatol, shows that the pressure wave is the sane whether the depth of the
charge is 84J feet or 20 feet ; with the charge at a depth of 10 feet the first part of
the presuure wave is the same, but after 2'3 x 107 seconds the reflected tension
wave arrives at the gauges and obliterates the remaining pressure; with the charge
at a dnpth of 5 feet the pressure is all over in about Ik thousandthi of a second.

To complete thin series of experiments a charge of the same sort was fired on the
surface, slung between two barrels so as to be aboit three.quarters submerged. The
result is shown in Fig. 6. 1he maximum pressure reaches nearly its full value, but
the pressure disappears very quickly, being practically al. gene in half a thousandth
of a second.

In many instances the gauges gave direct evidence that the prcmsare iu lie water
is followed by a state of tension or cavitation-see, for example, Figs, 4 to 6 and
8 to 11. Attention way also be drawn to the figures for Shot 5b in Table VI.
(Section 18), from which it vill be soen that the pistons in the last g'iuge of the series
were practically brought to rest before reaching the end of their travel, owing to the
state of tereaion following the pressure wave. The tensions recorded were never very
high however, th imost that was olIserved being 0414 ton per square inch, or 6'7
atmospheres (Fig. 11). It is probable that ravitntinn ,w,rs mor- readily at the
surface of the gauges than in the water itself, so that the gauges record less than the
full tension. The zero pressure line in the diagrams represente, the normal hydro-
static pressure at the depth at which the gauges are ho'ig; in Fig, 1 for example,
the gauges being at a depth of 10 feet the normal pressure is 1'3 atmosphere or '008
ton per square inch, and a pressure indicated as '044 ton per square inch below
normal represents only 036 ton per square inch actual tension, or 5 4 atmospheres
negative.

(9) Comparison of Large and Small Oharges.
The experiments on this point were based on the following theory. Suppose that

detonation is started simultaneously at corresponding points in two charges which Pre

exactly similar except that the linear dimensions of one are R times as great as the
52
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comilukione raukt t i nrttacepting the rie, suhathat the energy radiated from a
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Aclordling to the above theory, when the p,,ousure waves from a big and a ksmall
charge art, compared at correoponding dintances the maximium prestre should be the
same it, 1oth easca, but the pressiure from the big chargi, should bie It times as
suiukraiel' tha is to "y, it taker, It trum as long in falling t i any given fraction of its
likiliintiui Intensity, The whole time-integral of pressure shouldl be It timies as great
for the big charge as for the small one, and the time-integral of pressure of the big
chargo tor anuy ptimiod lit ohould 1?e 11 iviet the timne-ittegrt of pesuru of the ma
charge for the corresponding period C. In short, the time-presrure curve of tho big
charge should be a copy of that of the small charge with all the absciessm increased in
the ratio It.

ro lwut the' theory to a batisfactury tost it is necessary to make comparisons with
charges differing very widely in inagnitude. Expuei;ents were therefore made with
,,hiages weighing 10 lbs. tind t 9(X) )6e., giving ai scale ratio R -~ 3062. The Sinul
oarlies were of 40/ ' 0 nuiatol anid tile large ones of 50/50 amiatol, but these two

nitrsmay b)0 regarded as stivinp. identical nffects (see Section 12). With fauges

,it istatices of 251 foet and 02J tiet, which correspond to 50 feet frcni a 300-lb.
,,)harge, results, were obtained whichi are shown it, Figs. 13 and 15 It will be seen
that thio laxitmun pressure from the. aill charge (-78 ton per square inch) is about
A pei c-ent. lowe,, than that from the big cinrg" (85 tone per square inch), but the
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g'reater part of thiti discrepancy Is probably due to the auges, which tend t. tinder-. uder,
eetinitto the maiium pressure from a small charge, as ixplained in Section 19. The Thi
time taken for the pressure to fall to 2 ton per square inch is '80 X 10"'second in md ini
ono camc, and I 'M~ X 10-, i the other, giving a ratio 30. which Is fairly itear the ir tho
scale ratio R - 3,62. The time-integral of pressure of the small charge for ai period )eriod
9 10-1 second is 0,30, while that of the big charge for a period 11* -w 362 X 1 is 0-1 is
31 2giving a ratio 3, 4, which is very closo to the scale rutio. The resultwihih

30-'. charges at 60 feot (Fig. 1) are in equall goo agreement with tho theory, and ,and
sarthe comparisons between other large and small charges shown in Figs. 12 and Dand

20, 7 und 17, 1 and 29. The small discrepancies botween thetry and resuilts may be sy be
impited to orpprimsental errore end to differences in the make-up of the charges.

Putting together the results desoribed in the lNet thres sections, it will be aeon seen
that when once the time-pressure curve has been determined for a gie harge taa
given diotmune it is possible tu construct the tiepes~r curve fra isimilar oharge, a~e

of 
)POy is 
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921 x ~./j~ m167 feet,
and the time-pressure curve for a 6-ton obarqe at this distance is obtained from from
Fig, 15 by increasing all the abecisaw in the ratio

IV181'~

the ordinates of this curve are then diminished in the ratio 167 giin the time- n.

pressure curvc of a 6-ton charge at a distance of 210 feet, which is the direct distance nlee
from the centre of the charge to the point of reference ; finally, since the 4ifference enco
between the direct and reflected paths from the charge to the point of reference, by I by
the construction shown in Fi'$. 2, is 9 feet, the pressure ii cut off after 1P8 x 10-1 10-A
second. The result is shown in Fig. 19. Other examples of predicted pressure curves rves
arc shown (in broken lines) in Figs. 17, 22, 24, and 20.

If the effect of the surface is left out of account, the maximurm prcssure P, the the
time-intcg,al of pressure 1, and the energy flux F from a charge of weight W at at
distance D can be expressed in the form-

P W1
'1

I -KID

F- KWF

K,, K,, and K. being constants depending on the nature of the explosive and its its
container. Neither these formulm Por the above method of predicting the time- me-
pressure curve can properly be applied in the region near the charge, where the the
pressure exceeds 2 tons per square ineh, thiH rogion being ottide the scop( of tho o
present itivestigation.

(10) Bottom Efibt.
The experiments described in Section 24 show that the pressure wave is reflected ted

from a uiud bottom with much diminished intensity ; the tine-integral of the the
reflected pressure is less than half what it wold be if complete reflection occurred.

Another point that was inveutigated wee the effect of firing a char'ge on the he
bottom, instead of in mid-water. It is natural to expect, that it stronger pressure re
wave would be gonerateli , 6he difference should 1,e nore marked the greater the lie
elastic resistance anid density of the bottoni, both these factors inakiiig it relutivr!y !.y
unyielding to a wudden pressure, with the result that the radiated] energy ic
concentrated in the water. In the limit, wheu the bottomn is perfectly uny,1ieldiLg, the he
radiation of energy would be entirely eorafnedl to the water, and the prcsui-e waveA ye
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from a hemnispherieal obharge resting on the bottom would obiviouslly hot the samte si
that from a spherical charge of the same diameter in uiid-water, that is to say, the
charge on the bottom would give the same effect as a charge twice as Leavy with
water all round it, A hard rock bottom should approximate to this extreme, while
saind or mud should give a similar but smaller effect.

'Fxpriiett were made by firing throe 1,000-lb. T.NT. charges on a sand
bottom in 10 fathoms, about li miles off Irvine ;the pieasure wave was measured at
u distance of 75 feet from the contre of the charge, in a direction making an angle of
about 60' with the verticul. Iii the~ '.ki' of shot 7'8 (Fig. 22) the result approximates
to the calculated effect of a 2,1100-lb. TXNT. charge in mid-water; in shot 75 (Fig, 21)
the preusure wvns considcrably letss, butt still greatly in excess of the effect of the same
eharge in miil-water (Fig. 210) ; the third ahot gave results internmediate between the
other two.

Trho differences between the results of these three shots fired on the bottom were
mugrearoter than ya s 'ever observed in the ease of sh~ots fired in mid-water ; this is
not al ther surprisig seeing that the local configurntiono h bto i
the depth of sand covering the underlying rock were quite likely different in all three
caries,

(11) Effect of surrounding the charge mith an Air Chamber.

Fig. 28 shows the time-pressure curve at a distance of 50 feet from the centre of
an H 2 mine (a spherical mild steel shell 38 inches in diameter and A inch thick, with
a charge of 320 lbs. of 40/60 amatol in a central container, as shown in Fig. 40).
Comparing Fig. 28 with Fig. I it will be sef-n that b)0th the inaximumi pressure and the
time-initegral of pressure of the air-surrounded charge are slightly less than for the
naked charge, but the differenece in both respects is not miuch more than 5 per cent.
Tlhis is rat her surprising, seeing that the volume of ai.- is d1early four times the volumne
of explusive.

8otne 11 2 mines filled with an Additional 5tW lbs. of 40/60 aniaol (as at X 7,
Fir. Wt gave the result shown in Fig. 29, which is very nearly the same us the
calculated efftect of the samte chanrge in nakied form.

(12) Comparison of different Explosives.

Fig,-. 12, 1, ind 7 give a Conparison between T.N.T. (tri-nitro toluene.), 40/60
amatol iaminoniun, nitrate 40, T.N.. 60) and 80/20 amatol (ammonium nitrate 60,
T.N.T. 20o). it will be seen that T.N.T. gives practivally the same effect as 40/0
arnatol, execpt thant the maximum p~ressure, is about C' per cent. lower. Allowing for
the slight difference in the weight of explosive, 80/20 aniatol and T.N.T. give
practically identical results. A comparison between 3u0-lb. charges of 40,00 amatul
and 50/50 arnatol showed no dlifference.

1'ige. 3o and 31 show results obtained with guncotton and ammonium perchiorate
charges. Theee results are not directly comparable with Figs. 1, 7 and 12, as the

,hreq were made up in very thick wialled mines (sphieria mild steel shells,
3ti inches in diameter and 13, to I' inch thick). The maximum pressure in both cases,
but especially for the guncotton charge, is a good deal lower than for aniatol ; this
may be partly due to the thickness of the mine shell. On the other hFAnd it ii!
noticguble that the pressure of the aranonium perchlorate charge is very well
sustained; the whole time-integral of pressure is decidedly higher than for ainatol;
writh charges of equal weight and similar make-up the difference would be even more
marked.

(13) Gunpowder Charge.

Fig. 32 shoirs the reiults obtained wvith ;(nie 500-lbs. charges of E.X.E. powder.
This is, a very slow-burning powder, density 1,8, pressed into hex!,gonal prisam
11 inches across the flatb and with a central hole about -4 inch in diameter. The
charge was built up of thcse prisms in layers, and was fireii by a central igniter,
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consisting of a til containing fine Frain powder with a fulminate of mercury ercury
detonator. The tim-opressure curve o this charge is an interesting contrasi; to that to that
of a high explosive such as enatul. The pressure builds up slowly to a maximum ziukum
which is not much more than 5'th of the maximum pressure given by an equaL weight weight
oftamatol at the same distance ; on the other hand the pressure lasts much lender; it ger; it
does not reach its maximun until a time when the pressure from ths amato]l charge charge
would practically have ditappeared.

The surface above the charge showed no sign of breaking at the moment of ent of
explosion, the usual white dome was entirely absent; the teuaton in fact was too £a too
weak to break the water and the pressure wave was completely reflected. It was it was
possible therefore to observe the first stooes of the arrival ot the burnt gases at the at the
surface, which im masked, in the case of high explosives, by the dome of broken water wator
thrown up by the prosure wave. The firat efffet, which appeared at a distinct istlnct
interval after the moment of explosion, was the heaping up of a small mound of green son
water (Fig. 56); this was probably a sort. of water-piston push-d up ahead ol the ofthe
ascending gas bubble; a moment later the gases burst through, forming plumes Dot ea not
unlike those given by a high-explosive charge (Fig. 57).

(14) Composite Qhals.

Some composite charges were made by lashing together three 3004-lb. charges of rgee of
40/60 amatol. Each SMt-I. charge was a cylinder 28 inches long and 18 inches in hes in
diameter; the three charges were lashed with their axes horizontal and parallel, so lel, so
as to give a figure of three touching circles in cross-section; only the top charge was ge was
primned, the two others being fired by the explosion of the first. The result, shown in own
Fig. 24, approximates very closely to the calculated effect of a single 900-lb. charge. arge.

(15) Inflrqnoe of the Shape of the Ohargo.

Experiments on this point were made by lashing together three 3(&Ih charges arges
of 40/60 amatol end-to-end. Each charge was a cylinder 28 inchee long and and
18 inches diameter, so that the composite charge had a length of nearly five diameters. atcra.
Owing to the dished shape of the ends of the charges there was an average distance tafle
of abou- 3 inches between the amatol in one charge and the amatol in the next. next.
One of the end charges was primed, the other two being fired by the explosion of the of the
first. The composite charge was hung horizontally, and pxi.is'Ire measurements were were
takeu in three directions, () in line with the axis of the charge from the primed end end
towards the unprimed end, (2) in line with the axis of the charge from the unprimed rimed
end towards the primed end, (3) at right angles to the axis of the charge. AU three three
sets of gauges were at the same distance from the centre of the charge, The results esults
are shown in Fig. 25, 26, and 27. It will be seen that the pressure i3 strongest but st but
least sustained in the broadside direction, and weakest but most sustained in the in the
direction oppuite to that in which detonation proceeds.

These results admit of a simple explanation ; in the broadside direction the effects effects
of the thrce charges arrive tiiultaueuusly, or nearly so, while in the endwise adwise
directions they arrive more or less in turn; but there is a difference between the two he two
endwise directions, because in the direction in which detonation proceeds the effecte effete
of the three charges arrive more nearly s&multaneously than in the opposite direction, ection,
the time taken by detonation in travelling from one end of the charge to the other other
being in the first case subtracted from and in the second ease added to the time taken taken
by the prestre wave in travelling the same distance in water.

Comparing Figs. 25, 26, 27 with Fig. 24, it appearj that the three charges lashed lashed
end-to-end give on the whole a less powerful effect than when bunched together. It r. It
is probable that, for general purposes, the best disposition of a given weight of ght of
explosive is in spherical form, which most nearly enables the effects of all its parts to arts to
arrive at any given point simultaneously. On the other hand, if a maximum effect is ffect is
desired in a single direction the best shape would probably be a flat disc, the effect of et of
which should be greatest in the direction of its axis.
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(16) Damaging Power of diffbrent Presmure Waveg,

For the practical applicatiop of the results described in the foreging sections it
is necessary to know what it is that determines dama e, whether it is simply the
maximum intensity of the pressure, or the whole time-integral of pressure, or some
intermediate function cuch as the energy flux. The bet way to investigate this
question is to determine the relative distanoes at which big and little charges iniot
the same damage on a given structure. It has been shown in Section 9 that the
maximum pressure from a charge is proportional to

Wi
U,

W being the weight of explosive and D the distance from the cenitre of the charge:
consequently if damage is determined simply by the maximunr pressure the damsginj

W
range of a charge will be proportional to W; the energy flux is proportional to fi, so

that if danage is determined by energy flux the damaging range will be propor-
tional to W , the time-integral of pressure is proportional to

WI
T'1

so that if damage is determined by time-integral of pressure the damaging range will
be proportional to W.

During the first half of the experimentsa grea t many observations were made by
Mr. Robert Rovds (on behalf of the Mining SChool) on the damage sustained by H 4
mine cases at different distances from various char es; afterwards these observations
were extended by the writer to a greater range u charges, and a bottom line was
used, as described in Section 21, to ensure accuracy of distance. An H 4 wine
case is a sphere of mild steel ith inch thick an"i 31 inches in diameter; it is
made in two halves, joined by an equatorial weld, and the lower half is fitted with a
heavy plate carrying the mechanism of the mine. These mine cases, used as damage
gauges, gave more constant results than had been anticipated; the central weld was

emost variable part of the structure, and no great weight i'a& attached to its
behaviour. The damage varies very rapidly with the distance from the charge;
there is a critical distance at which moderate damage is inflicted (d-Image 2 on the
scale given below) and this distance can be estimated with a fair degree of accuracy,
because a small change one way or the other gives either heavT damage or no c.mtge
at all ; if 100 represents the distance at which the mine case is just not damaged at
all, it is only neressary to bring it in to distance 75 or 70 to inflict fairly heavy
damage (3 or 4 on the scale below). The damage begins with the formation of
shallow dents, or places where the surface is pushed in and its curvature reversed ; at
closer range these dents become larger and deeper; finally they overlap each other
and prodeoe a general crumpling and folding of the mine case, and at this stage the
metal is oxaen more or less extensively torn ; it should be noted, however, that (apart
from the weld) the damage never shows any mign of beginning with a crack- wh en
the metal is tom it is always as a result of excessive folding. The different degree
of damage were measured by the following scale:-

0. No damage (Fig. 63).
1. Shallow dents, not more than lj inches below the otiginal surface.
2. large deep dents, say 3 or 4 inches below the original surface.
3. Very lae overlapping dents, producing crumpling and folding of the

metal

4. Mine case very severely crushed and the metal torn (Fig. 64).

Experiments were made with these mine cases at different distances from 40-lb.
charges of 40/60 asatol, 300.lb. charges of 40/60 amatol, 1,600-lb. cbarges of
80/20 amatol, und 1,W0-lb. charges of 50/50 amatol The diffl:'enes in the
compouition of the amatol can bo left out of account, for the corresponding differences
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of, pressure are too sxmall to affet the conluslons. The vrstnltq are recorded in the ini thi:
following table .

TABLEI1V.
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Ietail he qsien utathediac 37fet whrom a 40-lb. charge Ajut ifse toefo dany ingan
ramge ispoton temn ae to abu 1,0-b hra feet iu stances han the a te cub ccbe
aoo af 40-lb.ichagt 1 eoiet; adtuallyte bof charget rm1,eet causes normre. heavy.
apsto 37 fhie td fro a 40-lb. charge ht 16 theo wdagn rainlge ver a hrevy.r i
It oris ler tereWrI thamthe shouald ranthe sm prpionals two cse;thing , bten te
min ade is, anhevl damed t wath 1260-l fehtrges sho t,0 bhage it ieyt wppoul- poxi-

rngecl psroportional to V,# a for -lb it a g t 1urr 0 fromth shults av the ablceffhat efthat

at all whl. hedmg00o 0-lb. charge at 170 or17 t would producel t he saedaaer as avy-l. he-lb.
Iti ara 6fedo theassuptio that the damaging range in propotional to nalthn bewe toe

Wa disancb.b charge a17or15fewulpce to 2arn dae a 4-b eml
NV, isaneof 179 feet from the big cagcorspondsto:.4es from the sml maU 0-b

c'harge. On the same astsumption the same damage should result faoin a 300-lb. 0-b
charge at 71 feet, which is in good accordance with thie observations.

These results bring out clearly tbat ii is neither maximum pressure nor time. time-
intebrPl of pressure that determines this kind of damage, but somethting inter- inter-
mediate; a high maxaimum pressure iA no Use if it is not suffciently sustained to ed to
deform the structu-P beyond its p(;wer of elastic recovery, and it high time-integral of aI of
pressure is no use if the pressure is less that the structure is able to resist. The The

r, A 1 7496
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resIte ar Anniistont with the supposition that the damaonp power of a pressure
wave is determined by its ensrgy nux; na this view an H 4 anlie. case begine to be
damaged when tho energy flux exceeds about 8 foot-pounds per square inch; but, at
best, this can uuly be true approximately and within limits, for it is possible to
conceive of a very prolon_ed pressure ,vae with an energy hux exoseding 5 foot-
pounds per square inch.but with a maximum pressure much lower than the mine
cuuld withstand under tattical conditions, and such a prcnure wave would obvioutlV
have no effect. It is much more probable that damage is a function of the time-
integral of the excess of pressure over a fixed value,

k depending on the strength of the structure; for example, ith, is taken as 0'1 topet
square inch,

has nearly the same value (about 0'2) for a 40-lb. charge at 286 fot, for a 300-lb.
charge at 68 feet, and for a 1,900-lb. charge at 175 feet, which is in good areement
with the results in Table IV., on this view an H. 4 mine cas begins to bedamaged
when

I (p.4' ) de

exceeds about 0 16, p being expressed in tons per square inch and t in tbousawths
of a second.

On general considerations, and quite apart from the above results, it is very
diffieult to suppose that the kind of damage at present in question can be determined
simply by the maximum intensity of the pressure. A crack, such as is produced by
a guncotton slab detonated in contact with a steel plate, may take only a few
millionths of a second to form, but the damage actually inflicted is not of this kind;
it in in the nature of deformation, and must take a relatively considerable time to
become at all serious ; the pressure on the mine case is only of the order of 1 ton p. r
square inch, and the formation of even a shallow dent 1 inch deep must take at- least
several ten-thousandths of a second, in which time the pressure has fallen vert much
below its maximum intensity ; it is clear. therefore, that the extent of the damage will
depend very much on the rate at which the pressure falls. It is an instructive fact
that an 11 4 mine case is generally not damaged at all by a 40-lb. amatol charge at
a dis tance of 29 feet, though the pressure at this distance (apart from any increase by
refitction) is 0'7 ton per square inch, which is many times as great as the mine case
could stand under statical conditions; the only possible explanation is that the
pressure does not last long enough to deform the structure beyond its power of elestic
recovery.

Damage to a hull by a distant charge will probably be governed by much the
batue considerations as damage to a mine case; deformation will be the primary effect,
anid where the metal is torn or rivete sheared, this will be a secondary effect arising
out of the other; the rate of decay of presure will have just the same importance in
determinir S the extent of the damage.

It is very desirable that any experiments that may be made spinet hulls should
include (1) a determination nf the time-history of the movement of the hull itself at
the point nearest to the charge, (2) a measurement by gauges of the time-pressure
curve in the water just outside the hull at the same point.

Experimental results on the damage sustained by a givar structure can be applied
to similar structures of different dimensions by me.ns of a rule first stat by
Hopkinson. This rule is as follows :-the damage inflicted on a given structure by a
given charge at a given distance will be reproduced to scale if the linear dimensions
of the charge and structure and the distance between them are all increased or
,diminishcd in the same ratio. For example, it is known that a 300-lb. charge of
amatol at a distance of 70 feet produces dents about 2 inches deep in a spherical mild
steel shell 31 inches in diameter and J inch thick; consequently it may be predicted
that a 2,400-lb. charge at a distance of 140 feet will produce dents about 4 inches
deep in a shell 62 inches in diameter and J inch thick. This rvde provides a link
between the effects of a small charge -n % small structure and of a big charge on a big
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struat t, but it giveo no informntion at to the relative effects uf ig snd sn all chnrges harges
ou the "swe structure. If a second rule can be established covering this side of tho of tU
problem, the two togetber will ) bviously cover a very vide ground.

Hopkinson's rule can be deduced theoretically as an extension of the principle nciple
described in Sectiou 9. Its validity hm bon proved experinentally for oharsies arges
differin er, widely in 'maguitude. The rule is obviously of great value in enabl-ng bhun
full-sca e i 1rences to be drawn from model experimentt.
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(17) Gauges for measuring the Time-integral of the Pressure.
%When the development of zow gauges was undertaken, it was recognised that the

ideal to be aimed at wam an apparatus that would give the complete timpi-history of the
pressure at a given point in the water, but it wast difficult to see any way of arriving
at this retsult. Hlop iumon'a pressure-bar method (Section 22) did not seem suitable,
especially under sea conditions, for measuring pressures which it was estimated~ would
endure for several thousandths of a second, while on the other band this period was
too short to give much hope of succebs with any form of mechanical chronograph.
First attempts weis~ therefore limited to the more moderate aim of producing gatuges
that wvould measure (1) the maximum intonsity of the pressure, and (2) the timie-
integral of the pressure, or in other words the duration of the pressure multiplied by
its a'verage intensity.

Afteo several faires, whioh need not be described, a successful time-integral
gauge was prod teed in the form shown i a Fig. 34 (Type G). This gauge was designed
with u view to the greatest possible mechanical simplicity and absence of friction, It
is bsed on the principle that the mumeLitum, acquired by a body is equal to the time-
integral of the force that has acted on it. The working part is an easy-fitting steel
pistonl, which rests on the rim of a small washer, with its bottom end exposed to the
water. The top andl of the piston carries a small copper cylinder, sprung into a thin
corrugated metal jacket which keeps it centred. The central hole in which the piston
wvorks rommunicates with four others which act as an air rehervoir. The air chamber
is necessary both to prevent ths. piston from being forced up by hydrostatic pressire
and to redue the cushioui~g effect when the piston is driven in (Section 29).

The pressure set uip by au explosion acts on the bottom end of the piston and
shoots it inwards, aid after travelling a distance of 2 inches the piston hammers the
copper agaiost the eyebolt of the gauge, which icts as an anvil. The energy of tho
pi.,tou is absorbed by the copper, which is shortened to an extent determined by
nmiereaieter measuremnts, By aiud of calibration experiments the momentuin of the
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pilton at the momefnt of impact can be deduced from the abortAning of ti.. copper, ?pper,
ana this gives a mleasure, in definite units, of the tims-integral of tho pressure in the in the
water.

Groups of the... gauges gave exceedingly uniform results, but the question Qeatio
remained whether these results represented the wbole tame-integral of the prossure, surs,
because any pressure persisting after the moment of impact would fail to contribute tribute
to the momentum of the pistons and would be left out of account. It is obvious that, s that
no general answer is possible on this point, because the gauges anight be sole to catch catch
the whole of the pressure from a given charge at a given distance but not from tfromn
another charge or from the same charge at Another d-istance. The question was ~nwM
investigatoid, for the pime of aL AM-h, ;~atol charge at a distainc of 50 fcct, by ct, by
Putting down a series of gauges with pistons having different amounts of free travel, travel,
and it was proved that in this particular case nearly the whole of the pressure. was re wans
taken into account by a 3-inch piston with a 2-inch travel, as in Fig. 34.

These experiments suggested a method b-" which similar gauges might be made ijiade
to yield the complete time-history of the pressulre.

(18) Gauges for deterninng tho coriniot.
Tim.-Presurue Curve.

Suippose it were possible to measure the velocity of the piston of the gauge 1. e s
shown in Fig. 34 at different distances from its starting point; at would clearly be a b
simple matter to reconstruct the history of the pressure from these measuarements. ments
Take any two successive measurements, velocity v, at distance #I, and velocity v, at7 a
distance is; the average velocity during the interven; perio may be taken a ns
j (u,1 + v)-this is not absolutely exact unless; v,-as infinitesimal,, but in practice ratic(
the error is altogether negligible; the tame of travel from *I to a, = distance dvided ivded
by velocity

the average acceleration during the same period =chae of velocity divided by ed b3
time

and the pressure in the water -the acceleration of the piston multiplied by its mass 8 11118
and di ,ided by ia cross-sectional area

=ifCs- vI) (V, + v,).

Calculating all the mesuremnents in this way, the result can be drawn diagraminati- mati.
callr as a series of rectangular steps, each representing a certain average pressure sorf
lasting a certain time, and a smooth curve drawn through all thetsteps in such a way, 8 wa3
as to leave out as much space us it tu.~i in representb the roconstructed time-histury istor5
of the pressure.

In practice it is hardly possible to measure the velocity of a single piston at tn al
different stages of its travel, but a practical alternative which givem exantly the same saine
information is to use a series of gruges with similar pistons havig different amounts ounti
of free travel, the velocity of each piston at the end of its travel being measurad by rod by
the effect of its impuct on a copper, as in Fig. 34. When it came to designing a izig a
serios of gauges for this urgose it %was found convenient to use comparatively long ing
pistons in the gauges with the largest amount of free travel and short pistons in the i h
gauges witb least free travel. The differonce in the mass of the pistons causes Do iseu nec

difuy ; it a piston of mass M har a velocity V after travelling a distance 8, a piston pso
of unit mass licted oaa by the same pressure would have a velocity MV after travelling velling
a distance Mb ; the results obtained with a Aeries of pistons of unequal mass can 5e can
therefore be translated to the basis of a aeries of pistons all of unit mass.

The gauges (t 'lies OX, GY, GZ, GA, and 013) which were designed for trying. tryiflA
this method are it uaLrated in Figs, 35 and 36. They differ from the G qauge ag
prcili inbi.i etd£rteOGadGaue aigsxpsos. ita

ricpal is ben thseeom teOGY n Zgugstkn i itn
each andc the GA and GB gaugeA three. The only -)ther difference worth noting is the i h
annular form of the air chamber. Each of the five types of gauge takes two uizes o~f i7N8 01

V. 8 1
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fiston, miaking a total of teno stepso in the time scale ; one extreme is a piston I inch
ong with a free travel of .1, inch, the other extreme is a *j-inch piston with a 4-inch

travel. Each gauge is filled with pistons of one size only, so that ten gauges must be
put down to get a coteplete time-pressure curve. The six or three coppers in each
gauge are merely to check one another, the average shortening of the coppers in each
gange being taken as the basis of calculation.

While these gauges were being made, the coppers were carefully calibrated by
attacking them with pistons of known mass and velocity, both thm factors being
varied over a wide range. These experiments, which are described in Appendix I,
proved that the shortening of the copper is entirely a function of energy; two pistons
with the same kinetic energy produce exactly the same shortening, though one may bp
many times hsavier than the other. The relation between shortening and energy,
shown in a ta ble in Appendix II., is the basis on which all the gauge results were
calculated. The coppers in these calibration experiments behaved with great.
uniformity, an observation that was borne out by the whole o# the subsequent sea
trials, in which many thousands of them were expended.

When the gauges were tried they at once gave successful results, which can best
be illustrated by quoting the complete figures of an actual experiment. This will also
serve to explain the way in. which the calculations are made, including '. :-'us
corrections v hich it has been convenient to leave out of sight in describing the simple
theorv of the method. The charge consisted of 300 lbs. of 40/60 amatol (Shot 4) at a
deptl of 341-fet t below the surface, and the gau~ee were hung in a vertical Line, I foot
apirt, at a horizoatal distance of 50 feet, the middle gauges being at the same depth
as the charge, Referring to r'able V., L represents the ength, 8 the nominal free travel,
aud M the mass of the ten sizes of piston. The rass M includes not only the steel
piston but also the copper, and the water which follows the piston into its bore up to
the moment of impact, since these contribute their share to the inertia and energy of
the moving system. Another point which has to be taken into account is the
downward impulse which the pressure communicates to the whole gauge, It is clear
that the body of the gauge is acted on by a force equal and opposite to that which
propels the group of pistons, and that at each moment it has an acceleration, velocity.

1.
and displacement times that of the pistons, x being the ratio of the mass of the body

of the gauge to that of the group of pistons. Tho momentum of the gauge is equal to

thait of the pistons, but its kinetic energy is less in the ratio X. At the moment of

impact the momentum on both sides is cancellad, and the energy on both sides is
absorbed by the coppers. The energy contributed by the pistons is therefore less than

the total kinetic energy in the ratio x-i. The real travel S' of the pistons up to tha

moment of impact is leds than the nominal travel S in the same ratio. The equivalent
travel of a 1-oz. piston, that is to say, the distance a I-oz. piston would be moved
if acted on by the same prcssure up to the same moment, is a = MS'.

Thus far the figures in the table are toerely uharacteristic of the gauges, and
would be the same for any experiment; the figures which follow are special to this
particular shnt.

a represents the shortening of the coppers and E the corresponding energy,
ascertained from the calibratnn table. The energy which a copper registers is
principally kinetic, but not entirely, because the pressure existing in the water at
the moment of impact does a certain amount of work on the copper while the latter
is being shortened. The work done in this way is equal o the pressure multiplied
by the cross-sectional area oi the pistoa multiplied by the shortening of the copper,

'036 p & foot-pounds. if p is expressed in tons per square inch. To apply this
correction it is necessary to guess the pressure p ; if the event shows that the guess
%.as a bad one it may be necessary to repeat the calculation to a second approximation,
but it is generally possible to make a good enough auess by comparing the figures
for , with cases previously worked out. The remaihang energy, E' = E - '036p A,

is from kinetic sources, and the part derived from the piton is E- oE'

Knuwing ti mass IN and the kinetic energy E ' of the piston it is a simp-e matter
to calculate its velocity V at the moment of impact, and the equivalent velocity of
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a I-oz. Piston, that is to say, the velocity it would have if acted ont by tho same e same
presue i~ t te aw iM'~u, s -MV. 'r'ho xesulta, are nowv in the Lfi e furuU

postulatedi in thie first paragraph of this section, expressing the velocities v that a that a
1-oz. piston would have acquired at distances a from ita starting point, and the rest he rest
of the calculation is qiestraightforward.

The result is Shownt11 graphically in Fig. 83 as a series of rectangular steps r steps
through which a curve has 'been drawu in such a way as to leave out a. much as it 1h as; it
takes .n. It will be seen that the steps form a very regular eries (as thoy do olso in atlso in
the numerous diagrams illustrating Part 1. of this report), nit that, they pgovide a vide a
thoroughly definite basis for the greater part of the curve re, reseuting the devay ot Cay at
pressure. On the other hand. it id clear that the atteps in Pig. 33 do not give any ye any
poisitive indication. of the formn uf the prebbeuro curve durinug tie first two ton- vo ten-
thoosandthe of a second, when the pressure is a maximum. 'This part of the curve curve
mi'ht have been d4awo, without inconsistency, in quite, , different way frnm flint nI lont.
shown, far example it mnight have been drawn as indioated by the dotted lines. The . Trhe
determination of this part of the curve was A.xected by gauges of a rather different ifferent
typo, which are dealt with in the next se'ction.

It may be pointed out that it is uot alwnys nec~seary or desirable to make use of Ilse of
all the 10 sizes of piston showvn at the top of T~ible V. Tho Gli gauges, with the th the
81-iuch and 6k-iuch pistons, were generally omnitted, being t necessary except ill ept~ ill
the case of very bill charges, and experience also showed that nothing was lost il lost, ill
most cases by omiitting the fl-inch piston.

For comparison with Table V., the results of a number of other shots, nll giving giving
time-pressure curves of quite different character, tare shown in a condensed form in arm iii
Table VI.
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TA9LE V1.

300.lb. Char.js of 40/U0 Amratol on Surface; Oat'sge 50 feet away. (See Fig. 0.)

Shot. IGatiga. GX 1. G GIS. G GY 1. G Y L. IG Z 1, GZ

- L I li I 24 ii

64 A 168 23'4 19,5 19,2 12'3 9'4

- v 300 40'2 46'8 4418 40'3 304

- I 236 . 40 *585 -96 1'60 3.25

6 -024 1--031 -027

267-1b. Charge of 80/20 Amatol ; Gauges 60 feet away and near tho Surface. (See Fig. 9.)

Shot, Guage. (X 1. GY 1. 1G Y . (17z , G Z 2. GA 1.

- L 101 1., 24 1# 41

28 A 17-7 26"5 32"9 23'9 26'5 14"6

- i v 3010 57'7 69'5 68'0 67,6 63-6

-- 28 '645 '
8

15 1.21 2-07 3'873eo- .0 0oo..
- p '60 030 192

1,000-lb. Charge of T.N.T.; Gauge# 250 feet away. (St,, Fig. 23.)

Shot. Gauge. G X I. G Y I. G Y 2. G Z 1. G Z 2. G A 1. G A 2.

- L j 1 2j f 41 3

55 A 7'6 12,0 1606 15'5 20"0 10 2 0 7

- 170 32'0 39'3 47.4 53,7 48-8

- 40 144 2-07 3'23 54

- ~ ~ 1 I ~ ' I ld .7 0158 .024 -1

300b. Charge of T.N.T.; Oauges 50 feet away. (See Fig. 12.)

ht. [Gauge. G X 1. G Y . 0 Y2. GZ 1. G A1.lG A2.

- L I 1A 21 41 8

11 A 17"7 26'2 35-3 33-9 33"1 47-2

17 &A 17'3 27"4 36,3 34-3 34-8 47.5

26 A 18-3 27-8 86.0 34-1 36-3 49-0

Average A 17"4 27-1 SS-9 34-1 34.4 47"9

30 .3 58'4 "4 1 88 0 1 l1'8 141-2

-23 '54 .bO 14 2.86 4-79

-40 (M5

0 AN514"



110 10

li9k(+, 0m+rPo o; h'1wU Aw i; U tup. 46* avi owey (Ses Fi'. 14.)

et. ,i| I . I | G8iGll G

ANN IN, go,& 11111-41 14T.4 106*6

WU ol 0, 0 l Ill 140,1 10418

-. 1*3 1661 416 6.1 4800

111 'I.413 lo I003 3,'18

-,4 -%~ ]_ON4
- p I'? '481 Ri 4 'll K

1,MOQ b, Chn, nif 80/50 AnwM8 ; Grn.ge 92* toot away. (A* Fig. 18)

katl, Gilkts, a X, G.Ia y . , GA, A B ,

+-L a ll slj 8e

No A & 04 aT'# 614 3.S 800 3.1,7

14- WS I? SI'S 64,6 7?'? 61 -T

AA.t. , 13,'11 3' S3 4'0 46'0 78'8 81.?

116,1 a'8 11344 10S'8 21110 21.

- ,108 ,448 .1g9 1,03 3-9I8 8,16

P . . ' 7 .49. 5 '4 '13 "07

1,9004h. Clir~e of 50/50 Anitiol ; Ga"#e 186 feet away. (See Fig. 16.)

0. ( X 6., Y . GZ6 A 3. G A 6.

L I I I 41 3

all A 0' 29-6 38.S 29's 37-4

W 20,9 1.1-1 86 97-4 8689

A 20 e 286 37 53 2816 8711

- . 36-, 60,6 069,6 IUJ'5 I120-1
-- 51 10,4 t18 8'37 5'59

' F .... * '+-'2 .... '23

(19) GaugeN for meawuing tho Maximum Pressure.
It In necosear to supplement the gauqii described in the last section by others

oa able of miourinzg the maximum intensity of the pressure, What is wanted for this
lurpoe In a pugtu that will operatu in the utralleet possible time. If the gauge is to be

of t i same genera) type as those already described, tlat is to say, with a steael piston
wting on a copper ori,,hur, the obvioui, liti of developmet is to redue as much as



postible the weight of the piston and the extent of its movement. In the imit the limit
pisteu becomes a Ouit plate hold .lose up against the copper, so that the only the
movement is that which takes place during the uctual crushing of the coppor. The er,
theory of this type of gauge reqnires separate couiduation.

Let A be the area of the plate exposed to the pressure in the water, r the ,r
resistance of the copper when the plute bas been moved inwards a distance 4, A the C5
anionut by which thi copper is finally shortened, E the corresponding quantt of atit
energy, as shown in the calibrzition tOble, and R the resistance of the copper Zhen prv

a ~, rho eergyregistered LY the copper is equal to the work done by the eb
pressure in moin telate-

E = J rds mA f p) d8.
There rre Livo cases to consider (compare Sarrau and Vieille, Comnptept Rendiis, 1882) o'lM
suppoue in the first placo that the pressure rises so gradually to its maximum jflteflit itV
}that the gauige is able to keep step with it, the resistance of the copper at each i, at0

instalit being equal to the pressure on the plate ; in this case obviously--

Theo other extreme case is when the pressure rises instantancuusly to its maximum aziii
itensity P' anl reminis constant until the gauge has comue to rest iin this case-Be

f p do = PA,

Flo that-

-A&'

if P is expressed in tons per square inch, E in foot-poxinds, A in square inches, and lies,
A in thousandths of an inch-

P = 5*36

In the pressure wave frow a submerged high-explosive charge the conditions uditi
approximate much more closoly to the second of these two cases than to thA first ;the rot;
pressure rises to its manximum! intensity almost instrantaneously, cc'rtainly in a time a t
smaller than the time-constant of any gauge that it hase beer~ possible t-, construct; ;t truct
does not however remain con3tant but rapidly commnences to fall. In this ease-C

f p do
is aproximately equnl to FA, I"' being the averige press-are during the timne o)f time

opertion of the gauge ; consequently equation (1) can be used, substituting P' for 11. 'for
The remaining part of the problem is to determine the time-constant T of the T of

gauge, "ha is' to say, the time d urinu8 which the p late is in mooti on ,,,he!' su bjected to ected
ateypressuro Thi depends' u" the ine rtia uf th6e 8yltcni, which- is seated not ated

oni ithpte btals to no extca in the copper i t is easily, shown that the that
"I' ss of the p late mus t be added to one-th ird of the mass of t he copper to0 get the get
total effective m"ass X. The eq uation of inov enent is-

Mds r =. PA.

It is shown in Section 28 that for moderate crushings r (upproxinlatol:') ,, 4, kb, ,+

where -r 1 00 lbs. and k = U lbs per 10' inch. Cougequently-

d,+ r. + Ice = PA.

Assumning that the presure is constant the solution is-

8 = t (I cot] t)

The o~ovement therefore ceases when-

t
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which iopresents the timc.uoutfint T of the gauge. Expressing T in thousandths of
a second and M in ounces-

T t,16/ ....... 2)
The gauge therefore has a time-onstant which depends on the inertia of the moving
parts, but is independent, of the extent to which the copper is crushed.

It is desirable to examine to what extent the timeoonstant is Jeaffsted by the fact
that the pressure in the water falls off instead of remainiuf constant, as assumed
above. stuppoe that the pressure decays linearly from its initial intensity, falling
to P (I - J)3uring the nominal period T of the gauge. Than--

+ r. + k PA ( - 4).
The solution is-

s a + b sin e - a osCt - bet

where-

The movemeut ceases when-

coact + sinct = 1.

This moment is always earlier than the nominal period--

T

the difference being determined by the factor-
a =r PA-r

The ratio of the actual period T' to the nominal period T for different values of this
factor is as follow--

ir PA-ro -

T 1 935 '875.

For example, if the pressure falls 21 per cent. in the nominal period of the gauge, so
that--

15,

ard if the initial pressure is PA = 1,200 lbs. - 3 r0 (which i.plies that A = about
20 x 10-1 inch) the actual perind of the gauge is 6f per cent. less than the nominal
period. To take a second case, if the pressure falls NJ per cent. in time T, so that-

to,

and if PA 80 lbs. = 2 rq (which implies that A - about 10 X 10- inch) the
difftoice between the nominal and act !al periods is 19j per nent. Roughly

speaking, therefore, it may be said that a gauge of this type will have an actual
period falling short of its nominal period by not more than about 10 per cent., provided
the period is such that the pressure does not fall more than about 30 rer Lent. during
the operation of the gauge, and provided the copper is crushed not less ihan
10 x 10"1 inch,

The form in which this type of qauge was finally embodied ia shown in Fig. 37
(type GF), There are two plates in each gauge, and each plate is clamped by a
central screw against a tripod of coppers. The mass of each plate is *96 ounce and
of each copper , 20 ounce, so that the total effective mass associated with each copper
is M = '39 ounce. The time-constant of the gauge is therefore, by formula (2),
T = 10-' second. The pressure registered by each tripod of coppers is found by
means of formula (1), E being the suin of the energies recorded by the three coppers,
A the average shortening of the threp toppers, and A the area of the plate not covered
by the screw-head. At the same time a parallel form of gauge (type Gil) was used,
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which differed fromi type OF only in having plstos At iuaeh thick instead of j inch, and 4, And
with a time t. eustanit therefore twice &% wrvntt T - X 1W-.

Thoise gauges lave remarkably consistent results ; the difference betweon thle n thle
pressures recorded by the two tripods in each gauge averaged Only 2 per etit, alid in ad in
only one or two costs exceeded Zt pts., utot.

Tile (IF~ and GHl gauges ars suitable for pressures from 6 toix per square inch inch
(4 mu 10 10-1 inch) to 1'8 ton per- aquaae inch (A4s 01 Y 10-1 inch). In the few elow

instances in which higher pressures were measured a mnodified form of gauge (type GJ) e 1J)
was used, with a plate I inch thickt operating on a riug of 9 opper ds stgauge, aUre,
which has a time-constutnt T1'- 10- Scon(,, 1s suitnhb'l for pressures front I - ton per nper
square inch (A - 10 X 10-' inch) to 5-4 ton per' square inch (A - 61 X 10-' inc'h),

The results fronm the OF said 011 gauges proved that t. timp-eonstaitt of at of
101 second is small enough to give th.. true tuaximauau pressure, 11ruvided tile charge tit-to
is not too small. (This was very foitunate, us it would have been impossible to ot
design a gauge of the same type, that is to a , uasing the same coppers, with a tiaoo-ti'-
constant substantially smaller). The proof7 rests on a companion of the results suits
obtained with very big charges. Taking the averape of 3 shots of 1L00 lbs. 80/90 80/2()
anistol, the ratio of the pressuriss record A by the OF~ and G H gaue was 100. 909 1, 90,1.
sand taking the average of 3 shots of 1,900 lbs. 80/50 amnavol t01 -- atio was 100 : 10), 1, Om. I
that is to say, the pressure recorded by a gauge with a tiane- .onstazat of 10-1 second Okld
was the samne, wit~a the limits of error of the gauge, au the pressire recorded by a by a
gauge with a time-constant of 2 X W-4' second. Thu pressure therefore cannot have have
fallen more than a very small fraction during the first two ten-thounndthe of a of a
second. raking the average of 11 shots of 30O lbs. 40/60 aniatol the ratio of the fthe
pressures recorded by the OrF and GH pgaues was 100 :94,6 ; and taking the averrege gon~
of 8 shots of 40 lbs. 40/60 smatol. the ratio wvas 100 :91 -1. These figures illustrate trat
the more rapid decline of the pressure from a small charge. Since the pressure from from
a1 1,600-1b. charge does not fall appreciably in 2 x 10" second it may b concluded, uded,
from the considerations set out in Section 9, that the pressure from a 200-lb. charge arge
falls equally little in half the time, i.e., in 10"' second; consequently n gauge with' a.t a
tue-consitant of 10-1 second may be assumed to be rapid enough for the correct rret
determination of the maximum~ pressure from a charge of 200 lbs. or over, Ott the the
other hand, since a gauge with a time-constant of 2 X 10' 3econd underestimates the athe
maximumn pressure from a 300-lb. charge by .5 or 6 per cent., it may be concluded tided
thait a gauge with a time-constant of 10-' second will underestimate the pressure fawnl ItaU11
a 40.lb. charge by about the sarne amount,

The gauges wvith free pistons desceribed in the previous section difftr from those those
dealt with in the present section in having no definite tune-constant ; the timne from from
the first onset of pressure to the striking of the copper depends on the initensity of ity of
the pressure. It is posmible, however, in cer#Ain oases to coronare the results given by n by
the two types of guaug, and it is always found that the pressure registered by the ythe
free-piston gauge is from 10 to 1.5 per cent. lower than the pressure registered by the ythe
other type of giage. For example, at a distance of 924 feet from a 1,900-lb. charge arge'
of 50.15 amatol a GX gauge with a 1-inch piston registers a pressure of -82 ton per e
square inch, the tuine of opmration of tho. gauge heinq 1* 95 x 10 - second ('lable V1.).A
Under the sume conditions a GH gauge, with a tame-constant of 2 X 10-' second, ouc,
registers *95 ton per square inch. Similarly, at 50 feet from a 300-lb. chairge of o
40700 amatol a OIX gauge with a J-in-cla piston registers '75 ton per square inch, the ,the

time of operation being 2,2 x 10-1 second, wvhile a OH gauge registers -64 ton per per
tiquare isi. It is ;aardlv surprismig that theaeu Ld be a sialla systematic atic
diffcrence between the rebufts of the two kinds of gauge, but the discrepancy gives yes
rise to a oiffilculty in drawing the time-pressure curve. 11 this curve is started from from
a anaximuna pressure corresponding to the indications of the OF gauge it is impossible ible
to makeq the curve fall evenly through the rectangular stops calculated from the OX, OX,

aY &c. g"e excp b repre sentIin g thes ini ti a ec line of t he pressure to be much 
uch

m o r e r . p d t n c n f h c o n i e wmI t t h e r e u taes r d i t h e p r e c e d i n g p a ma - r a -
gah oesrtfacmoainha ob aen it was dec-ide] to reduce duce

sto threo tha wheeve dtel I d emad p essre i te inPrw.o hsti
ecot or in the dilagrms ,illustrati ng it, te expression dntsthe pressure recordcd rdcd

by a 01 (or GlJ) gage m I"u 1 0 per cent.
The methods that have been described are not capable of determining the forim format

of thle risitig part of the pressure curve ; it call only be inferred that the pressule sutoe
0 3
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takes np niore than a fewv oinldto.eu~i~ef a second to reach its maximeum.
In the timie-pressure diagramis the pressunre line been represented an rising to its
maximum instantaneously, in the absence of fuller knowledge this seems a reasonahle
supp"Witon, for the pressure in the oixploded chargec in no dou bt g~reater immediately
aftur detontion than at aniy subisequent moment, and the p art of the wave in which
the pre~aire is grenteqt mnay be vxpauwd to tr-iwol fastest (Section 23) and to remain
in frout, It should be -onelot oever, that the mathematical theory of an
intense pressure wave wi a vertical front, has not proved soluble up to the present.
(Rayleigh, "Ter of Bound," § 231.)

It will be recognised that tha crusher gauge commonly used for measuring the
pressaura doveiriper in ordnaneo hyt the propellant belongs to the typec dincuamod in
this section. A similar gauge with lead cylinderp (Eley'se lead crushers) in place of
coppers is employed for measuring the lower pressures developed in shot-guns, and
wa4 used bT Abbot and Schuyler for their investigations on explosion pressures in
water, It is imapossible, however, with lead crushers to get nea.iy so tm&U a tilke-
coustunt s6 with cop pers. Ast shown in Section 28, tho value of k for Eley's lead
crushers is about 5 ts lbs. per 10"' inch, compared with k= 02 -for the coppers used
in the present experimnts, so that the tame-onstant of a gauge -sing thesR leads 6-

T -u -53%/I1 (in thousandths of a second),
that is to say, with pistons of equal mass the time-onstant for leads is more than
three thies that fox, coppers. T'he pistons used by Abbot appear also to have been
mutch more mnassive than was necessary, and although Abbot's desocription of his

auges is very incomplete it may be gathered that they had time-conistants mrg
?roaaa 4 x< loU' to 8 x, 10-1; they wvere therefore fa to sluggish to give aytn
like correct indications of the maximum pressure ; the more trgandient, pressures from
sinall charges would be relatively under-estimnated compared with the more sustained
p ressures front lit charges. Moreover, the gauges for measuring low pressure had
larger pistons and a higher time-constant than those for measuring high pressures,
with the result that low pressures were relatively underestimated. These considers.
tiufl5 are probablly suilicient to account for the fact that Abbot found the pressure to
vary, roughly speaking, as Dj 4 whilo the present investigation shows that the

maximumi pressure varies as W1(Section 9).

(20) Gauges for Empirical Comparisons of Pressure
(Plasticine Gauges).

The simple gauge shown in Fig. 38 was desigued for certain au- ilinrly purposes
'which required only an empirical measuremeat of the pressure, especil for investi.

piig the symmetry of the pressure wave in different directions roulld the charge.
Ti'hc uorking element is a cup of plasticitie, exposed at one face to the pressure in
the water, which squeezes part of the plasticine through a narrow neck into an
air-chnnmber forming the body of th6 gauge. The extruded plasticinle is cut off and
weighed.

VTery. -ongstent results are obtained from groiips of these gaugeti if they are
carfuly pepred th vriailiy ein ony bou ~ ercent. The batch of
phasicie i throuhlyiuied b reeatd illig ad fldig. ]it filling the cuips
M~ecal areis ake toavod iuhidng ny ir.Eac clp, with the pla~tiviue
heapd u a lttl, i clapedin avic, te platiineis amered until a length
of oe ortwoinchs hs ben etrudd troug th neclad the superfluous
plasicie a to an botomof te cp i shvedawa flsh.After an experiment

the xpoed uic ofthe lasicie i scapedclen. ad. hape up with some more
plastice f ro th az batch, which is hammered through as before, and the gauge
is ready for use, again.

A comlparison of the results given by these gauges under widely varying
conditions lendls tothe conclusion that the weight of extruded Plasticine is pro-
portional to the tinie-intcgral of the pressure as long as the pressure exceeds about

II0 ton per squiare inch, but that when the pressure falls below this valuie it is unable
to ovprcome the statict resistance of the plasticine. Figures supporting thiti con-
clusioaa ait tlinwit in the following table. The time-integral of pressure I(p> -30)
is calculated in each case from the tiunec-pressure curve indicated in the next colun,'
or from a curve derived front this curve by dituinishing all the ordinates in pro-



poril, to the Iistane D). The table is ilivid(d ilito two gmrrus of mhbitm firod in
Octolhier and January respectively. The ratio shown in the last culmn is fairly is
con.-tant iii ench group, considering tile wide ige which tile results cover, but in r, I
higher for the (eto'ber Awet then for those firedi in tile wintcrt month, T1he, results o r
of shiot 66 are oi speial interest, and strongly support the suggested theor~y of tile
action of the gaugesi. TABLE VI

dlx depth of charge (fest).
d "depth of gauges (feet).
= distance from charge to gmiges (feet),

q____ .- wiight of extruded plasticin(iw;).

October, III
26. 11m, 110190 4Amatol 97 34~ 30 S 23'4 33

27 34 3 so 01 to '"6 1 3-.143
28 * 34~ 30 40 9. 7 5 3 1 :1

,0 Ho, 3:2 32 40 I1t0 1 3 1 I 7.0 ~ q
i~~ooo 51,T.r . . S 40 90 ~941 :1o 7:1 i

99~:1 ., * * . I 1 40 a 6:2 ' 34 2 9
4011l~ 40160 AaI . - 3 IN19 M 6 t 1:1 *9 39: -2

3 . 3 18 12 261 160 13 .30 3-12

i,000 iik.. 'Fr.T . 5-3 511 40 75 ' 33 20 2ID i232
. , . * - 31) 621 40 75 -33 201 :.o 2 0-4 2

40 111. 40/60 AMll.iw 36 111 14) 31 *113 13 F 27 2315 21
* ,62 I8 21 25 -170 13 :34 2:!K) 2

11(10 1k.. U;140 Awastul . 66 344 174J 42) 12 1 ils .)'.2.
0. 1t 66 34 1941 t0 '253 1 1 15: 23.5 2-

1 1366 344 !14~ mo -20 1 1 .241:1 2n 1!
-*661 34~ 2:4k 100 060 1 1 *i I
* 66 34 54 1220 '032 1 :0 .2 '4'2

For the purposeof the symm-e'try test, for which 'these ga uges we're p:-ouicipally i
designed it ils not very imaportanot to know% what they actually nwdcare, hilt it i.4 lit
uecesnry to take account of the fact that the results do not vary ira dimple inverse i
proportion to the distance from the charge, as they would (approxiaaay) with a Wi
gaugo which measured either the umlmunt pressure or ll- wholle time-integral of gri
the pressure. The symmetry tests (Sectiona 6) were carried out in nearlv all cases I
with the plasticine gauges at a distanue of 60 feet from a 30d0.lb. vlw~rgL. aad at U
corresponding distes from charges of different size, and under thjese conditionsdi
a difference of 10 per cent. in the plasticine mecasurements represents a ahiflertaca. Yr
of only 7 per cent. an the wYhale time-integral of pressiare. The results revorlea ill dae
Table II. were therefore corrected in this ratio, F r exam pIith seoSut7'lit.
the two groups of plasticinae gauges at opposite sides ofth charge gaven restalti rca
in the ratio 100: 107 ; tl is was corrected to 100: 105, which represents the rnatin le
of the distances at which the two groups of gauges would haive given equ:ih risillts. 11lti

It is of interest to note that Plasticine gauges hunag it few fcet bclow the ..uarflcl, star
of the water give evidence of the abrupt cesmation of the pressure due to the refketauil l
tension wave (Figs. 8, 9, and 10), the extiuded plasticine being torn by its own t
momtentuim right out of the neck of the gauge, like a plazat pulled tip l1w the rfnit.
When the gauges are at a somewhat greater depth the rtalk of plasticine is genetramllyno
broken off a little outside of the neck, and at still greater depths the stalk memnains em
entire.

(21) Methods Of laying Out the Charge and Gauges
in the Water.

The method adopted in all but a few cases was to hang tile chnirge and gaug,, ga
from floats lashed to a grass hawser at measured intervals. The " Valapert "be'ing ba
laid with the wind on her starboard quarter tile gear was padotHnte ud n
dropped astern w~th the drift of the vesse!. WVhen the inboard end of the grass was S

1) 4 ) 4
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atide fast the drift was sufficient to keep everything tAut and in lineo, except on flat
CAbti1 dnvv, whon a tolich of the screw was needed. After the first few shots it was
found that in even modleratte brees the drift waa s'tfficient to draw the gaulge liles
8011101,hut out uf the vertical, with the result that the distances front charge to gaugesl
b~tuie inaccurate this was roinedied by introducing a light hemp bottomn-line at a
level jiist above the charge. 'rho general arrangement will be saoh from Ciae example
shown in Fig .1k), A diagrnin of this sort was madie out for each shot, for record and

for he gidane o theworkng prty It is obviously not to scale, bitt all distances
tire sluwib iue;freape h first gauge line is 011& feet beyodt% cag'
a1nd41 crries two gaitgeA GF3, 01l at depths of 63 feet and 64 feet. Beyond thu lu

ailge lines Are two Ui IV, Mille cases, serviig as damagre gaulzes ; these alao are
corretly distancedt by the bottoni-litie.

rTae Ibints tire not shown in the diagram. Fislierinou's buffs pruved to be the
most convenient Hunats for supporting the gauge lines, but the cbar-As was generally
hugic from a cask ; heavy cliargts were )lung ftra an empty Xar._ 111, mine case, or,
whvii nect-zsary, frouit a pair of these easea. The gauges were shackled by their
eyeholti; to grommet. i6k the gatige lines kFig. 65), which were li-itich steel wires.
The, gau us were uisually hung one foot apart and its net.rly us possible at the same

as'el thle charge. The buttor.-line also wait shackled to it gromnmet on each p-,gs
hille, but its attachment to the chargii line was by means of a shackle embracing the
chaI rge liii,, iii much a way that the charge could spin without twisting up the bottom.
live. The ~'iarge was generally hung by a 1 -inch steel wire but wavc lowered by' a
seijarate hemp Une; after the chlarge was lowered the hemp line was left hanging
slat-l, with itq end hent onl to the grass about 20 feet from the charge line, to provide
for th"w recovery of the charge in case or niissfire; a similar line was attached to the
sitiker of each of the H IV. mines ; these ropes, as well as the firing-circuit, are
omitted from the diagram for the sake of clearness, The " Malapert " was generally

Ui) feet fromi the charge, but this distance was increased for charges of more than
I' he'b.
The arrangement illustrated in Fig. 40 is typical of the great manjority of the

shots firel, thou.gh many of them were mnuch simpler; frequently there were only two
gauige lines at equal distances on opposite sides, of the charge. On some occasions
gau, ges livere huing directly beneath the charge, as in Fig. 43. The experimeats with
lu1 g chargeS, described in Section 15, required special provision for keeping the axis
Of the chmarge parallel to the grass hawsir;, this wast ieeted by a bifilar suspension,
isi.wj ho n a Fig 41, the suspension wires being bont on to the ends of a 12-foot
plank, lashod to the grass, with a barrel at each end. Gauge lines were hung from
the i grass on bo0th sides of the charge, with bottom-lines secured to the ends of the
chlarge, U114 n third gauge line was hung from a transverse surface line, consisting
(if a light hir',u rope with small floats, which was kept at right angles to the -ravs by
t , rilkill' dinghy, the bottom-line from this gauge line being st.,ured to the middle
of the charge.

, e experiments in which churges wvere fired onl the bottom (Sectiun 10) required
an ntirely different selheme, The arrangement is shown in Fig. 42 The gauges

Were threaded by their eyebolts on a copper tube and lashed in position about one
foot apart A steel wire was rove through the tube and bent onl to the ends of a

p lak, tile length of wvire being such as to support the tube at a distance ot U'0 feet
ruthe platpk. The iniddle of thc plank was lashed to the grnAsM haweer, with

Iliritlleg to It , ends to keep it sqvfie. The charm- i'onsisting of LO) lbs. T.N.T.,
was lowered to the bottom in 10 fathjoms by a hemp line, with mark~s at 75 feet and
1W5 feet from the centre of the charge. As soon us the charge reached bottom tile
launip was made fast, so as to anchor the ship, while the two marks were lashied to
the middle of the guge tube and plank retpectively. The gear was then let go and
the " Malapert " allwed to drift until 450 feet of gross had been veered, wheon the
hawser was made fast. The firing of the charge was delayed uutil two fishermen's
buiffs on the ends of the plank were observed to show sians of submierging, owing to
the strain put on the grass hawser by the vessel's drift; by this means it was ensured
thnt the system was thorou ghly taut and the distance of the gauges correct ait the
moment of firing.

The plank and crosls-bar device described in the previous paragraph was also
used in sonm of the experiments described in Section 8, when a line of gauges had to
be wipported at a depth of only a few feet below the Kiurface.
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The foregoing brief description ives no account of the dithoulty of handling &udli
so much gear wit the restricted facilities of a small drifter. Plenty of opportunities unit
for fouling and confusion presented themselves when the lines were being streamed, aa
aud it was due to the skill and experience of the working party that everything went g wq
without a hitch in all except two or three shots,

In sny future trials it is recommended that the drifting method of suspension eu
should be adopted, with a bottom-Lue a~s described iu the first part of this section. S~i
The systen is convenient to iay out and gives accurate distance, and it renders the ae I
experiments independent of tide, Suppose that a new explosive is to be tested test
aganst a standard, such as T.N.T.. the followingt conditions would be suitable t-ble:

weight of charge, of each kind, 300 lbs.; number of charges, of, each kind, 3; the 3;
charges should he in depth-charge form, not surrounded by an ar chamiber, depth ;"
of charge, not less than 30 faet ; two gauge lines, one each side of charge, at a ,at
horizontal distance of 60 feet from centre of harge;rugs on each line as follows- Iowa
OIF, GX ( .inch piston), 01' (1* -inceh piston), 0'Y (1,w-inch piston), OZ (2i-iuoh 2*AiU

foo aprtmidle istn),GA(41.inch piston), GA (3-inch piston) ; auges
foo aprtmidlegauge at same depth as charge; the depth of water shou d not

he less than 20 ftithomns.

(22) Alternative Methods fbr determining the
Tlme-premsure Curve; Hopkinson's Pressure-bar Method;

Sir J. J. Thomuon'u Plezo-eleotric Method.
The results obtained with the gauges described in Sections 18 and 19 are so are

consistent and !ead to such coherent conclusions that there is no doubt in the writer's rite
mind of their substantial correctness; at the same time it is very desirable to check che
themt if possible by some entirely different method. Two other methods are k-nown knol
for determining the time-pressure curve of an explosion. The first of these is ese
Hlopkinson's pressure-bar method, described in the Philosophical Transactions of s
the Royal Society, 1W1I3. In this method tho pressure to be i..vestigated is allowed Io
to act on one end of a steel bur, in which It generates a cnrreopondinig pressure wave, wal
which travels with the velocity of sound in steel, about 17,0WK feet per second. At d.
a given naunient the space-distrihution of pressure along the bar is a copy of the oft
timle-distribution of the pressure which has acted on the end of the bar. Mhe steel estt
bar is divided toward its further end, the opposed faces of the cit being earefull rful
surfaced and held in fiin contact. The compression wave passe% this joint unaltere, Itere
and reaching the end of the bar beyond the joint is reflected as a wave of tension. hlsic
At a given troment tile pressure at any section of the. bar is the algebraic sui of IIIh

the effect. of the forwa rd-t ravellIing compression. wave and thle retutriing tension esit
wale. As long as the amplitude of the compression walve at the joint exceeds that a th
of tbe tension wave the part of the bar beyond the joint, known as thle time-piece, -piec
is held in contact, but, as soon as the amplitude of the tension wave at the joint equals equE

thatof te copression wave the timne-piece is free to separate, and flies forward a
with a definite monientum. This momentum, which is determined by a ballistic aUisi
pendulum, is a measure of the time-integral of the force (pressure mltiplied by area) are
that has acted across the joint upt he moment of separation. By a series of ries
wipprinuentR with tin-iceofndiffeirent. lengths it is possible to determine the ne dI
wijolc tilue-integral of the pressure. the maximnumo intonshy of the prescurc, and C, i
the time during which the. pressure exceeds any given value. The results do not O
give the exact form of the time-pressure cure tey give no informiation for exampleap
as to the relative rapidity of thle rise and fall of the pressure ; if, however, the pesure esu
is assumed to reach its maxiimmo intensity inatantaneously, as is probably very ye
nellily the case, this limitation disappears and the time-pressure eurve is definitely nlits
determined.

Hopkinson's moethod has been exesvl sdfrinvestigatingteprsuei e
theimmdite eigborbod o ,niali chiarges, say, a few ounces or a few pounds of ndsguncotton ; it is in fact the only accurate method available for the purpe. nths the

cases, however, the pressure is of the order-of 100 tong per square inch and is all is I
over in a ttsn-th,..usandth of a second or less, while the present Problem is to measure easupressures of the order of one ton per square inch lasting -several thousandths of a is of
second, The difference in both respects is against the me thod. With a pressuree81
so low as I ton per square inch the velocity of thle timve-piecp wvould be very amall

(I Ad 74.18
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only about 30 inches per second, and its measurement would bo a matter of very
rat difoiulty under sea conditions, Un the other hand to explore the pressure
for several thousandths of a mecond would require pressure. bar of enormous length;
even for one-thousandth of a m.ond the time.piarp alnne would have to be 8j fect
long. It is feared that the utility of Hopkinson's method will be vonfined to tank
exerimanta with very small charges, Work on these lines is in anei at the Research
Department, Woolwich.

The dome of broken water which is thrown up at the surface when a submerged
charge is fired (Sectiun 8) is a phenomenon closely parallel with Hopkinson's
experment. The pressure wave of the explosion is reflected from the surface
as a tension wave, and the exceus of tenaion over pressure causes separation of
the upper layers of water, which rise with a certain amount of trapped momentum,
If it could be assumed that the water separates at the least excess of tension,
the velocity U with which the uppermost layer begnu to rir- ubove the surface
would afford a measure of the maximum intensit4" P of the pressure (that ib to
say the maximum pressure that would exist at a point in the surface directly above
the charge if the wave went un instead of undergoing reflection), It is easily shown
that

U =P
ap

a being the velocity of the pressure wave and p the density of sea-water, or U M tOP,
if U is expressed in feet per second and P in tons per square inch. With a 300.lb.
charge of 40/60 amatol at a depth of 34 J feet the gauge measurements show that
P - about 12, so that the uppermost layer of water should begin to rise with a
velocity of 79 feet per second, and under the action of gravity alone the dome should
reach a height of nearly i 00 feet. Actually the observations recorded in Section 26
show that it rises only to about 35 feet. A 40-lb. charge at a depth of 18 feet and a
1,900-lb. charge at a depth of 64 feet should also give an initial velocity of 79 feet per
second, but in these two oases the actual height of the dome is about 25 feet and
55 feet. The observed height is always much lees than the calculated height, and tLh
difference is greater for small than for big charges, The most probable explanation
is the resistance of the air; this would make all the results low, but would have less
effect in the case of big ohargns hecauei they throw uip a greater volume of water.
By means of cinematograph records it may be possible to make direct determinations
ofthe initial velocity U, and it will be interesting to see whether results obtained in
that way agree better with the gauge results. In any case, however, the assumplion
on which the calculation is based is not entirely correct, since it has been shown il
Section 8 that sea-water is able to bear considerable momentary tensions without
breaking.

Another method for determining the time-pressure curve, due to Sir J. J. Thomson,
depends on the property possessed by quartz, tourmaline, and some other crystals, of
liberating an electric charge under the action of pressure. The charge liberated at
any instant is proportional to the pressure at that instant. A pair of electrodes on
the crystal are connected to plates in a cathode-ray tube, producing an electrostatic
field which deflects the cathode ray to an extent proportional to the pressure on the
crystal. The movement of the ray is recorded on a photographic plate. An
alternating magnetic field, of about a hunidred cycles per second, produces a WeuUnd
movemeint, of the ray, at right angles to that imparted by the piai.o-electric actiou of
the crystal, so as to draw out the deflection of the ray into the form of a loop, from
the shape of which the whole time-history of the pressure can be deduced. This
method has been developed at Shandon by Mr. David Keys, and successfill experiments
have already been made with miniature charges. No great difficulty is anticipated in
applying the method under conditions parallel to those of the present experiments,
and the results should be a valubble check on the gauge measuremnents. It may be
hoped that this method will enable the time-pressure curve to be studied more closely
and in detail than is possible by any other aneans at present known. For example, it
is probable that the time-pressure curve of a charge surrounded by a big air-chamber
is lems simple than that of a naked charge ; it very likely has secondary peaks or
irregularities, and the same may be true of charges fired on the bottom. The present
gauges are not well adapted to show thse features, and if they exist it is probable
that hey can only be brought tu light by methods giving a continuous trace of the
pressure.
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(23) Meawurementx of the Velocity of the Pressure Wave.
The velocity of the pressure wave was measured by means of the spark

chronograph described in Section 27. As the pressure wave passed two contacts at.. u~ I L iu ",t u pL u t t. .
measured distancec from the cbarge ii .Ciuftd VIRCIJ 11 ..i. "Uu .......XU hu. L ut1ulit
.gra.h. The lay-out of ope of these experiments is shown in Fig. 43, and the circuits

i Fig. 44. Each contact consisted ofa pair of brass springs built up with rubber
strips into a watertight unit (Fig. 45). The time for tie contact to close under a
pressure of I ton per square inch was estimated to be about 3 x 10 "6 second. The
two contacts were lashed to a hemp line at distances of 50 feet and 60 feet from the
chnrg . It will lip seen from the lay-out diagram that as the "Malapert " drifted the
resistaneu of the charge kept the hemp line taut. Above and between the contacts
Was a floating box containing the chronograph and its associated sparking-circuits.
Thisn box was connected to the "Malapert" by a 4-wire cable, so that the charging of
the spark condensers and the speed of the cl.'onograph could be controlled from the
ship. 'T'he tiring of the shot was delayed until the condensers hal been charged and
the chronograph brought to correct speed. Each condenser charging circuit included
a high resistance, which gave it a clarging period of several seconds, so that the
chronograph would be unaffected by the rapid reclosiug of v contact, such as might
be occasioned by the reflected wave from the bottom. For the sake of simplicity only
two contacts have been shown in Fig. 44, but actually these contacts and their
assom-iated circuits were in duplicate, so that as the pressure wave passed each contact
position it operated two contacts and made a double record 41 the chronograph. The
results of four shots, in all of which the contact. were at 50 feet and 04) feet from a
300-lb. amatol charge, were as follows. The mean result is probably within per
cent. of the truth.

Shot. Velocity (feet per second).
72 - - - ,180
74 . .. . 4,820

105 - - - 4,830
106 - - - 4,730

Mean 4,890

The velocity of souind in water was determined by Colladon and Sturm in the
LAke of Geneva in 1826 as 4,7t(Y.) feet per second. The modulus of compressional
elasticity-

pdp
dp

of sea-water i. Sj per cent. hipher than that of fresh water kTait, Challenger Reports,
1886) and its density (p) is 3 per cent. higher, so that the velocity of sound-

should be 2 per cent. higher, or 4,830 feet. per second. The experiments of
Mr. ioulding, off Culver, Isle of Wight, iu 1917 gave the velocity as 4,940 feet per
seconl (B.I.ll. 348513,17). The water in the Clyde estuary between Arran and the
mainland ha.s nearly the full salinity of the opeu sea (three samples collected on
different days gave 3" 18, 3 15, and 3"20 grains NaCl per 100 c.c.), so that the velocity
there may be taken as about 4,'J(X) feet per second. This is practically identical with
the figure found for the velocity of the pressure wave.

The velocity of sound in a mediun is the velocity of an infinitely weak pressure
wave. The theory of th velocity of a stroug pressure wave has been considered by
Raleigh (Theory of Sound, § 251), whose observations may be paraphrased as
follows :---Consider a small portion of the medium occupied by the pressure ware
at a given moment, and imagine an infinitely weak secondary wave to be superposed;
the secondary wave will travel, relatively to the medium, with the velocity a' of
sound-not the velocity of sound in the undisturbed medium but the velocity of
sound in the medium.as modified by the pressure of the main wave; but the medium
itself is in motion with a velocity u, depending on the pressure of the muin wave,
so that the whole velocity of the secondary wave is a' + u; what has been said of
the secondary wave applies also to the parts of the main wave, so that the velocity
of the main wave at the point considered may be taken as a' + u. We have to apply

Best Available Cop,



120 36

this theory to th,, pressare wve troas a 3W-1b. amatol e CIare at U dia uce of
5:, feet froim the charge, where the waximunm pressure is about U'7 ton per square
inch. Under this pressure the density (p) of the sea-water is 0"5 per cent. higher
than normal, and the modulus of cur.pressional elasticity-

P.Ip
dp

is about 4"5 per cent. higher (Tait, Challenger Report), so that the velocity a' of
sound in the compressed medium i- 2 per cent. higher than in the-undisturbed water.
The velocit,' of the iedium itself is-

P-- 23 feet per second,ap

or 0'5 per cent. of the velocity of sound. Consequently the velocity of the pressure
wave, a' + it, should be 2 5 per cent. higher than the velocity ot sound. Theoretical
considerations therefore confirm the experimental results in indicating that the
velocity of the pressure wave does not exceed that of sound by more than a fe.v per
cent., In the region near the charge the difference is no doubt greater.

Thirty years ago Threlfall and Adair made a series of experiments uo nhe
velocity of the pressure wave generated by small charges in sea-water (Proceediugs
of the Royal Society, 1889). Sensitive contact makers were mounted on piles at
approximately 30 and 201 yards respectively from the charge, and the closure of the
contacts waa recorded on a pendulum chronograph. With a 9z. charge of guncotton
they found a velocity of 5,71)0 feet per second, and with a 4-lb. charge of guncotton
the velocity was 6,600 feet per second. It is difficult to reconcile these results, which
;uong themselves were very consistent, with those obtained in the present experi-
ments. Sir R.'Threlfall has informed the writer that the possibility of a disturbance
having been propagated through the sea-bottom and the supporting piles was
carefully weighed and rejected at the time of the experiments.

The determinatien of the velocity of the pressure wave is of more than theoretical
interest ; it is a factor which has to be known in estimating the effect of the surfa-e
on the pressure at a point in the water (Section 8) ; moreover, the demonstration that
the velocity is practically the same as that of sound strengthens the argument that
the pressure wave in all respects approximately obeys the simple acoustic laws.

(24) Measurements of the Echo reflected from the Bottom.
All that was attempted in this direction was a measurement of the whole time-

integral of the pressure in the reflected wave. For the purpose of this measurement
it was necessary to modify one of the gauges described in Section 18 in suc'. a rway
that the main pressure wave would have no effect except to set the gauge in readiness
to be operated by the reflected wage. The bottom of a GZ gauge tFig. 35) was fitted
with a shutter A, Fig. 39, held by a powerful spring 13 against a detent C in one of
the piston holes; the pressure of the main pressure wave forces in the detent C
against a spring and also holds the shutter against the bottom of the gauge.; when
the pressure of the main wave ceases the shutter is pulled round by the spring
against a st.p D, in the next piston hole to the detent C, and exposes two piston holes
E containing working pistons, which are afterwards operated by the reflected wave.
The two remaining piston holes were blocked. The time-constant of the shutter was
measured by the spark chronograph described in Section 27, and was found to be
about 7 X 10' secoad. The working pistons were I inch long, with P inch free
travel. Lad crushers were used in place of coppers.

In one typical experiment with this gauge, the charge (300 lbs. 40/60 amatol)
was 341 feet deep; the gauge was 40 feet deep and 50 feet away from the charge ;
the bottom, whihu was mud, was at 21 fathoms. The time-integral of pressure at a
distance of 50 feet from this charge is I = '68 (Section 4); the distance' travelled by
the reflected wave, from charge to bottom and from bottom to gauge, was 184 feet,
so that if complete reflection occurred the time-integral of pressure of the reflected
wave would be '185 ;' actually the gauge gave it as only *6S, corresponding to a
coefficient of reflection of 0'37. In three similar experiments the values found for
this coefficient were 0"29, 0"47, 0'47. It may be concluded therefore that reflection
of a pressure wave from a mud bottom reduces the tiic-integral of pressure to less
than half its incident value.
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Reckoning timc in thouaaadth, of a cccoud from the mtument of detonation, tho the
order of events in the above experiment is as follows :-The main wave reaches the the
gauge at t = 1Q and forces in the detent, at the same time holditug the shutter fron oat
movement ; the tension wav from the urfare arrive. at the gaugA at t = 18, and nd
takes the pressure off the shutter; the shutter then begins to turn and completeia its its
movement at t = 25; the reflected wave from the bottom arrives at the gauge at at
t = 37, ind drives in the two pistons; the crushing of the leads indicates that the the
velocity of the pistons at the moment of impaut is about 15 feet per second, so that at
impact must occur after t - 47, but probably not lter than t = 50 ; the period of of
ten thousandths of a second during which the piston is in movement should be ample
W oover the duiatiuu of the wave; finally, the wave xefllwed LA vu,-w LuLuu ,evea
the surface and is reflected as a wave of tension, which arrives at the gauge at t = 5.2,
just after the pistons have hammered the leads.
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APPIMNDfX 1.

3SUL3 0F 0IAUU AMND OMS

(25) List of Charges.

TARLS VIII.

tov~.'u f Wegh Vlttin-.N alrc at liout n IQtc
Ige kzpto ue. (okituie diroll.

G. 0 l~.. ... 0-7 23 thznill decpth~ eolaer Iylistdltt iild seel
4tt/60 Aittiuttl. Closing Wi th 41611U.ol cl., I foot 9 itt,.lho,

long. 9 Intches dieter, Y, inuch tickI
ox plouivo arraniged as tit Gi Fig, .46.

D. 300 It.. 3j 31 Depth eibarge I eylindrhitil milli aitel calling
40/60or 6/50 AetoLwish dished etul#, 2 feet 341 Inches ")a'
40(6U~~~~ orf(Omtl oot 5 ineiues diameterI. , t u i lid,

completely filled wvish explosive except
cenutral primer tulle,

DO 120 11-9 . 34 1 Deloth chlarge Icioliul; satri as 1) tout otilv
40/O60 Amatol. partly fitled With expimwive.

DX 267 Ill% .. 3j 5 Depthobharge I imilar to 1).

AD) 300 1t-, T.N.T. - 4 Ametrictan deopth chuiorge I simila to 1).
X1 60011It.. 1 T I 'wo D chargeot lioshed sklo ty sile.

401/.O or 50/50 Amiutot,
X2 90() It'.. . I. Three 1) eltirges hitsieil toigother so a, it,

40160 or 5O/50 Atuistol.
81 .tot tI. 'N/'. . . 16 8 Groltuid toltte -, cocreto ciirtg, almiut

2 inchtes thick, as at M1. Fig. 46.
X 1,90t0 Ill., - . 21 3 Spoiuil Chtarge; cylitdricuil titild ,.teul CA-itig

530t Atintol. wiht convex ernie, 4 fot lunlg, 2 foot
8 inchtes 41iiumeter. Pv inch to I inich
thick ;iuutul cielv til Ioil with o plooivoi
except cotorrnt triter tulle,

X 11 1,600 lt.S. - 21 3 Sinitiu]r to X4.
80/20 Amtotu.

6 50t0 I,.. G tuioler M ~XE 3 Special ohisrgc yI t ie I lyid ii ilId steel caig
pri. i powder). with conitvex end,. 3 fvet 3 Itocei 10ug9

foot t it-ie, dlintutiter, j iicl to
itiott thick ;ivoonijutel.% fIil with

expli.ive exceopt 'ouutid primner tube.
112 320 1!-s, . 164 6 lltovnit tuii' Jelitricul mnild Atool miling.

40/60 Amustol. 3 foot 2 intteic iamteter. k intch thick.

F~ig. 40,
X7 82011t.. . 164 4 11:2 muiti 'vith 50 lot. aildisloijil exploloile

40/60 .% matol, itchl itJout at X7, Fig, 46.
X8 272 ttls. It.!. No. 30 mIstore 165 4 Special iflue ; spierical malild seoel coseia,

(usmutotitu perclilornte, !! 3 feet 2 ittelts diamneter. A Ituch to I itch
aluimituittutl powilr, 6 thick I eaito,ie cntral, io itt H2,

- arliffiu wa%, 16).
X9 312 Ill%, ivet gutootton 161 3 special mine: Oimilar to Mf.
P 21 Pll., dry gitucoiwu . - 04 1 Gutcottuii prinuter.

The primer empltoyed for the majority of the@ charges contained 2t 1It, of giitucottit: te priner for
the 112 mine haod II', C.E. itil 2 ills T .NT. I uat for the 11, X4, and X5 charge, hall 4 too. of
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(26) LIst of Shots.

TA1L: IX.

TlvI DtI"IIT h of a 11

$hot ath Mud, (Tro h 14 I1h o ! |:oetiw I Hi ht cl
tI bte of O1ire. ,.thom..I in Fe eltt,) (F,." "Dome('ir r (~.~WI.to ("t .wfh*'I~0UI" DUt

I 1 27.8.18 14' :.W, 3I
j 29.8. IN 341 2(l 'N'W'3 so0 20

3 1) 29-4. 1b 34% 25 WN.W.2 2 160 -
4 v :10.4. IA 31a I 25 N.W. 5 4 120 140 -

5 Li 31.18.I 34. 25 N.V. 4 2 90 140 23
6 AD 3.9. IN 34. 39 N.W. 11 2 140 110 30
7 1) 9.1 :I4. 30 I,3 o 70 160 30

: D ,918 34, 27 S 0. s0 130 30
* D 6:1)114 31. 23 0 0 90.

10 7.9.18 34 24 S.W. I I w 9 - -

II AD t 1.9. IN 34, 30 li.W 2 I 83 120 34
12 11.9.,1: 31 30 WN.W.I I 70 - 10
13 G 12.9.18 144 6 N. W 4 3 90 -.

4 13.9.18 10 27 .W. 1h N 3 2 300 -

is 1) 14.9.18 '1 25 1,. 3 I 400
16 t !.Is 4 2 C , 0- -

17 AD 20,9.18 230 S.W. 2 3 190 145 30
S23.9.14 3 2 N,W.. 3 45 - -

19 G 24.9.15 3 23 SW.6 7 - - -
20 H 2918 341 26 W.S.W. 2 1 10 120 25
21 ti 30.9.11 34 23 N.N.W. 3 1 40 s0 10
22 G 1.10.1 34 26 N.W.byN. 4 0 10 bN

G8 0 4.10.18 344 29 WN 45 90 10
24 11.'0.18, 200 45 W.S.W. I -- - 0
25 AD 11.10.1 : 341 30 N.W. Iv N. 2 130 - -
26 112 12.10.18200 45 N.NW, - 0
27 DX 12.10.1, 344 25 N.N.W. 2 1 70 35
2 DX 13.10. 11 344 0 S.S.W. 3 1 1 70 40 35
29 D 14.10.18 34 27 S.W. 3 2 260 - -
30 DX 15.10.18 31. 29 0 1 1160 - -
31 D 16.10.18 SI 26 . W. 3 450

32 m :3g.10.18 5: 30 N.N.'W I 210 220 48
33 2 ,10.1t A,N.W. 3 190 '06 60
34 G 27.10.18 1s 27 0 0 145 60 24
36 G; 271018 18 27 , W. I 0 90 65 26
36 X7 29:10.1' 47 2 ) 0 125 150 40
37 X7 I' 1 i8 47 30 E, 2 I 190 230 46
34 DX 12.111 34 27 0 0 130 125 28
'9 . 12.11.18 150 45 0 0 - -
40 G 12.11.181 100 45 0 0 - - 0
, 1 ( 4 1.18 80 22 -.S.E. 2 PO
42 G 14.:1.1 ' 22 S.S.E. 2 - ?
43 G 14. II .I' 50 22 ...E. 2 2- 6
44 D 20, .11 I 20 25 S.3 2 230 - -

45 1) 23.1. 11 20 12 S.3 24 90. - -
46 X I 29,11.18 344 i 25 N.W. 3 1 230 170 70
47 G 3.12.1 S 18 22 SW. 1 0 --- -

4 X1 10.12.18' 474 18 N.NW. 3 1 - - I
49 H2 11.12,18 3.1 27 N.E. by E. 2 70 I0 'i
50 X2 17.12.10 49 28 S.W. 3 200 17 43
51 G 31.12 IN I 22 N. K. 2 160 -
52 x7 1.1.19I 7 28 0 0 175 170 39
53 H2 4.19 '34 27 N. E. 2 00 115 29
.4 X2 6.1.19 49 31 S.W. 2 160 195 55
35 U 1.1.19 1 32 E.,by N. 3 260 - -
36 G ,.119 is 22 8 .7E. 3 I 70 - -

5 H2 14..1 34 26 8, W. 1I I50 105 34
58 X2 I.l'.19 49 28 N.N.W. I 0 11 1S0 35

u 20.1.19 51 30 1.ME. 3 280 20)0 52
60 X9 21.1.19 26 P, . I 180 105 39
61 D 2.1.19 10 96 .h.E. 2 1 250
62 G 23. 19 IS 21 N. Iy E 2 65-
63 X9 1 28,1.19 34t 24 1., I 4 7 115 3-'
841 D !29. 1.19 4 26 N. E.3 I 300j -
66 o 30, 11 17 U'.2 I 2w0 - _.

66 ) 31.1,19 341 13 N.E.2 I 250 I-o 38
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14 0 i Is 13 N' t I ISO 96 3

to Ii IT.II 14 V0 IA4 1 150 400 to

Vil 1411t toV.. Vil 10 0. 40so it
Il,3i M 111 10 to to r1 1 130 400 45

it 4 to 3, 4 , l 1 1 V 1 1 4 - -

Vi% M 1,0,9 IQ a,*j t 90

1 111110 Ila V& 0S3 I

00 14,11 IN 30 .~. 0* 0 - 0
oi X4 V*CO 1 o WShpt,3 Il - -

04 '41 "IC1 34 to 93I~ MA IS -t41

all toS a... 41 53 W,4Ill & 3 0 -

k4 AD 31110 34 It3 WINX I I 3It 39o

IsA M( 13,3110 04 43 SilK. 'I4 I RIO - -

ht M 14.311 04 $1 0 0 M0 300 55

%A A 1!:313. IV 64 Ila .hyN"I j 840 - as
WI 4K I. :Ito 34 1 04 V' 7t N,4 U so - 0

A1 IG to,1 40 9? UL 13 ~ 90 - a
KS 14,3 40 V? S.K, a 110 - 0

ol Xl 19,3,10 It"&K5 I IT

IAll 11.3 '19 31 it K .3 I 9

IM V 1. 1" (M) 46 1.~. - - 0
1c3 19 4 91, 0.

its IV,,1 34J 01 0 0 30
WOI I 34319 A 9 0 0 6W -

IN~ I 31.1W 34~ IV N.NW. 4 3 130 40
kll 1)I 31 .3,19 341 33 NX,NW4 1 -

lo)t Ci 1 1,10 34 MIAM 4 -5
kkki (I I I 1.31 IN V. N.t 130 - -

1411 1,.111I IN 14 UN,3 -

Lb 5411 V :4 34 Wlp. -~ 8- -

I) .,4.1 3I 40 W,bI. 0 A, I
.4 ' .1"U' 34 42ti'W aWI yW.3 I- 120 40t

xh't..ti 13, 14, IfiI gild TA Were Orait Oil 4 uend lhotom alwout Ij miles off Irvine I all otheir shots '-rr
Srl,~~ed in a licit m~worix rN\%ao andl Holy IWlod, ever a mud bottaom.

APPENDIX IT.

OALUMATIQI UPUWSIII.

(27) Appsrtun.
Thes e"I'ps .'ylnitili whibl formed thi easmlglIl of the principal gaugs warii colirtt by

On at...l 0.4tol 'it 11h411 froent POuuitt gun, the villooity of the pistons being mesured by' go oloctrio

vilrosogttIh, which *as deveoet o h pitpos.. Ilbs Sa, shown In Fig. 41. consisted of is shot-guck

ise' IMounted vitnca.id ..v.'i 6us Ule UTIL. Trhe piston wae hung by a loop of one wire tom a crowe.

r it, retl i ko otcl.'a ii thme 4mppor ondi of thme barl, ws that when roumpritswd fair vse adimitted taae

t 1tWe ilw off1 is upport endI projtmd ..n to a .Iuppor on thme anvil, Thme top of the barrel wes aloood
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by i sew ip, c icic u tro nhite tutbe to i a servoitt o ciun iv.1 laitr. The rubber tulle wVitlri I, lie VIAlio wd AIy cnta lAde acioR ". , a lveii tis coulhd he it iip.-k no ally momrent 44 &:1 Am. milt .50
this arn rcioe1 ir to time gun l iirr,-s 137 tilwat'giui thet reservoir to %li cent pressuresr a w~ide rawgar if aWid
voiloeltiols could lie obtaliiedi Foutr sies of pIssti were used, welithing 22 4j, 3, aud It ucoaus, Thlie
lighte"% of these pliour was bellow, i shown hI the Iliturs, Willi that reservoir charieit at 73 1W., put t It

lolroinob l.ays aetinkiijiheri praistice Chat l~ts 11 isto11040 ctiitl IM giVenl a Velocity f 10 fest per somened, fet
etrespidit to 33 folot-putimis of silergy, Ua the hetavieslt iitoti Could be givqll a isthmmity 0;: at) Nut par a t
1 06111, corresptonding to as tot -lmniil, For volt Idio fromn I I Lu 6f (lst per Areceittl comprsseid UIl wits prSMA
lok ugased the pisonal behis tiropped froe% dittearvut heights 1imisill o ~tu bil, Fair culmuettisi lower thIn itis
11 feet peat snoku lbe piston wag droipped froit the card of the barrel, Which Wad lirtiglit dlown it, a lightA
suirabie height altval thle aiivil.

Whles the pistom vasl droppedl from Lhe cotld of die isirtl Its Ommeigy at t~to illoallot ue lipact tsA4 t of il
calculated frotar ii weight andm thet hei~lit of its fall, hot la all other cases the vellooity wasd ruemisuteiti by a metal

Fa ir af electric uouki itu ,,miv,m.1~ with a chli ogra pi. fioih e'iiw-wt i'enls41tod -? a v-.,%y hli hiinliirm ighl
aevecr Just jirojarkcting lo Ithe Oul lof(i fight, with it coliper Inebi Ramit T uI-Ilell below It, so that Poltact was that (,I

cioa-cd h7 tire lisactiO of dile piston., , bi I wo liontactt weore ouctly I fot apart, tire uipper olio belng Allit Oto 1,
I foot illow Itoe oit of thre gm iii hel noid the low-Prano I liih i hove the point of lii1It f is th, ct
lttlie roctirii IAN tie xhotgati, the 'liatane e itweau the contacts. y tire iistanuee front the lraor front

contact o epo~lut of iti1PAUt, a Y the aeCOisiratiot iduo to gruvlty, the vcl,)aity of the plotom at the oiout .i ti
of liepami c

+ +T'~2gj

Them oliroaiograph was at liglteisioti, spark apparatus, rlim elotiire of each contact completed holiieu
virotit of At lilrgeA ,.mndeisar (I microfaria,4i, 200 volts) through the 101rintry mf 4 traiismrnmr (a smiall Isfornal
lonitilu coil) causing at spark lii tire secnditry croit hetweean a fixd mlsuhirgo point Rad ita drum rotatinig adru
at n kenown heekvl. A juaher strip oii thre dium was porfoirtted by the lsparks, tind tire dietantio betweenl the ae b
puicforuious, measured enlagilwise Amt the paper strip. lndictatod the timie-itittcrvil betwit the closuire of the healai
twi, oliiiiak. rThu coiwtroctiou of tiw chronograph is shon it, Fig. 48 sill tire circuits Itt Fig. 49. rh'le in FIg
methoid a1mipwAm fioi imaniiiig thu, chironograp b t correct speeud was as follows tA soft Iron uc via wlivel, ka Uri
with 10 toreth, wait Odell ontire ohtroiograoph shaft to that that teeth roatated Past a permaonent iitugitet wotmd it oi
with a coil colimeetelj to it telephonte ;ti arrangement produced a anuibifle note correspoutlitig to tii' speed iliig tb
of tike drum ;in u 6itih of tire sate circuit werlt A battery, a 11buttonee merophoiie, aold ati'ther woutid Ri 131
ttikiict, the ufloropliousa andI oitgneto hoitig Alliniiitd with a tuniiig-fork Ilk thre well-ktnown way to l-knov
craimtititt a retro-notivo system, piroii16mig a sicti loul pure tone the speed tif the echrotngraph motor wils )graphm
iiijitaeil byv a rhostat ititil sllow steady lwats wort beardl in the telophoneo, not mnore thtitoue every suvotil1 -ii. eve

the frequiiecy of tire timeig-fork (it)y cfltolmersoti with a fork d,'tcrtniuod at the National Phmysrll Alai,
I~alm watmiry) was 311, so that wheat thre above all iuttnent kshearet omade it waks itwitw that the drumi wasd hot tie
ciliilg at 51 I 0, 1 revut Itnn Th ec ). 'ie Circumifeiretnce of tike di itti over tire pipr strip, the
wit. 12 60 iiieheel so that I inch ocraotnll to 11 c secoittil.

Tuie prtimaires of tire traosfuotc tad on iitdiitittie of altout 3 toIl li-himico z lie male ulateil time for solal
!itu oouoi er disehvi currenitc tij roachliit oti cimitti wau. tbti ufui ,. 4 i , I'l lt he time oceei1311M to dine it
ustilili it .piirkig pit iitial teai tino doiiit Aleternimmii tinitiust eukilu.I 11) tile ii le eion'ttttt ef thme sei-tiihiry t of tIA
eirotit. atil most have i.,en far less titan this a exporitnacit hi faet ci iwed thiat tire iiuiionut Af arkitu~ig' it of j
te oitie, iyithuiiu 10-3 ceetil, isitittmr tire malucity its the liritnary circulit wits V iiiicumiakl.. mi 9 rikil,

fartid , Whim tever tnay have licat theo uettiukl lug of t liebrmimugisi0i action it was omuly the viarliailit r that lie viar
iatterel. A largo imhuer of "S ~open meAt4 were Bn, usk Ai (II po1itt, foutr ciumuietisoers hinit ihiirgmd Isillig

sinivil timimitisl thtroughm separate triuutsfirmors b y cloi-igi a ciutgie catiot.t attil It iit fountd that tile averrage itihat
mlimioreiu. muiotwemi thn four Indiviidual chirtioralil pirfiurutiou4 wit' hi1t toutoi of the four was iiy aliotit ur wats
10-3 scivtuld. or 14. 1lui1to iencht. Thie variltf ivere lue to warimltring of theus sparks more thti iii r noe ti
ditorenaci l tim of ihlarge. (28) R.euts.

The ,iopper cyli-ler %veo cut fromn rils if paire ki.'cti'mlytic t!opper. eniliidrawii to liamotter -320 611. ailti
tile itigtli of eat1. piesa hiring Aruim 499) look~ to '., N ci w, As all mosasursowtts were tods to tirie tuarest cmlii to
tctm~tiooeattdtIkAs of an !itch it wa.4 ilecouary for thre eitl.4 to mie cit porsectly square. 'I'lii ot pivv'u4 wcre cut
auiiialeml iii an elstyietrijliffie futrntac' at 61)0 C.. tho furitlico issitig poceked with sandi it) avtod ii it ot, avoiJ
'Flue coppAirs wore alitiwel in tool nIrmwly I,, the. foriiiuc, hat quetnchitng thema In water stetits at betor plait t i1s aquaitecedl coppers lirc cleauer atill more convetthiet to measure atill their reqiittiout us aluaroims;t italy is fim

tuc Oilitie.

'rTe uniformity iof thia coppers waod tested biy sithijating 116 of therm (cut floot 29? ditferetat rola) ti a hlleoret
stakiidarti blow of 2' t 46 toot-pundA i the average sliort-itiitg wasl 27 -4 x 10-3 inct, tire elitre-ns vantitioii exreti
tIs.i 26.6 X 10-3 to 27.1)9 x 10-0 4he average di 'uregiie betwesit the mea and itidiclilual recAKIILt 411As 'Idual
0-2 x 10-3, or cia ilisit I Ivor octat., a very remarkables degree of aiotteiisteney.

'iThe calibrnationi exereimenhs proved that the sluortanling of a copper measures tire energy of the low torgy ol
a light end a hieavy pi,,toil eti-owed with tmqtiai amouuts of energy produce the sanAi shortitiing. Tii is orteit
ilotitatel III Fig. '50, wtitlt shows two sections of tire calibiration titrve withl Cite actual resuilts giveit by rantli

oisoiid of lilreti weighat. It was obsorved that thoe was, gonerahly tito appipnshlle reboitiid of the pilot;, imid oh
fromn wiil. it ma'y lie concllu-t thast the whote of its stiergy vioas absorheil by Clio rmilper ti the ielmtioe or t tm
was ill thn ease Of the lightecst ptioti at very high velocities, Nichiemi there was a very peirciitilile roteuiut, rcepjtil
bitt eveni lit tii caseiii ergy of rebounid was only alintit I per cent, of the incident energy, Th le reilation rgy.
huettierk thke shortening A mmiid the impressed energy E . clown in te folloiwimng tale,
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A am ahoorsel"g of ohe "o per, In thoemadtbs of " inah.
Y eopIn toot-Pou ______.____

6 0,29 to 1,910 9 417 ItO 16-78
* 0,99 IS 9,18 40 110 16,6
7 0,36 94 9.29 41 8684 90 30411
a 0,48 is 9411 43 586 9 91,47
9 o'A 96 3,68 48 6-10 100 94840
10 0.69 37 97Y9 44 6,84 108 " 349
iA 26" so 316 48 a." 110 111115
1s 0-?? 39 8*14 46 668 11a C0,7111
111 0,1 80 I'l2 47 7-06 ISO 88,06
it 0.97 111 316 49 7.31 Ila 88.40
Is 1-03 88 370 49 7-89 18, 179"
111 1-19 33 i 8' so 7-84 18" 40,46
17 1,81 84 4.10 68 9.18 140 48,90
All 1-44 U8 431 It0 10,60 148 46-03
Is 1.4? 86 d81 a8 11:93 180 91041
30 1170 87 473 7TO 11846 I 18 "8Sa0e
21 l'ad s6 438li 78 1600 88O$310

The lact that the shortening of a copper Is entirely d~tetwuned by the energ of the attaching piston
can% only he explalost by Napperog that the reeistance of the copper at any momiest is Independent of the
rate at wh~b sh is being sioteed and depends enly on the extent to whieb Is o beesn shortened, 0n
this view the resistance of the eupper for a given asnstealg A Is

and an be detertmined from the calibrationi results. If thus results ame analysed It will be found the, for
small values of A the reulstanee Is approtimately r as re + A A. where ro w 400 tbe. and A as 63 lhe.

Fe 10- 4 inch. For higher crushing*. above Am 80 x 10-11. the rosistamee is less than this formilas
inicates. The Inareas of reuistance which aoeompeniee shortening of the copper is due almost entirely

to tieriloonig of the metal. and It only a very small degree to enlargement of girth ifor exampl#, a cope
crushed 40 x 10 - IInch has a resistanee twice as grat as a copper crsehed 1T7 x 10o - 6Inc, though it.
arnoiieovtionatl area It ui A per ost, greater.

,.For massuritig very liaht Impacts, lame thau 086 foot-Mond, coppers ane to hard and lead cylidsrs
mutt be uoed. Eley 's lead ertieher were calibrated for this purpose, and the result. are shown In Table X1.
These& leads are -500Inchiloug and -398 Inch diameter, The rMltion between L, slid A Is independent
of the weight of the piston. ic that; Is must be eo,,eludoid, as In the aos* of toppers, that the resistauc. of
a lead Is Independent of the rate at which It Is hoen Shortened. An s nthe coos of coppers, the increase
Uf is,,istance Whichi "companies shortaning of tha lend Is due mainly to hardening of the mektal, likit there
is thi lirrone. that whereas the copper keepe Its acquired hardness the lead swiftly reverts to Ate original
softness (Hf. W. H. Masn Arms aoil Explosives. Jam, 1. 1018). The sell.anealiagl process ocempies
a matter of satonds or mirint.., and It certainly has no time to take effect In the very brief duration of
the limput of a piston, which Is of the order of 10 1 secoO,~ but the phenomenon Is worth uotitag sincei
it liavaildstee any statical methood' for deterinisiog the resistanoe of the I sad, and explains the 11creeping 1

*t itedlug of the lead which has bees observead whenever it ht ase attempted to apply such
aiid.Caltulated from the energy data the resistance of the lead ie

r M m& (for smail eruohings) approximately to + A A,
where rs 180 tbs. and A w 11 6 line. per 10- inch.

A se shortening of the lead, In lhoaadthe of on Inch,
E3M ernergy Is foot-pounds.____

a 0.032 s0 0.35 41a 1382 60 2.10
W0 0.127 85 0IM8 so 1.88 88 .
16 0.213 40 0-780 68 1.55 90 2

W0 0.310 48 0.922 70 1.72 95 27
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APPENDIX 111.

(29) Some gonerul Points in the Theory and Use
of Pressure Gaugs.

Theme Is a general question whicht aist In onnusitln with any ftam of up for measuring The *amut
,"eslur* in a llressura wave. Th. measurementt required Is the pressure that would exist in thke water it tile
the gauges were absnt Ito what tatlent ame like long* reults vitiated by the moedification of pressure of
Joe. w the prosence of the paupIt 'rho presence of the limi 9. modifloes tile priesnrti In two wave. In n 1111

thetiesplceth gts as a whole, regueded as sit approximiatel A IMi heavy body. Interesethe prII I e thle
oil its fromn face 'Ie eoite towards the oneomiug wave) by reflection, and a Vmlnishes %he pressuure on Its hl
hack fato hy shaduiili. I'le seriousnessi of tis offet dependse on tile relation between the alse of thes $sit
gtange and the thickness of that part of tihe Pffeutr$ rave w:aIch it Ie su pposed to macmare, As regard$ At
the present gaoe thea eflot will he most seriouts in tile tase of Type OF. (Fig. 37)1 the0 Howa dimenslous r dl
of ths gauge averagq a66M 3 inche ii It hal ik e ostn of 0t.) 4 anondi, corresponding to a 6-Iiloh to
thickness of the wave in the water. 'rhe quostion wait examined ex perimentally for thill type of 16itue ypp
k-y putting down 3 apgs niear line anther at equai distance-I from the charge, the warking ftoeof th fac
Anrst augo being directed towards the chargle, of te oscuid at righit tnglis, and of the third away from WI s
the echarge I In three experiments of this kinid, with gauge. 40 feot away ito-jf 300-lb, charges of aniatol $Siol
or T.., the pNeseres recordedl were in the ratio:t-

103 iUU too
103 4100 97
106 100 94

Averare 106 t 100 t 96

Thoe results show that so far A the present gauglesare conicernied the effects of reflection rind flese
shadowing are not large even in the most unfavourablo caseo I iust alio be remembered that throughout t th
the investigation. with a fewi exceptions$, the gauges were hung Ii the second of the alove three positions, roe
with tihe axie of the poep at right angles to the direction of the ebarge, so that neither reflection tier I
nor shadowing would om~e into play to any appreciable extant,

In thle isecond Plaes every gauge hase a part whicah yields to the pressure thow far io the pressure in a nr
the water redueed by the relief thust afforded to it ? In dealing with this question It Is convenint to have 'tlipt
In itiind an, ittuall example I take the case of a G gauge (Fig. 34) at a distance of 80 feat fromt it 300-li), oil
aniatdi charge *I this age hasl a piston 3 inches long and j inet in diameter, with a free travel of rca
2 Inches bef ore it hammers the coppier ; from ihe moment when tile presiire wave reaches It the piston It it
ninvets with a continuallY ineeeaig veloaity ittigl, after abotit ftvathounilths of a secondl, It reaches the it rel
end of Its travel with a velocity of about 5o feet per second, TShe movement of the piston propljiagire on in
a secondary tension wave whicb spreads in all directioni with the velocity of oonid in water, anid at tny r, st
muomnt tile pressure at : given point Ili the water is thie algebraic num of the pressur"o that would exist t wit
if thke gauge were absenit and the tension due to the movement of the piston, What we have to Nti is ave
tha extent to which the pressure is relieved at the mouth of the piston bole I this call tie sipproximately Kpprc
estimated as follows : under a steady pressure p, water Is forced through an ittollstructel aperture wit &piart
avelocity-

V - V/2-p, or V W 870-',/F

if V is expressed in feet per second and p In tons per square inch ;conversgely, if a piston is wlthdreni Is i
into a pupge with velocityv V the pressure at tile mouth of the piston holle will tbe telieved by an amounit by at
r = 31 X 10-1 VO. [iith 06am fle stated alloys V is only 50 feet per second, so that tile relief of pressure lef 01
as lae than -01 Lon per. square Inch, which s too small to lie of any consequence. Taking the whole Ing I

rainge Gf the -vlremnts the velocity of file plotonsi was generally of the order of 50 feet per Aet:onl or per
lose I In a few Instances It wats of the order of I OU. feet per second, or even a little higher, but this wait r, btiu
only when the drivinle liteasura wast very great, so that the relief of pressure teas still proportionately, small. lohat
It may tbe jonituitiqd therefore that the movement of the iston ct ie( o reduce thfe driving pressutre In ainy eseil
serious degree. 'rho abive way of lookit at tile matter is lail? jitihil Whet, the diameter of the piston -Of I
Is smail compared with the thieknese of wave measured by ste gang..e, as it aiweya is Ili the prellont gauiges 1 130-1
if the diameter of the piston were large ornpareil with tin thickiness of wave measured fly thle gakngo fly I
entirely different consideratloiis would apply, and the affect of tike relocity of the piston in reduinLt tile I-di
pressure would tie far greater,

In caleuilatitig tile roosits given tiy tile Ranges the phltot arc itsuinei to the rigid TIs s t ti his a.
Ia roughly Justified liy the fact that the time required for at prelioure wave to travel from one vii of sit te ti
pis LonI to the other Ii always very small compared with tic tirne duiringitt h tilest pissnet is recelvil' n is

m(fitiiiSfrom the external vressture. SThe moss nnifavoiiralv a i tilei OX gauge ( Fig. 35) with Fig.
I-iieh pistons ;in this ctty, the time requiired for a lircssitre was, to travel fto one endt .if %he istts oift
to the tither is clouot fonr millionths of( A second, while the tiot. loing wich tht. pistoin is reeeivinX ii is
ninitierituiti front thie aierial preasore is of the ordcr of ? X 10- secondu, ir 50 times si long. It isl s lor
perh116a desirable to Ro Into tiis matter It little more fully. Tie movement of she piston at ainy inomeiltt an
cci Ile re-soiveil into all a iniforin movement of translation, wilth it muiomii equal to thle tituu.iisgr bi a ti i
of the force that ls utAd on the sod of the piston, and (N) a state of diissril,iiteij motnenui, of whirls toin,
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the OlUiftle turntoto the whole piston Is gemo corrrepondil to so 0eel0161100 which travels up and down
Int tile ploewo It present* has be appliett i u4 heo of Y %t. Viul IY o w L ~ g ti a WA*tiswe m~l up
end down the piston a number of ifmee, the second movement will be very innali flumprreJ Witli %he Anrt.

'Teenaorgy of movement (U) Is graidually dissipaWa, a smail frsetinu Weig communicated at each oscillation
to the water in contact with the expoii faoe of the piston, Ilk which It p reduces alternate condesations

atu ritfatinsbu titd~siptin f negydoe ne loele anyl In the algbrait total %iwitutw
of ~ ~ 0 th pltn hc setieycm sdi moeen(),adiisoltismenetum, that the gauge is

quie to measured.fe 
&tirtl

When th itnso ge dren1 th ai i te tuhis pom pesd se a ctaino
en my ak te as o a GZ gaug wit I*-1h pitn t h olume thtof lt Is isoei aur i ubic

ladies~~~~ i1 th gag.shn ;adpho 11 feet in the wate s voluesi is rtne t ui
tootse henthsi iston aerieith eu oarisftereucd to 8 cubic lent IfI this

""1 coi iniso I W asumdt take plate adIabat il is t absorb M~8fopu nd feeg h
it i 11114tedifrc, 01 fo pou s t hat isl taken fro th kieiceeg o hepsonaoutnt;aie fJI flpudb a piton hIs id a veysfatio n o t nery of taythepiouwhcso 1in.practice as geeayfrm 8to t10 P ftnsea a n eet ca es t e erode h e cusio0n elli
Whet aaag fte iidsrbd in ton lb is ut moehn 80o60fedeptewa

insidel the auge risab.ovet tos thet pinto frthe kugesc hoeerb usf t eeterdeths

if a N~w pellets of lead-sodium ailoa (6 perts of lead to 1~of soium by wellght) are dropped Into the
air-chamber. This alloy reacs with water to generate hydrogen, and so keeps th air-chamber hill of gnu.
The same deovloe wast used with the gauges described In Section 19, when these were at a depth of aw. -
than 401 feot.
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111411ON 61 CHI( el flMi OALIMS 0 E

(OSTANS In FEET)

ITI

- -t -------

THOUS~AN" OF A SECGO

fit. 1. IM0 lb.. tot /60 Lintel (0, Table VIU.)i I mer% ota 4, 6, 9, 29, W~ 514us 50 toott.
a" r obarpl main.m pmewitit.

~-1~-~--- 0
C/

fi.2. Dtagras 1ii~uatrivtin tht effect of the taflillof wave reflocl.4 from msfc e.
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- --. POgUTIG4 of C4ARGE C snd GAUGES 0

I DSTANCES in EE)

-.N

-..--- 30s

-777

i*.......

' .. . ..

THOUSNTHS OF A SECOND

ri. 3. 1"h. or 40/ mSts (D, Taba Vitt.) * mer ofhot. 4s, A4 owNot .e dep t
P14, 01 eemt "trom t amvp Baim

, psfseea ie

.- : -.OSITION of CARGE C d AUGES G
(DISTAN ES i FEET)

-&MACE

-T4

- AI, +- --- N - - - --

.... t1iIiI ., - - - -

THO.XSANCrNS OF A SECONDO
rigl. 4. 30 IN, of 40/60 A al (p, Tal~ vill.), av'e p d Shots 14, 61. 12, 74, ; share ot so

dep so to F14, ); pu e 50 toeet fnrw MOON' of dl : clUti pressure - .2.
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POSITIO of CHAtINE C and GAUGES 6 POSTION of CHARGE C W4d GAUGES 0

C O1sTANers recyr (OWSTANCES in FEET)

IL4r

T4OUSAP DTs Of A S'~c*O-

t # F, 1O b.o /OatL(I e~ it 6. )0 lb4. of 0/W Ajato ( 0 al IZ~. teooi eu~aeof t~e~l~ 9i ~a. ~ll~llnt 6111, 64 chatge an IMfv. u ., r et.fam
Urume ftprie r ee -t .77. contrs of havp; rnitia pmeaorti~7"'~ i7I IZ7I~ =.iPOSITION of CHARGE C WWd GAUGES G

-- - (ISTANCES in FEET)

IL ~ III7 ZI 4

Lz~ 1 - 1

Tt4OtJSItTS OF A SECW

7 .' 1 6, Of g rA~lOl LX, aobit V111.); &V~rO44 of Shot$ 7, 3B, 30, 36; oa e ~#t
r o ~t f ct r-.'e wma Drew8



POSITION of CHARGE C Ond GAUGES G POSITION of CHARGE C and GAUGES 0
(DISTANCES in FEET)-- (DISTANCES in FELTI

f -1

TNOUSANOT4S uF A S CNO'
Fin, a. 267 in., r aoao Aaa I I 1 X 1 Yb-.1 Itth); F16. 10. 267 lba. of ./20 AsotnI CDX, Tah YCt,); ht 27: isoShat gnselsl 50 fast i trti *? sharp .tI , 50 foi. t rl en.tp of hir~e and d..per thin to ?li* 'C; hi ratanI -

ag1W go # 12.e i ithpblt S tular atapa show Uhe ioes'obtiihl roavits, the curve ropraost the
e o oieri tl reeflt.. Ih. tec rpe.to JS tuit* ffect predicted by theory.
pvnd.isw by tiiery.

POSITION of CHARGE C and GAUGES 0,.,SITIONof -- IUSIION f CANGI. G ood GAUGESG
(DISTANCES in FEET) DISTANCES in FEET)

L ------ 4 ------kl

,ji

THCSANIotW OF A SILCUsu
Fq . .4. 00' io / aactoi (h, 1 .1 ti, 11, 2b" b . of 0/,'0 AW WI (DX, Table VII! 0; mus ao

m ts ii r n eo riL , ." r ?t s0 tet fros cotre of chorg. iud deeper than LA btg, t0 U1 1"X s
-ti o -e wu, tpol o. rl. a it. i ae *P S 400 p as In fit . 7; tbe re clai stop. ha l U.e i leotel resultsk" f W, MAt o rveto eipti.-i *j ro erseas ts the effect predilted by LUC ry,
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I- I-PMITIN of C~HARGE C and GAUGES G UGES

:zzz~zzz'z~z~z(DISTANCES in F~EET)'so

LIAN

.... . . 4- h

It- l - .... ... ' --
THCJNOrHS OF A 'ACONC)

Fil. 12, 30 lb.. of T.. (AD, T6lb. Vlt.); ave ie of Shots 11, 17, 25; as oa 50 f rt og centr
of chorg.; mla mi pressu, r .76,.

POSITION of CHARGE C and GAUGES G UGES
I (DISTANCES in FEET)

rd c

-l-i--. i- - I'- "

-!-

1' - it---- - -

IHOUSANOrHs OF A SECONO

Flo. 1 J 40 .bv. of 40/60 AtoL (G, lb VIt ), everm of Shots U, )5, 62, 65, M; gsep. 25 //2 11 et
t,.w cent" of c turgo; w"mla pz'wlut.v 1 .eet
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POSITION of C;IARGE C ond GAUGES G
S - - "DISTANCES n FEET)

-. 1

I '

- - 1

- sm.....~s.s -

THOUSANOTHS OF A SECONDO

FI. 14. MlbO . Of "/M+ AacoIl (X ., TAbl* Vill.); tvdi.,, of SOhts $8, 90: g+Utl .", too t#t zrum
,nl, el of cnrtgj; a nimau prI surv * 1.77,

POSITION of CHARGE C and GAUGES G
(D-STANGES in FEET)

'. -!- -I ,- -

.... --------- :-

.. . . . .....-- - - - - - - r-r
--

__ - - - - - - - - - - - - -- -F

.. .. i . ... ... , ,
- -- 4-'

THOUr NTH OF A SECON

Fig 1 '5, lmhls Of .O/5) PAm.l , (4 , Tg.e Vill. av.r',g of Lut.h 808, 90; sauis 9, i/ fftt fr.
0.Te O" n r . .xre
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I -(DISTANCES in FEET)

-~o Mill~~ 1 - -

1-J -

---- --- ---

IN 
- Ta

TOUSAWTHS OF A SEON

i.17 I 1,9 lb .of &)2, Asta (, 140xv VII I vrge o uotz 5 8, 0; psuet 6d) 11 ct r

frwidtr* of chre ia peaie I;ttboe Ln ht h uv a ~oaz

ofITO Chri atiRG C~i dandc PrAUGctS GrI th i i.
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-z I: - POSITION of CHARGE C ad GAUGES G
.. (DISTANCES In VNCCT)

-, |

K -

THOuSANDTHS OF A SECONDO

Fig. Is. 600 jbg. ct 60/20 AMAtol (05, Table VIM); ivrg of ShMt 85, 86, 871 gatiges 127 foot
frog centr of charge aa1imum pressure .$6,

- -- - - T.~POSITION of CHARGE C and GAUGES G
- (DISTANCES in FEFT)

4 'I .

X I

THUSiAJDTHS O A SEON

1 ,0. 19. 10 b e, 0 at , ,Turi e a t ' ve) Awtol .ndtr to e conjitt na uorban in t.10 Inapt

irom r ehw, t of thiri t a k rkl , proisr I t5
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24~ POSITION of CHARGE C ant GAUGES G

DISTANCES in FEET)

T-:

(DSANE inEET

-. I

THOUSANH$ OF A SECOD

Fig. 21). 1.000 ls. of TI.. (, Tble V1.) onee bot1m ShotO 75: 3),o 55 fooeu~ t from tf
cler o f ax& porg;oisp ea.. O .e rinln he h crefrto ie
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POSITION of CHARGE C an~d GAUCI G
(DISTANCES in FEETI
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----- ----- --- POSITION ofCHARGE C Wd GAUMS5 $1
(DISTANKES in FEET)
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ho, LA effec of _,6"4 0 b ap .a leda dX1414.*10O .U W

Ii

(DSANE In F,,E,,

I* --

I 

OTUSATHS O A SXCO0r~ ' 2& Thre 30bhl|io / ktol lilad t~*thee In ibh (X. . TI@ VUKI,) Steftt of o
oi 0, ;|lel?2[eto frt oetJwo uhugel; Banta proii .t * ,76; the broe line

shot tnt effct, of * £1 00 lb. ohage, at to. sam dletsoe, oluletud fro the con.e
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:1:: 
(DISTANCS Iin FEETI

fig 26.l RBLbAW Wad TIl

..... . - - -------- iI

----- 41.
, -~ - - - - - - - - - - - -

- ' I 

p ad Um p iao ami SUSA PMfteif 5

POSITION of CHARGE C and GAUGES 0
(OISTANCES in FEET)

THOJUSAWTK5 OF A SECOW
F I. 21', Three )0 Lk. chate of 40/60 , ol~ la.,d t.otnei Sid to ad X3, Table Vflh. ws-verOf la. I,_l); p27 72 f..t f, u olwt', of cJarg ur to * directi At right sn'le to

Ube length of mae cberxe; MA&M presure - .76.
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- - - jjj -- - ,POSITIN 40 CHARGE C sM AUGES 01
fOISTANGIS m~ PUT)

- - - -- - so

- - - - -orjAIII II

L77

TH0USMANT145 OF A SECON
fig. 2. 20 be of 6.0 MaeLol aW au him~ oeliet Tabo" 36.) a37, 52 w o 9fee frsh

0,#r ) 49, r *3, 57ax ge poss0ut 79 M @e b~rke ta ohms th et . *0I.

at 77k d -ov -aclpe frog o. cHARG in or. G.
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- ~POSITION Of UWARGE C ana taAUGU 0II (DISTANCES hi FEET)

I-.. 41

L:I--I

THIJSANTHS OF A XCoN
h4g. 30 j4 of Cot gwott a amm ieMd~ by a stir cbeabe. (19, TWOt V111.); aving. Of Shut&

6) 7t P406 90 feet tim COW*i Of ehaget1a10 preeMi *PSSP .61.

POSITION of CHAROE C amd GaCs u
- (DISTANCES in FEET)

344
a 

Ii

THOUSIHS (W A SECOP
fit. It. M7 Los. ofNV o 0 oue(m"Ispalna wiie e 6, poraffis

Tw 69, 71. ~pmes 10tm rmCntoa hp;uism Pompt
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- -- .. .....- POSITION of CHARGE C wnd GAUIES GI S
I-- (DISTANCES in FEET)

... ,o --
to40

I I I

THOU ANDTHS OF A SECOND
Fig. 32. W) bms. of gjulpGdor (W, Table VII.)I &ver pe of Shots 92, 93; gauges 30 feet f contre

of charg.,

:-i- -...... -POSITION of CHARGE C ond GAUGES G
. (DISTANCES in FEET I

I
II

-.. . .-

TH.SAN0THS OF A SECOND
fil, )3. 300 1b9, of 40/60 Pastol M, Tablo Vilt.) Shot 41 geugta 51 foot from cointre of c-MPRI.e
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~ seeI~no disastr;ir

Chasbe OanIs~ 14 h po e h nI by etatunnels, 1/4 inch diaimetor tbi.h aetegedb t hepItonthole.; , et1.1/ lc d n,for admitting
sitert 4.arhabTh wgie oas rofor tot1, 11 gesge, abichu 1Csh. i. the figulps, t CY Grm 02
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PXPDRT ON UDERWATER UKALOIONS

INTRODUCTION
The purpose of this vepor't is to collect in 'ompact form what is known C

concerning certain practically important aspects of underwater explosions and their d
effects. After a few remarks concerning the role played by density changes in the in
motion of weter, the typical sequence of events in an underwater explosion will be ii
sketched. Then the principal parts of the sequence will be discussed in detail. For 'ai
convenience of reference, the relevant parts of the theory of elastic waves in fluids in
are summarized in Appendix I. A bibliography of the most important publications on 'ic
underwater explosive phenomena is given at the end of the report.

UNITS
Except where otherwise specified, all equations and iuatheatical expres- xP

sions will be written in term of absolute units, which may be thought of either as th
cgs units or as English gravitational, i.e., foot-slug-second units. When the English h
gravitational units are used, all pressures must be converted into pounds per square
foot, and masses in pounds must be divided by # a 32.2. Numerical results wil. be b1
cited always in English units. The density of water of specific eravity 1 is

1.940 slugs per cubic foot

For convenience a few equivalents are given here

1 kilogram per square centimeter a 14.22 pounds per square inch
106 dynes per square centimeter - 14.50 pounds per squarc inch

I meter a 3.281 feet
I pwnd - 453.6 grams

1 English ton - 2240 pounds

F 0wZSURVZ!7. TyPIS Of MION of
I. GENERAL SURVEY

1. COMPRESSIVE AND N0N-COMPREISIVE MOT!ON OF WATER
The motion of water usually involves changea in its density. These changes c

ma' or may not have to be taken into consideration in discussing the motion.
For the sake of convenience, the term compressive moton will be applied 1

to motion in which the changes of descity play a prominent role. The typical example 0
of such motion is sound waves, which consist of alternate compressions and rarefac- e
tions propagated through the water at high speed.* The particle ve]ncity, or velocity v

About 4930 feet per second in "a water at 15 de greee centigrade or 59 OeSea fahenheit.
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of the water itaclf, is usually much less tUam Lb speed of propagation of the waves.
In a train of waves traveling in one dire, Lon, the water in a region of compression

is moving momentarily in the direction of propagation of the waves; in a rarefaction,

the particle velocity is backward (opposite to the direction of propagation). The

variations of pressure involved in ordinary sound waves are very small.

It is always possible to regard changes in the pressure of water as propa-

gated through the water by a succession of small impulses moving with the speed of

sound. In many types of motion, however, the time required for the propagation of

such =n impulse is so short as to be negligible, and the changes of density themselves
may also be unimportant.

The term non-campressive may be applied to motion of such chautr-tor that it I
is sufficiently accurate, first, to treat the medium an incompressible, and swcoud,

to assume that pressure applied to the boundary of the medium is propagated instanta-

neously to all points of the interior. Examples are the notion of water around a

ship, or the flow of water in pipes that are not too long.

As a convenient criterion it may be said that the motion of water will be

essentially non-compressive whenever the motion changes little during the time re-

quired for a sound wave to traverse the scene of action. At the opposite extreme,

whenever a mass of water changes its motion considerably during the time required for

a sound wave to traverse the mass, changes in density must usually be allowed for and

the laws of compressive motion must be applied.

I. ODP.AL SURV
2. UPLOSION PHEN'OINFA

2. SEQUENCE OF EVENTU DUE TO AN UNDERWATER EXPLOSION
We are far from possessing complete experimental or theoretical knowledge

of what occurs in an underwater explosion. The general sequence of events appears to

be :r follows.
Man a mass of explosive material detonates, it almost instantly becomes

gas under a very high pressure (1 or 2 million poonds per square inch), without ap-

preciable in, .ease in volume. The exploded gas then begins to expand and compresses

the layer of water next to it, at the same time this layer of water is given a high

velocity outward, perhaps 3000 feet per second. The layer of water, moving outward,

then compresses the next layer and also accelerates it outward, and so on. In this

way a state of high precure and large particle velocity is propagated outward as the

froat of an impulsive wave.

The gas globe, pressing continually on the water, can be imagined to send

out a succession of impulses of this sort, all of these impulses blending into a con-
tin.,oue wave. The pressure of the gas falls as the gas expands, however. Hence the

oximwm pressure and maximum particle velocity occur at or near the front of the wave,
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as indicated roughly in Ficur I. The impulsive wave or pread.re ways, as it is C0m-

manly called, travels eventually at the speed of sound, and may then be regarded as 4

an intense sound wave; but at first its velocity should be much greater than the or-

dinary speed of sound. As the wave moves outward, both the pressure and the particle

velocity in it decrease; when the distance r from the center exceeds about 10 times

the radius of the mass of explosive material, the decrease is nearly in proportion to

I/r, as in ordinary sound waves, but at first the rate of decrease should be much

greater. The length of the pressure wave in the water, according to Hilliar's sea-

surements, (1 ),* is of the order of 10 times the radius of the original mass of ex-

plosive; hence at a given point the duration of the pressure is one to several mil-

liseconds.
The form of the pressure wave as indicated by Hillier' measurements is

shown in Figures 1 and 2. Figure 1 refers to a brisant explosive such as TNT. Fig-

ure 2 shows the wave from black powder, in which the rise of pressure is more gradual.

Time Time

Figure 1 - From a Brisant Explosive Figure 2 - From Black Powder

The ordinats sboes the pressure in the Impulsive wave as obsfred at a given
point in the water, as a function of the time .

The sae figures also serve to represent the distribudion of pressure in

the water at a given instant, in a wave being propagated toward the left.

The true curves, however, are doubtless more or less wavy or even oscilla-
tory. Furthermore, several lines of evidence point toward the occurrence of repeated
impulses, following each other at intervals much longer than the time occupied by one

im-nulse. These impulses are believed to be due to oscillations of the globe of ex-

ploded gas.

1. GENERAL SURVEY

3. ANTERFLOW

. THE AFTEMON
It is well known that in a apherical wave the partidle velocity consists

of two components (Appendix 1, Section 1; topic: Spherical Waves). One component

Umsbers in parentheses indicate references at the end of this report.
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Is mtly proportional Lo Wie excess pressure, &s in plane Waves. The second compo-

nent represents an additional motion that is left in the water by the wave as it trav-
elm outward. This c' mponent, possibly representing thi Osurgew of some writers but
called here the afteerlow, tends to be inversely proportional to the square of the
distance from the point of origl.n of the waves. The afterflow is important, there-
fore, only close to the source.

"X. MT ZPLOSJcaI

II. THE M 0OION

It will be assumed that the explosion process is of the typo cal2!M deto-
natio. In such a process a dotomntion wave, initiated at one point, sweps through

the explosive material. The front of the detona ,ion wave is extremely steep. Bach

particle of the material, as the front pases over it, undergoes a sudden and fairly

complete chemical change, its temperature and pressure rising to very high values; at

the same time the intense pressure gradient in the detonation front imparts to the ma-

terial a high forward particle velocity. Behind the detonation front, the pressure,

temperature and particle velocity tend to fall off gradually to lower values, which

are deterwined in part by conditions elsewhere in the exploded material.

The velocity of propagation of the detonation wave, or deteation velocity,

D, is a condtant for a given kind and density of material, provided the dimensions of

the mass are not too small. Observed values of D for several substances, and a few

estimates (not very reliable) of the maximum pressure p, an centigrade temperature

t, in the detonation front, are as follows (1), (2) and (13) (of. also (20)]:

Picric Acid TNT f Mercury

Gjaoton (1.63 g/en') (1.59 g/cam' I Fulminate
D, feet per second 20,700 23,700 22,700 14,800

p, pounds per square inch 1.61 x 106 1.42 x 106

t.,, degrees centigrade 3- 3360

When the detonation wave reaches the surface of separacion betueen the ex-

plosive and the water, it is partly continued as a wave of high pressure in the water,

partly reflected as a wave of expansion traveling back through the exploded gas. The

initial pressure in the water wave, however, should be considerably lean than the

pressure in the detonation wave itself.

The waves set up in the gas globe may strike the surfacc of separation be-

tween gas and water repeatedly, ind in this way oscillations may be produced in the

pressure wave that is sent out through the water. Furthermore, in actual cases, the

deturation wave may reach different parts of the surface of the explosive at differ-
ent times, dopending upon the shape of Use mass of explosive and the location of the
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causes msa b osimaste very' r ,4 by dividW twice the diAi are L (in feet) of

the me at iploov. by an estimated average velocity of 10,000 teet per second,

Olving a period of 21,104 aeonnda, or ;buut 104 aseconds for ordinary heavy charges

The a te e ade ia this s tow n oooernLM the exploston prowess rep-

resent, fer *he most part, theoretical ,oncl'aitons, Littl.e is bwn oxperitmntally

beyond the valuaes of the detoation velocity P, "or have say theoretical calcula-

Woe been meads PlAailtbe equations, differential nd algvbriao, can be set up,

but their VolqUAt requires amwerioal ljtegraionl

The oaloulati of 0. 1 Taylor
deservs senkln (4), He cons iders the
case of a spher, at OhT I which the deto- "'4jI
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onation front. No oxperisental tvidence exists to cheok the*e r'vaults,

I. Tot PUI.URY. WA) A) AFIMUX IN THE WATCH

Only a few observations and calculations have been mais of the wave pro-

dueed in water by an exploiLoc. Uperlsontal obaervationa are made difoult by the

fact that the doomity of tne ueortal composing the instrument ti necessarily com-

parable with the density of the medium in which the wavo exists, in contract with Lt

as of blaet "ovea in air, Theor tioal aniations are hampered both by lauk of

knowledge of tho properties of1 matter under very high pressure and by mathemAtinalI

Pr poily to wideritand the phonomens requirea familitrity with certain

phypical ideas and thoorvt,#cal results nonoernau Qoepreueive waves. For oonverirl')i

of refOrenae, these ide.ai And reoulta are collected togutber in Appendix I, and fa-

silarit with tie osal., rmi in Uiat section will be assumel .
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, OlIRVATONS I

1. OBSOVAIONS ON Tim PRESUIRE WAVE
AOT'S OBSIRVATIONS (1169-1881), (4), the firt extensive Investigat ion,

are chiefly of historical titerest, because the interpretation of his data id open
to question, The following conclusions from his work say be cited.

(a) Gunpowder gave erratic results, but the results produed by dynamite
or guncotton were very oasiatent.

(b) The 'iean' pressure In the water we found by Abbot to vas In proportion
to the liaear dimensios of the charge, and as i/r"'' where r is the distance of the

point of observation from the center of the explosion (nore recent work indicates a
variation as 1/0.

The following remark may also be quoted from his report as oenstituting
enrly ovid~oe pointing toward a multiplicity of some sort in the pressure waves *It

is a general olherseteristic of small and deeply submerged charges of the explosive
compounds, and of some quick-acting explosive mixtures as well, that at the Instant
of detonation, before any disturbance of the water at the surface is visible, three
sharp sounds are heard . . . . of nearly equal intensity,' the interval of time be-
tween the last two being shorter than that between the first two. He states also

that succoss ie impulses ae felt by a person standing in a boat,
HILLIAR'S OBSERVATION8, (1), published by the English Department of Scion-

tific Research and Experiment in 1919, are the beat no far available. The report In-
cludes observations of the pressure wave, of the surface effects, and of relative
damage to targets.

The pressure wave was studied chiefly by means of what, eight be called

impulse crusher gauges.' The working part was a steel piston several inches long

ani half an inch in diamster, set in motion by the water pressing on the outer end.

After traveling a known distance, the piston struck a short cylinder of copper, From

the shortening produced in the copper the final velocity and momentum of the piston

were oalolated. The momentum was taken as a measure of the impulse jpdt in the wave

from the start up to the instant at which the piston struck the opper. Te coppers

were calibrate" by otriking them with pistons moving at measured velocities. The

shortening was found to be proportional to the energy of the blow, regardlesa of the

weight of the piston. Dy using several gauges with pistons having various distances

of free travel, all mounted at the sami distance from the explosion, various portions

of the total impulse could be seasurod; and from the calculated values of the final

velocities of the pistons and their di.tanoes of travel, the times could be calculated.

Nuimum pressures were also measured with a crusher gauge in which a plate,

actuated by the water, crushed a copper with which it was initially in contact,

There to a possible source of error in the use of such gauges which is not

aisoussod by Hilliar. Since the pistons moved parallel to the wave front (vortically),

they rould be caused to press agalAst the wall of the hola owins to acceleration of
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the gale by the pressure gradient in the wateri and so would be retarded by friationj
turthemorel elastic oscillations, in the #&uge my be get up, with the same result.
The indications of the gauge would thus be mae too small. As a matter of faot, a
systematic dIscrepancy of 10 to 1S per cent was noted between the Indications of the
Impulse and We. saximn-prensure gouges. This was overcome by arbitrarily reducing
the indications of the maximu-preavure gauges by 10 per cent. Perhaps the correc-
tion should have been reversed,

For comparative observations, use was also made of simpler gauges in which

a uase of plastioino was extruded through a hole by the pressure of the water, this
msas being subsequently weighed,

A typical curve thus obtained, representing the avenige from 3~ shots, is
shown in Figure 4. The curve is drawn by estimation through the rectanles, whlih
correspond to successive portions of frIt. The gauges were 50 feet from the charge.

IQll AT 102 M- -

Tim;, I l i.tsteads

Figure 4

The following features of the behavior of the pressure wave were Inferred

from the observations:
(a) 1aw of Similarity. Charges of various site produce equal pressures at

distances and at times which re in proportion to the linear dimensions of the
Charges.

(b) Varintion with Diata s. the maitude of the pressure wve decreases In

the inverse ratio of the distmoe r free the charge, at least it r lies betwee 30

end 12 O times the radius of the *barge.
Becauseo f these simple features, It can be deduced from the observations

that the mnauimum pressure due to W pounds of smatol ot 7VT at a distance of r feet
is about
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P, a 13, 00 pounds pew square inch

(a) Velocity. The velocity at the wave Is nearly that of sound, within the
rapg specified.

(d) Rtegularity and Symmetry. The pressure we" does Aot vay much two. one
charge to snother of the ane kind m.d @is*, sad it to spherically~ symtrical, pro-
vided the charge is approximately symetrical. 1hen the charge Is decidedly elon-
gated or flattened, the pressure wave is not quite the momn in different directions
from the charge. The oboorved differences due to this cause, or to initStation of the
detonation on ones aide, can be explained qualitatively by imagining the "resure *ave
to be mae. up of component waves emitted by the various parts of the charge, and then
allowing for the differences in the time of travel of the omponent waves. Thus the,
wove from a long rod detonated at one end would bt strongest but of shortest duration
at points lying on the prolongation of the axis ad in the direction of travel of the
detonation wave, and weakest but of greatest duration in the opposite direction. It
a maximum effect were desired in a particular direction, the beat shape would probably
be a curved disk, concv toward the side of the given direction, detonateod at the
center.

Surrounding a 320-pound charge of anal with four times Wt own, volume of
air at atmospheric pressure produced little effect an the prese wave.

(e) Refleations. When the *barges were fired rather claoe to the surface of
the water, the pressure wave was observed to be cut off at a time corresponding to
the arrival of the wave refleated from the surface of the estop. According to acous-
tic theory. the reflected wave should consist of a raeftaction, which in thn mirror
imago in the pressure axis of the incident pressure wave, atmospheric pressure being
taken &a asro.I Actually, althovah the positive pressure insetantly disappeared st the calcu-
lated moment of arrival of the reflected 'ewes, the maximum negative preseare observed
did not exeed 90 pounds per square, inch below the hydrostatic pressure at the level
of the gauge. There lot knomn to be a rather low limit to the negative pressure that
water can stand, without the occurrence of cavitation, ohen it is in contact with
solid objects. Very likely cavitation occurred around the gauges used in the.. ob-
servation ad the true negative pressure ourring in the water as not Indicated.

Sflection from the bottos was also observed. The pressure reflected fros
a sud bottom was only 0.1. times that lva the incident wave. 04 the other hand, then
a charge r'f 1000 pounds of TNT was laid directly on a sand bottom at 10 fathoms, the
presslie wave was cot such less than that to be expected fros a 2000-pound charge
nsowv;d oy water, Tmir is understandable, for the situation in question could be
imitated rcughly by passipg a Pigil diaphragm through the aenter of a 2000-pound
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charge ad the surrounding water and then removing the charge Ad water on one side
of the diaphra.

(f) Various Explosives. Anatol and TNT were found to emit very similar ozes-
sue waves. Guncotton and samonium perchlorate gave considerably lower pressures.
but the peasure from smonium pasrchlorase was observed to fall off with time such
lose rspidly than that from TNT.

Gunpowder gave a pressure curve of rounded form, without a steep front, e
tn figr 2. The pressures were ale much less,

Hillirle' report has been sumariet rather extensively 'here because no
other comparable series of observationo has been reported, And there is no evidence
u yot of large errore in any of his conlusions.

4, LALTIML eAV&S

2. MLTIPLE FPUM WAVE
Considerable evidene has accumulated showing that an underwater explosion

produces not one but several pressure waves of ocmparable magnitude. Besides the
coma observation that several sounds an hear4, repeated impulses have been seen
on osoillograp roeords. It was observed that the periods betweon sucoaeaive in-
pulses grew shorter; also that the period diminished with increasing depth of the
point. of explosion below the surface of the water, MovinR pictures of a uovel boat,
below Phich a charge was detonated, showed he boat to be kicked upward several tinee,
at lAtervals of about 1/20 second.

The multiple impulses are probably due to oscillations of the gas globe.
Such oscillations have been observed to occur, but the observations of Raasauer (5)
and of Ottenheimer (6) will not be disoussed here because their interpretation is
not wholly clear and the problem is under Investigatiokn at the present time,

Observations of the pressure wave need to be extended to cover theme ee-
onda7 parts of the pressure wave. It is iaportant to ftnd out whether the second
impulse is larger than the first, and whether there is a difforenc- in wove form,

, QUALITATIV% NOORY

3. QuALITATIVC TUZOY Or TU PMSMt WAVE
An exact aor of the mction of the water produced by n explosion can be

constmeted only by laborious methods of numerical integration. Th main features to
be expected in the phenomenon oa be predicted, however, by mas of resoning based
a the eleontary priAciples o compressive waves and of bydrodynaios. The quall.
tative theory thus obtained will firet be described, for purpoews of orientation,
Then the isportant phases of the protes will be discussed in ore exact tem.
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When the detonation wave in the explosive reaohes the surface of Separation

between explosive and water, it compresses the adjacent layer of water albolt isltla-

tanously snd at the su time gives to it a high velocity outward. The outward rush

of this layer then oompresses the next layer, and at the earn time the high pressure
in the first layer gives a high velocity to the next layer. Continaation of this

process results in the propagation of a stat* of high pressure and large partiale o-
locity outward as the front of a diverging spherical pressure wave in the water, As

the wave moves outward and becomes spread out over progressively larger areos Its

intensity decrease*, ultimately in inverse ratio to the distance froi the center.

Meanwhile, the gas maintains the water next to it at a high prossur , e/M the state

of pressure end of notion In this water i. continually propagated outward to form
subsequent portions of the pressure wave.

As the gas expands, however, its pressure falls; the expansion should be
nearly adiabatic, because of the rapidity of the expansion. The laws of ideal games

will not apply at first, however, because the density is then almost equal to that of

the solid explosive. In the pressure wave, therefore, the pressure and the particle

velonity should decreas behind the front. Thus a short time after the explosion

occurs the distribution of pressure p and of outward partial* velocity u in the water
should be somewhat as shown in figure 5, provided elastic oscillations wilhin the

gas globe itself art i~noredt the abscissa r represents distance out-ard from the

menter of the original explosive seen, which is assumed spherical. The distance
marked "gas is the radius of the globe

I cof gas at the inst~nt in question; pressure
and particle velocity within the gas are not

I I t.41 shown. The distance marked 'original solid'
is the radius of the original sphere of ox-

- ou-r - -  plosive material.

As the gas continues to expand,
0 Rodlus r its pressurv will eventually oink to the

Figurt 5 hydrostatic pressure p. proper to the depth f
at which the elxplosxoa uaoaur. It we were

desaling with a one-dimensional casoe ard hence with plane waves, the particle velocity

v would now be wc-o ani1 the *).pansion oi the gan globe would ea.e.

In the case of divergine waves, however, we have to rockon with the "after-

flow,' described in Appendix 1, Section 1, topics Spherical Waves. The passage of

a spherical pressure wave through the water leaves the wator flowing outward, with a

velocity roughly proportional to the inverse equar of the disLance from the center.
perhaps the pressure wave Itself is to be identified with the Phase k of some writers,

and the afterLloe with Phase B or the "surge." The term after/lw is preftrred here

hecause, after all, iven in the prossurt wave there occurs a powerl'ul, a1boit short-

lived, forwrJ "srge" of the water, The distribution of precure p iaJ of rv'ulL-

iont particle velocity u, 1n,.luding the velocity of aftvrflow, it t w instant when p
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has sunk~ to p0 at the
gas globe, should be,
therefore, somewhat an

shown in Figure 6, In G
which the scale of

abscissas in reduced
relative to that Of r
Figw'e 5,lThe after- Figure 6

flow haa two effectll
The notion of the water due to the fterf3ow tends to modify the distribu-

tion of &retsure roughly ms if by adding to it a component proportional to - ipul

( p density, u a particle velocity), as in the Bernouill equation of ordinary by-

drodynamics. Since u decreases in an outward direction, this effect tends to in-

crease the pressure in the water as compared to that of the gas and so to prolong the
prossuro impulse. It can be said that an excessive amount of momentum is taken up at

first by the water near the gas and is then paid out as this water moves ou.tward and
slows down.

The second effect of the afterflow will be that a largo part of the energy

originally in the exploded material is not oarried off by the pressure wave but re-

asins behind in the water in the form of kinetic energy. Henoe the water will con-

tinue to flow outward after the its pressure haa sunk below the hydrostatic pressure;

it will flow outward until, after the lapse of a ocmparatively long time, it is

brought to rest by the action of the hydrostatic pressure.
The gas pressure having now become very small, the hydrostatic pressure

will start the water moving inward, and the gas globe will thus be compressed sain.

Wring this second stage of compression, a second intense pressure wave will be ott-

ted. The gas globe may oscillate in this fashion a number of times. The situation

may be compared to a mams, representing thk inertia of the water, mounted on two op-

posing springs, a powerful one, the gas, that ceases to act beyond a short distance,

and ,, very weak one, the hydrostntio pressure, The weak spring will undergo large

displacements, but, given tne, it will get the msa moving inward again and so will

eventually restore the initial state of high compression of the strong ajring.

During each of the expansion phases, negative pressures (relative to the

hydrostatic pressure as zero) will be transmitted to a distance. Thus we are led to

expect that observation at a Mtnes will reveal a succession of strong pressure im-

pulses, separated by relatively long periods, during which both positive and negative

pnesurts of moderate amplitude occur. The first impule should have a steep front,

wo.reas the subsequent ones should have rounded tops and should be progressively
weaker.
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The theorsticl pictur, of the pressure am a function of the time Waus ob-
tained is oketched In Figure 7. It appears to apes at leasnt roughly with the facts.

Figure 7

4.TU LAW Or' 8XIIAUTT
The exact equations for the aotion of non-vinoous fluids lead to the msoe

law of similarity that wasn established experimentally by Hilliar (Section 1, proed-
Ing). If the linear dimensorn of the exploding charge are changed in the ratio so
without other change, the pressaure our"e previously obtained at a disntance r from
the center' of the charge should now be obtained at a distance sr, except that all
time will likewisne be changed In the ratio s. UsT energy and the impulie, pdt
carried by the wave will, therefore, alsno be s time a preit. Since the wave covers
a sperical snurface a' tines an great, the total amount of energy is thus pr'oportional
to ss or to the weight of the charge.

III. PRR59 ATS
5. A UAION

5. A CALCULATION Of TIMl FIRBT IMPULSE
The only available quantitative calculation of the first pressure wave

seems to be that made in Wgand hy Penney (7). Use starts with a spherical mass of
TNT having a radius of 1 foot and hence a weight of 390 pounds (specific gravity
a 1. 565). instead of solving tho detonation problem, however, Penney substitutes an
idealised L ,aoitioci he aamumea that at a certain instant the TNT Is all ex-
ploded within its original volume, the exploded gas being at rest but under a prem-
sure of 1,300,000 poundsn per square inch. The genesis and propagation of the pres-
sure wave in the water, ad the mtion of the globe of exploded gas are then worked
out by numerical methods, for tints up to 0.7 ailliscad from the start.

In the beginning, the pressure at the interface between the exploded gas
and, the water is found to drop instantaneously to about 500,000 pounds per square
Inch, the water and gas at the Interface acquiring smumltaneously an outward velocity
of ab"t 3000 feet per second.* A shock wave than proceeds outward into the water
while an expansion wave travels back into the gas. After the lapse of 0.7 milli-
sod, the distribution of pressure p a&W of particle velocity u~ (taken positive
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when directed outward), as a Nnntinn of the distance r from the center of the gas e
globe, are found to be as shown in Figure 8. The long dotted line shows the instan- !
taneous position of the interface be-
tween gas and water. The distance . - t40

marked 'initial solid" represents ". h.ll .1- -

the radius of the original sphere of AI _ 0
solid TNlT. IN-

For times exceeding 0.7 ail- - - - ,to
lisecond, Penney uses a rough method 1 4 0 .. s
of calculat ion, primaril.y for the pur- -0
pose of discovering how the pressure -

mybe expected tochange with dis- 0 -0

tance. ge oonoludes that no marked .40

change should occur in the shape of .0

the pressure wave as it prooewle out- Radiu t . Ma.e

ward, but its intensity shou'.1 de- Figure 8
crease. Beyond a distance of' 50 feet

from the charge, the pressure in the wave should fall off like that of ordinary sound
waves, nearly in inverse ratio to the distance, but at first the rate of decrease 4

should be more rapid. At a distance r feet from the center (i.p., r times the radius
of the original sphere of explosive) the pressure is z ties to grat as it would be
if it varied as 1/r, where x has, for example, these values:

r 3 5 13 50
S,,2,5 2 1.3 1

In conclusion Penney shows a comparison of his curve for the pressure at 50
feet from 300 pounds of TNT with an experimental curve, which is almost the same as
that published by Hilliar. The two curves agree in showing an initial pressure of
1800 poundu per square inch, but Penney's curve drops off more rapidly. The oscilla-

tory feature in Penney's curve may be due bo the peculiar initial condition from
which he starts his calculation, or it may be that such features are missed in cur-

rei.*, methods of observation.

Ill. FUIINi WA ..16. Tum r esOon twa

6. ThE.RY OF ThE stC= akY IwULUSE
In the absence of an exact theory of the oscillations of the gas globe and

of the pressure impulses produced by them in the water, tome light say be thrown upon
the phenomena by developing a theory in which compression of the water is ignored.
As a matter of fact, the actual motion must approximate closely to the non-compressive
tipe except during the phave of intense copression of the gas.
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Let us start with a sphere of compressed gas of naligible density mor-
rounded by incompressible water at rest, and neglect ,jravity. During the motion,
the pressure p and particle velocity u of the water at a distance r from the center
will be given by Equations (8] end [2] of Appendix II.

( pup -O) TP p l

in which ro is the radius of the sphere of gas, us a dr/dt, pa is the pressure of
the gas, p0 is the hydrostatic pressure, p is the density of water. At a great dis-
tance the Bornouilli tori,jpul, is negligible. Near the center, however, this teri
is not negligible; it causes the pressure transmitted to a distance to be determined,
not by the pressure p9 of the gas alone, but by the quantity p, 2 u#. As the gas

expands, P9 decreases but %' increases. The pressure impulses are thus made broader
than would be expected from the variation with time of the gas pressure alone.

It is evident that oscillations will now occur in the general ser des-
oribod in Section 3 preceding. ftoe no energ is lost here, however, the gas must
return at each collapse to its initial pressure; hence all secondary pressure waves
will be alike, and each one will be symetrical about its center. The first p"sure
wave will be only a half-wave, arising from a single outtroke, whereas each subse-

quent wave is due to instroke plus outstroke. The impulse at distant points due to
each secondary wave will thus be twice that due to the primary wave.

For the period of the oscillations an expression is readily obtained in the
form of an integral (see Appendix II, Equations [171, '(19], [22]). In two extreme
cases the value of the integral is easily found.

The period To of small radial oscillation of a gas bubble about its equi-

librium size, with its pressure oscillating slightly above and slightly below hydro-
Sstatic pressure, is given by uinnaort'. formula (8):

To - 2,,o

in which r, is the equilibrium radius of the bubble, p the density of the surrounding
liquid, Po +he hydrostatic pressure, ad V the ratio of the specific heats of the gas

at constant pressure and at constant volume, respectively. For air in sea water, at

a depth A, roughly

where r, and h are expressed in feet. That the occillationa can occur so rapidly

becomes plausible when one recalls that the velocity of efflux of water under a

press= of only one atmosphere is 47 feet per second.

As the amplitude of oscillation increases, the period increases. When the

saximum radius becomes 6 times the minimou, if y a 1.4, a numerical integration
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indicates that T f To , approximately. Finally at very large amplitudes the
period is given appioximately by Willis' formula:

T - 1.83 r. - 1.14pp 1

where rm is the maximum radius of the bubble or W, is the maximum energy of the gas,
moving adiabatically, during an oscillation. The gas need not be assumed to behave
as an ideal gas. In all oases the theory indicates a decrease in the period with
increasing hydrostatic pressure, as iA actually observed for the Litervals between
the seconda impulses. For a gas expanding adiabatically from a given state, ro is
proportional to lp' 13o where Y is the ratio of the specific, heats of the gas. Hence,
according to the small-amplitude formula, To is proportional to p3"+ , , whereas
according to the large-amplitude formula T is proportional to po-f.

The total impulse,fpdt , is very simply related to the particle velocity
in non-compressive radial motion (e.g., in Equation [3] of Appendix I, Section 1, let
the velocity of sound c become infinite). When the amplitude of oscillation is large,
the total positive Impulse at a distance r from the center, i.e.,fpdt taken over the
part of the cycle during which the pressure p exceeds the hydrostatic pressure p., is
given by the formula (Appendix II, Equation [25])1

Pp- Podt , 2pipi wi
When compressibility of the water is taken into account, all o * these re-

sults require modification and, unfortunately, the theory can be worked out only by
methods of numerical integration.

Whereas the motiou of sn incompressible liquid is all afterflow, in a com-
pressible liquid the particle velocity contains an additional component that is pro-
portional to the pressure and hence in phase with it (the term pt/'c in Equation (3]
in Appendix I, Section 1). The effect is both to modify the motion of the gas and to
cause a radiation of energy. Such effects should become appreciable in water et
pressures exceeding 1000 pounds per square inch.

Because of the lose of energy, the gas will collsp3e les completely in
eact successive oscillation, end the maximum pressure and the total impulse will de-
crease from one secondary wave to the next. It may even happen that the first second-
a impulae is smaller than the primary impulse. Furthermore, the interval between
oscillations will decrease ulowly, as is actually observed for the intervals between
secondr impulses. Exact calculations for the secondary waves am needed.

There is ample reason to believe that the loss of energy will be relatively
large. It can be shown that a pressure curve such as that obtained when the water ie;
treated as incompressible would involve, in actual water, a loss of energy in each
oscillation comparable in magnitude with the energy of the gaa. From his observa-
tions, Hilliar (1) concludeJ that the part of the primary pressure wave which was
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covered by his measurements carried off about 1/4 of the energy available in exploded
TNT.

The total impulse at distent points must in any case be measured by the ve-
locity of the afterfiow, as stated in thie foregoing, for at a distance the compres-
sion of the water is always negligible. This fact furnishes an easy method of con-
eoting 9e impulse with the energy of the afterf low, as w.s pointed out by W. C.

Herring (9). Estimates thus made in actual. oases come tut surprisingly large. Thus,
in the case of 300 pounds of TNT exploded 34.5 feet under the surface, If we insert
in the formula given in the foregoing for f t-pa0 t , 9 1 -' 300 x 1,200,(X0/2 foot-
pounds, representing half of the initial energy that is available by =xpding the
exploded TNT to sero density, also p a 1.99 slugs per cubii foot and p0 e 2 X 14.7
x 14 pounds per square foot, and then divide by 2 in order to have the impulse due
to mn outstroke alone, we find for the impulse in the primary wave, at a distance of
50 feet from the charge, 3.3 pound-seconds of impulse per uquai e inch.

For comparison, the part of the pressure wave, 4 milliseconds in extent,
that was measured by Hilliar represents an impulse of only 1.45 pKund-seconds per
square inch. The reason for this discrepancy is not clear. The observed pressure
wave accounts for only a quarter of the energy in the TNT, so that tte calculated
value of.3.3 should be an underestimate. Perhaps an appreciable impulie may result
from small pressures acting over relatively long times during a later plase than that
covered by the measurements.

It may be remarked that spherical symmetry has been assumed in te forego-
ing discussion. If the motion is asymmetrical, the collapse may occur in such fash-
ion as to break up the gas globe. Evidence of such occurrences in the case of small
explosions has been secured by cinematic photography.

I xxii. NWrXs e aAvz i

7. TURMENCE

7. TURBULENCE
The 'uestion may arise whether the motion of the water produced by an ex-

plosion is turbulent or not. Turbulence can be produced only through the action of
friction; and it seems that friction should have time to produce appreciable turbu-
lence only near solid objects, such ai fragments of a burst case. There exists no
mechanism by which turbulence so produced can be propagated outwards with the pres-
sure wave.
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IV. DEFXCTS OF THE PFE SURE WAVE ON AN OBSTACLE
1. MOia OF ESTIMATING EFFECTS

In the pr-ssure wave there are four phybical magnitudes of interest:

(a) pressure

(b) forward particle velociLy

(c) momentum, of total magnitude fpudx (p density, u = particle

velocity, z - coordinate in the direction of propagation)

(d) energy.

The effect of the wave upon an obstacle, which we shall hereafter call the
"target", can always be calculated in terms if the pressure exerted upon it by the

water. To do this, however, we must know tho extent to which the presence of the ob-
stacle in turn modifles, the pressure in the water. Because of this complication, it

may be more convenient to consider the process in terms of one or more of the forego-

.ng magnitudes other than the pressure. The moat. advantageous choice of a mode of

approach will depend largely upon the relation between the dimensions of the obstacle

and the effective length of the pressure wave.
Misconceptions may easily arise from carrying over into the dynamic field

modes e thought that are appropriate to the static field cnly. The following gen-

eral I inc.ples may be noted:

A. St,,ngth of materials may be of little impu'tance in determining the ef-

fects of explobeons. For example, it is unimportant that a pressure of 10,000 pounds
per square inch i required to rupture a metal structure if 50,000 pounds per square

inch is availAble ir, the pressure wave.

The action of explosives upon objects near at hand will depend more upon

tneir relative inertia than upon their cohesive strength. At greater distances, on

the other hand, cohesive strength may be Lhe chief determining fector.

B. The poth of least resistance will not be favored by explosive forces to the

same degree as by forces of smaller magnitude but longer duration.

For example, a charge detonated in contact with a metal plate may punch a

hole through the plate, although the path of least resistance would lie through tbs

air. The air is accelerated outward with extreme rapidity by the high pressure, but

the adjacent part of the plate is likewise given a considerable acceleration, suf-

ficient to cause rupture. A dense object placed over the explosive, such as water or
earth, increases the effect on the plate because of its inertia, the time of action

of the explosive being thereb$ lergthened. Water on the opposite side of the plate,

ca, the other hand, diminishes the effect somewhat.

C. Large-scale effects tend to be very much less severe thsn the local effects
close to the charge. This is a consequence of the short time of action of the forces.
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Violent effects may be produced on a mall quantity of target material near the

charge, but after the momentum given to this material has been distributed over a

much larger mass, the velocities generated may be moderate.

These principles are well illustrated in the :amiliar example of a small

chsre detonated under a few feet of water in a tank. The explosion ruptures the

tank, for which a static pressure of 4000 pounds per square inch would be required;

yet the water is projected no higher than it would be if issuing ftom a water main

at a pressure of 50 pounds per square inch. The pressure that acts on the t.nk may

be close to 50,000 pounds per square inch, lasting a ten-thousandth of a second.

Against such a pressure, a tensile strength of 4000 pounds Is hardly di8 inguishable

from no strength at all. On the water, however, the same general effect can be pro-

duced by the meek presoure in the main beoause the time of action is much loager, of

the order of 0.1 second.

Viewed from another angle, the water illustrates the contrast between large-

scale and local effects. The layer of water next to the charge experiences a momen-

tary fore of nearly a millioz pounds per square inch and is given a velocity of .-

something like 10,000 feet per second. After 0.01 secondhoever,1e ressure wave

will have completed several trips back and forth through the entire mass of water, be-

ing reflected ropeatedly at its boundaries, and as a consequence the momentum will

have become distributed over the whole mass, with a very great reduction in the ve-

locity of the water.

The problem of determining precisely the effects of a pressure wave upon a

target is comparatively simple only in cases of extreme simplicity. Several such

caseA will be discussed in detail in order to throw light upon the general problem.

IV. lcrS oz. nJSSUUi WAhVES
2. MA. TPARS 1

2. TARGET SMALL RELATIVE TO THE SCALE OF THE WAVE
Suppose, first, that over any distance equal to the largest linear dimen-

sion of the tr.'get, conditions in the pressure wave are nearly uniform. Tben, to a

first approximation, the flow of the water near the target can be treated as non-

compressive, and the pressure can be treated as if it were static.

This is easily understood on the principic, applicable to all cases, that

the flo of the water is acommodated to the presence of' an obstacle by meanc of im-

pulses propagated through it with the speed of sou:,d. These impulses serve to modify

in %,he proper manner the distribution of paausue and of particle wlocity. If con-

ditions in the wave undergo little variation over a distance equal to the greatest

diameter of the target, the impulses have ample time to keep the flow around the tar-

get adjusted from moment to moment to the slowly varying conditions imposed by the

oncoming wave.
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The pressure upon a small target can conveniently be resolved into two
partet

(a) the pressure p that would exist at the acoe point if the target
were replaced by water, and

(b) an additional 'dynamic" pressure, positive or negative, caused
by motion of the water relative to thk target.

The magnitude of this additional prewsure can acarcely exceed
pulwhsre p to the density and u is the particle velocity in

the wave,

ThuA, a pitot ube, small as nompared with the thickness of the pressure
wave and turned toward the aide from which the wave approaches, would read the volue

of
P 4JPu'

A4ain, it the target has an axis of symmetry in the direction of propagation of the

wave (thi axis constituting, therefore, a streamline), the pressure at the point on

the front face where the axis cuts the surface of the target will be p + pu t .

In pressure waves in water, however, pu 2 is much smaller than p. If, as
It usually the Oase, the linear or small-amplitude theory can Le used for the wave,

and if for the moment we neglect the af terflow, we have p a peu ( c is the speed of

sound), hence f A

p 9

In practical cases u is much alaller than c. For example, ct 25 feet from 300 poinds
of THT, u <50 feet per second, hence u/c <50/493i 1/100. In blast waves in air, cA

the other hand, pts tends to equal p.
The afterflow velocity at the point just mentioned can be estimated from

the third term in Equation (3) in Appendix I. The value of fp'dt'at that point is

about 2 x 1.45 x 144 pound-seconds per square foot, r - 25 feet, and p w 1.94 slugs
per nubio foot, hence tta term in question gives an afterflow velocity of only 8 feet
per second. 'Thus even at 25 feet from 300 pounds of TNT, which is well within its

damaging range, dynamic aftecta of the afterflow or "surge" will usually be smell.
One effect of thf? wave is a tendency to set the target 4n motion in the di-

rection of propagation of the wave. The acceleration results from the combined ac-

tion of the pressure gradient in the wave and, if there is relative motion between
target and water, of the dynamic pressure pu and of viscosity. Minute suspended

objects will tend to undergo the same displacement as does the water itself. Larger

objects, if free to move, will'be displaced less.

If the target can be crushed, its deformation will be determined almost
wholly by the majnr component of the prescure on the target, which is the prebsure iW
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the incident wave itself, and this pressure can be treated as static. Paradoxical to
it May seem, parts of a small target may undergo displacements many times larger than
the displacements df the water particle& in the undisturbed wave. A particle of wat-
er is accelerated, first, forward at the pressure rises to its maximum, then backward
as the pressure sinks, the presnsre gradient being now reverse", and in the end the
water is left at rest except for motion due to the afterflow. Tf part of the target
is movable, however, it experiences a positive impulse of magitude Jpdt and so may
be left in rapid motion by the pacz: of the wave. The water will follow this local
motion of the target approximately according to the laws of non-compressive flow,
provided the velocities involved do not become excessive.

In this way, for example, displacements of the piston of Hillier 3 gauges
could occur amounting to several inches, without causing much distortion of the pres-
sure in the water, although the diaplacement produced by the wave in unobstructed wat-
er should have been only a fraction of an inch.

To take another example, suppose a wave like that at 50 feet from 300 pounds
of TNT passes over a light, hollow metal sphere of 6 inches diameter; the maximum
pressure of 1700 pounds per square inch is far more than enough to crush the sphere.
The resistance of the metal will, therefore, play only a minor role in determining
the initial phase of the motion. If we neglect this resistance altogether, it is
easily calculated from Equation [6] in Appendix 1I that the water will start rushing
toward the center of the sphere with a velocity of over 300 feet per second, The
local motion involved is on a small scale as compared with the 5-foot effective length
of the wave. The inward motion will continue until the kinetic energy of the water
has been spent in deforming the sphere.

We may consider also the 31-inch mine case shown in Figure 64 of Hillier's
report (1). At a distance of 126 feet, a 1600-pound charge of amatol would produce a
aximum pressure of about

13000 (1 1180 pounds per square inch

and hence a maximum water velocity of

1180 .1180
!e "- 17 feet per second

From Hilliar's Figure 1 it can be calculated that the total (observed) impulse from
300 pounds at 50 feet is equivalent to the maximm pressure acting for 0.85 milli-
second. The time for the larger charge would be 0.85 x (1600/300)1 - 1.48 millisecond;
and 0.00148 x 17 foot per second x 12 - 0.3 inch for the displacement of the unob-
strunted water. Yet the mine case is indented et least 15 inches. Even an objeet
31 inches in diameter should be small enough relative to a wave 5 to 10 feet long for
the small-target theory to be partially applicable.

It may be of interest to consider the afterflow, also. An upper limit can
be set to the displacement prnuced by it in unobstructed water in the following way.
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From Equation (21b] in Appendix II wc find that P gee globe from 1600 pounds oi asa-
tol under 60 feet of water might perhaps expand to a maximum radius of 30 feet. The*

we have 4r x 301/3 cubic feet of water displaced outward over a sphere of radius 126
feet, requiring a linear displacement if the water of magnitude

4",-20 -0.67 foot -, 7 inehos

This displacement is of the sase oder at agnaitude as the indentation in the mine
case. Nevertheless, the afterflow cannot have had anything to do with the orushing
action, for it occurs in too leisurely fashion, requiring over a quarter of a second.
The pressures due to the afterflow must have been quite negligible.

WFlCS Or 11Z81!fl CAvil
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3. TARGET LARGE RElATIVE TO THE SCALE OF THE WAVE
At the opposite extreme, when the target is large as compared to the thick-

ness of the wave, the water has no time to esoape sidewqs, and adjustment to the
presence of the target must be made on the spot. Relatively large modifications of
the water pressure may then occur. The appropriate ideas to use in considering the
impact of the wave upon a large target are those associated wit the reflection of
waves.

In order to throv some light upon the complicated phenomena to be expocted,
a number of simplified cases will be discussed which are amenable to analytical

treatment.

IV. UIICTS O PPSSURE WAVUB
4. IMOVACIA IMrMFAC'

4. RFMMCTION AT AN IMOVABLE INTEACE
Consider a plane wave in water falling at an angle of incidence 0 upon the

plane face of a target consisting of homogeneous material of a different sort, gas-
eous, liquid, or solid. Let the wave be of sufficiently low intensity so that acous-
tic '.heory can be used.

Then at the interfeace between water and target the incident wave will di-

vide into two, a transmitted wave which continues into the target at an angle of re-
fraction 0 , and a refleeted wave which retures into the water. Let the pressure and
particle velocity in the incident wave be p, u, in the transmitted wave p', u', in
the reflected wave p", u". Let the density and the speed of sound in water be p, and
C1, respocively, and in the material cf the target, p2 and 02 (Figure 9).

Then according to the usual laws for the reflection of sound waves (Appendix

I, Section 2, Equations 19a), (9b and [10]),

clsinO - c sin#'[]
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Water Target - eC .a am$....... (2)

The reflection ooeffiotent. is thus

RP2,, ax (P+ P5 ONO.) :4
UU The ratio of the total pressure on

the interfacu to the ixicidont pressure is

N-w - 2pcc's (--
Figure 9 P P2M le '

The pressure measures the rate of transmis-
sion of-mnmentu across a surface (so long as the amplitude of the waves is small);
hence the value of N is also the ratio of the momentum absorbed by the target to the
momentum brought up by the incident wave.

These equations hold so long an Equation [1] can be solved for 0'. If,
however cminG~cj, total reflection occurs, with p" a p and R - 1, N - 2.

We note that if el -mc2, p, m p,, then R * 0 and N - 1, that is, the wave
merely continues into the target without reflection. If P2c2 - 0 (e.g. for vac.uum),
R a 1 and N a 0; also p" - --p. In this case the i nc ident wave is on"mpletely re-
flected with change of phase, compressions becoming rarefactions and vice versa; the
particle velocity has the same direction in the reflected wave as in the incide~it
wave, so that the reflected wave carries all of the incidint momentum back into the
waLer. If P 2 ._0 W oni the other hand, as for an extremely dense or rigid material,
N= 2. Although the reflection of .Qnergy is again total ( R- 1), the motion of the
wtiter io reversed by the reflection and the momentum given to the target Is double

that brought up by the incident wave. In this laLter case the pressure in the water
at the face of the target in likcewise doubled.

At normal incidence the equations become
p' 2p2 c p" V'P2C 2 __ pICI
PP i2 (2 ICI P P2C + PICI f6a, b]

R = (Pa -PICI 2
(22+ PIC, (7)

N= -C .1I+ P2C2- PICI .8
PICI + P2C2  P2( 2+ PICI

The effects of reflection at normal incidence depend only upona the ratio of -the
acoustic impedances, PIC, and P2c2, in the two mediums. The pressure on the target
is greater or less than that in the incident wave according as P2C2 > PIor

P2C2 < PIC I. In Figure 10, R and N are plotted as funotionn of the ratio P2C2 1PC1
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Olle C- -. . :,-

I polla

Figure 10

for 9 - 0, in a double plot whose mode of ccnetruction is sufficiently obvious. Val-
ues for three target materials in contact with sea water, for 0 0 O, are as follows:

Steel Copper Air

P"/P 0.92 0.91 -0.99946
N - (p4+ ")/p 1.92 1.91 0.00054
R = p" 2/P2 0.85 0.82 1 - 0.00109

IV. Ea.ncrS OF PRESSUR WAVES
5. STEEP-FRONTED WAVES

5. STEEP-FR0 NTED WAVES
If the incident wave has an extremely steep front, as has the pressure wave

in water resulting from a detonating explosive, the wave transmitted into the target
will also have a steep front. Waves of this character are easily produced in solid
material by impact, and there is no evidenci that they possess any spe,-il tendency
to rupture or distort the material. It may be concluded that the precise shape of
the steep front of the pressure wave is probably of no prAntioil interest. Nor should
the e.fects of the secondary impulses be altered murh by the mere fact that they prob.
ably have no steep fronts at all.

The general form of the pressure wave may, however, be of importance, in
some cases because of resonance effects.

TV. EFFECTS OF PRESSURE WAVES6. INTEMAL INTERFACES

6. TARGET WITH INTERNAL INTERFACES
The simplest type of a non-homogeneous target is one in which internal in-

terfaces occur, as at the inner surface of a ship's plating. Additional reflctions
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will then occur at these interfaces. The reflected waves thus produced, returning

to the outer surface, will be partly transmitted there end partly re-reflected back
into the target; in part they will again be reflected at the internal interfaces; and
so on. If the various interfaces are clone together, however, as in a ship's skin,
the interplay by repeated reflection goes on so rapidly that the various waves quick-
ly blend together. Then other methods of Anmly.is beuome sufficiently accurate and
t x :aorc convenient,

Even if the target contains laterally dispersed structures, such as braces,
the analysis in terms of waves is still applicable, but it becomes much more compli-
cated.

IV. EFFECTS OF PRESSURE WAVES
7. ON A FREE PLATE

7. IMPACT OF A PLANE PRESSURE WAVE ON A FR THIN UNIFORM PLATE
By a thin plate is meant one so thin that the time required for an elastic

wave to traverse the thickness of the plate is much less than the time required for
the press'ure in the incident wave to change appreciably. This condition may not be
satisfied at the very front of the wave, biut the small error so caused will be ig-
nored. Under these circu-stances it is suffitiently accurate to treat the plate as
a rigid body.

As before, let p, u denote excess pressure (above hydrostatic) ond portinle
velocity of the water in the incident wave, and p", u" the same quantities in the re-

flected wave. Let rn denote mass per unit area of the plate, and z its position mea-
surcd from any convenient origin in the direction of propagation of the wave, which
we suppose to be perpendicular to the face of the plate (Figure 11). Then the equa-
tion of motion of the plate under the influence of the water pressure is

mat - P + p' [9]

PU Air pressure on the opposite side of the plate is sup-
posed to balance the hydrostatic pressure. Since the

m per plate and water remain in contact, we have also
unit d = u + u"- ( P - ")
area T PC

where p and c denote density and velocity of sound in
the water; for p a pcu, p"--pcu"(Appendix I, Secti -a
1, Ek4ation [2]). Eliminating p":

Figure 11 dm z + X
m + Pc - 2P [10]

Here p is a function of the time which may be denoted by p(t). The equation can be
solved for z when p(t) is known. We shall consider In detail only a simple type of
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wave bearing a rough resemblumce to observed pressure waves (Figure 12).

Exponential Wave p

Suppose that

p(t) 0 for t<0 PO
p(t) = p ."' for t>0

Then it is easy to verify by substitu-

tion Lhat a rolution of [10] is, for
t >0,

-- dx 2Pu, (-o, _ - 8 = P
at PC- am Time

This solution also satisfies the nec- Figure 1'

essary bowdary condition that (dx/dt)
= 0 at t 0 0, the plate being at rest before the wave strikes it. (If pc *am, the
solution is

dt m

Since the plate obviously comes to rest eventually, it follows fromn the con-

servation of energy that the wave must be totally reflected from it. The total dis-
placemient of the plate is finite and equal to

T t CIpc

This may be compared with the net displacement undergone by an unobstructed
water particlc az the incident wave passes over it, which is

ud fE dt -PQ de - --= -O

Thus we have the following important conclusions:

1. The plate completely reflects the wave;

2, The total displacement of the plate is finite and is just twice the dis-

placement produced in unobstructed water by the incident wave.

These conclusions are independent of the mass of the plate. A heavy plate

acquirec a smaller velocity out retains it longer. It can be shown that the same
conc1usions hold for a wave of any form. Furthermore, it crn be shown that the same

conclusions should hold generally for any target provided that

1. its characteristics vary only in one dim.nsion, Ln the direction of inci-

dence of the wave;

2. there is a light medium, like air, beyond the target;
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3. the target is elastically coneed throughout and does not break loose

from the water.

The point of the last proviso lies in the fact that, since the target must

be negatively accelerated during the later stages, negative pressures may occur in

the water and cavitation may result.

It appears to follow from this analysis that if the skiA of a ship were

plane and held in place or ly by air pressure, the explosion of 300 pounds of TNT 20

feet from the ship wouio merely shift its skin inward an inch or so and leave it at

rest. That damsge actually results from such an exp)oeion must be due either to the

presence of stiff bracing or, perhaps, to cavitation in the water, so thf, tbe nega-

tive pressure during later stages fails to arrest the rapid inward action of the skin.
The case of oblique incidence of the waves is much more complicated than

that of normal incidence and will iot be considered here. It involves questions u

to bending of the plate.

The next case studied will be designed to throw light on the effect to be

expected from bracing.

IV. EFFECTS OF PRESSUR WAV i]
8. 1ASTICALLY SUPPORTED PLATE

8. TARGET, A THIN UNIFORM PLATE WITH ELASTIC SUPPORT
Let the thin plate just described be held in position by springs or an

equivalent support, with water on one side and vacuum or air on the other. The

strz ngth of the springs con most conveniently be specified by assigning the value

of the frequency to, with which the plate would vibrate, moving one-dimensionally

in a direction perpendicular to its faces, if the water were absent. An before, we

assume a plane pressure wave to fall at normal incidence upon the plate. Then, as

the equation of motion of the plate, we may write in place of (9) or (10],

M-,-F + 4704 nx - p + p"
d~x [111s

md2 +p + +P40d Y'mx-2p 1p

Thus, if oc - 0 and p a 0, the solution is Asin (21or P0 +a), representing an oscil-

lation at frequency Po.

The left-hand member of Equation (111 is of the type encountered in deal-
ing with linearly damped harmonic oacillationp. The equation may bi rewritten in a

convenient generalized form thus;

d 2z + 2yL+#2 = 2p [2d-2 2,,-+Mx - ([121
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where in the present instance

" MPC o"M i're [13s, b]

Damped Free Oscillations
If p - 0, the plate can execute oscillations damped because of radiation

of its energy into the water, the energy being cdrried away by compressive waves.
The snlution of [12) when p - 0 is, according to circumstances:

if y > p. (overdamped): z - A, e-"" + A@-Yg's, y = y + 6 ._-M__.' Y -V *-*:
if Y < # (underdamped): z - Ar-"'ain (2* vt + a), to - ,., IV,

Here A,, A2, A, a denote arbitrary constants.

Effect of a Pressure Wavi
If a pressure wave strikes such a plate, it is evident from conserv .Lio of

energy that the final result must be complete reflection of the incident ener j. The
point of practical interest is the maximum displacement of the plate, to which cor-
responds the maximum strain in the springs or other elastic support. The maximum
displacecent can be determined by solving Equation [121 if the pressure p in the in-
cident wave is known as a function of the time.

Consider, for example, the exponential type of wave already employed:

p- 0 for t<O, p-pce - 4a for t>O

Suppose that the plate is initially at rest and In equilibrium, with z 0 0. The ap-
propriate solution of [121 is most conveniently written in terms of the two auxil.
iary constants

MIU0o /jesT

The constant z, represents the static disp.acement of the pla.e under the maximum
pressure p0 (as may be seen by putting in Equation [121 2p-p 0 ,d z/d t 0, d:/dt
w 0). The value of 0 determines the character of the free oscillations; and n can
be -egarded as the ratio of the natural time scale of the plate to the time scale of
the exponential wave.

p> 1 (overdamped)
1- 2n8+ "2_* 0:

2.p+ L  - I + n

n - , ( -T7)y

1- 20 + n2 = 0:
_._z .[8 n

/ t  
o 1 -,S .(c, ~ t - ,)., = , ~~_ [ , "-P' ' , (

O!.i n
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*1 (critically damped)

ft2 = IL

6< 1 (under-damped)

7 ~2 [Cw' VH ain PV ot + t

Here tan-' KVY-fl / ( j6 -- n ) is to be taken in the first or second qi~adri.:.'
The equations for z as written still contain the constant po, but thin -.on-

atant serves only to specify a time scale for the whole process. Otherwise all fea-
tures are determined by the values of P and nt. All of the equations represent the
plate as returning ultimately to its position of equilibrium, as would be expected.

A plot showing certain values of x,,/x,, the ratio of the maximum displace-
ment z. of the plate to its static displacement z, under the initial pressur'e p,, ii
shown in Figure 13. Onl2y a few points were calculated, because of the laboriousness

of the work; the.se points are indicated
2- ~ -by vrosses on the plot. Baseu on these

- points, roughly correct contours were
__drawn byestimation corresponding to var-

ious values of xlz/~,, as indicated near
the contours. The abscissa of each point
on the plot represents a value of atn or
Y,-; for values above 1, however, dis-~7~7i7 2 0tances along the axis are laid off in

~. ------- I. ~proportion to the reciprocal of irv4 start-

plot. Similarly, the ordinate represents
values of 8 up to 1, then of 14?l from 1

S 4 1 toO0, i.e., ofp0from oo auso
2 Z.z,,,z for points between the contours c~n

Figure 13 be estimated by interpolation.
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The largest value, xl/x, - 4, occurs when n -, O, i.e., for no Jamping
and for a steady pressure beginning suddenly at a given moment. The value of zm/z,
decroabas with dcreaae in the natural frequency of the plate (decrease injM,), or
with decrease in the length of the wave (increase in a); either of these changes
makes the effective time of action of the wave less adequate for the production of
a maximum effect. In an actual case the plote wr'n1d probably be heavily overdamped
by the radiation of waves into the water. Thus for a steel plate 1 inch thick in
contact with sea water, y - 3900 (i.e., 68.2 x 144 x 12/2 x 7.8 x 1.94), so that for
Ys< 600 cycles per second 6 - y/pt = y/2 7r o> and overdamping exists. The plate is
not loaded by the water, however; its frequency of oscillation Y is modified by con-
tact with the water only because of the damping action.

For the conclusions of this section to be valid, the lateral dimensions of
the plate must be large as compared with the wave length of the compressive waves
emitted into the water.

avFZCTS OF PUESSURE WAVES

9. LFFECTS ON A 8HIP

9. ECTS ON A SHIP
Oscillations of the t:.'-c just described might correspond roughly to oscil-

lations of a ship in which one of its sides moves in and out as a whole, against the
elasticity of the bulkheads. The natural frequency for such oscillations should be
of the order of 100, corresponding to Mo - 6(A; but, with a weight of 50 pounds per
square foot in the skin, y a 3200 (i.e., 68.2 x 144 x 3P.2/2 x 50), so that j'u Y/Aj)/
a 5. Thus the oscillations should be heavily overdamped. For a pressure wave with
a= 1200, as in practical cases, n - aI/o - 2. A glance at Figtre 13 shows that
zxz, is snall, the maximum displacement being such less than the static displacement
due to the maximum pressure in the wee.

The same mathematical theory should be applicable to all modes of oscilla-
tion of a ship's side. It is only necessary to substitute in the formulas suitable
values of the damping constant -, and of the undamped frequency Y0e. In all other
case. than that of the infinite plane plate, however, vs is altered as if the vibrat-
ing body were loaded to a certain extent by the water. As a rough rule, it may be
said that damping by emission of compressive waves will be large or small according
as the lateral dimensions of: the vibrating segment of the ship are large or small as
compared with the wave length in the water. Thus, the commonly studied oscillations
of a single panel, at a frequency of perhaps 10, corresponding to a wave length of
500 feet, should be only slghtly dauped, as observed.

It should be remarked, however, that the time required for the propagation
of elastic impulses along the bulkheads should also be taken into consideration.



190

IV. R3PWTS OF PPS.UI WAV 30
1o. DIGT-WMDTN ONSIDAPATZONS

10. jNERGy-QOjMMTU CONSIDERATIONS
In designing a structure to resist damage by an explosion wave, it may oe

more helpful to view the effect on the structure in terms of energ) and momentum
rather than in terms of pressure. The energy and the momentum broyght up by the wave
must be either reflected back into the water or absorbed by the structure.

If the structure is rigid, the energy is completel, reflected. Since, how-

ever, compressions are reflected as compressions, the particle motion in the reflect-
ed wave has the opposite direction to that in the incident wave; hence the MoAentu
taken up by the structure is twice that brought up by the incident wave. Further-
more, the process of r6flection occurs in this case simultaneously with that of in-
cidence. Hence the doubled absorption of momentum requires doubled areases and
strains in the structure (in addition to a possible further increase due to resonance
effects).

To decrease the absorption of momentum, the structure must yield to the
wave. If it yields, however, a fresh complication arises; for then it will take on
part or all of the incident energy. Two alternatives are then open.

The en-rg) may be converted into heat by means of friction and permanently
retained in this form in the structure. If this is done, perhaps by the use of nor-
elastic materials, the impact of the explosion wave is handled somewhat a.. is the re-
coil of a gun, whose energy of backward motion is absorbed .n dashpots.

If, on the other hand, the ztructure is made resilient, the energy will be
returned into the water in a reflected wave, accompanied by the usual amount of mo-
mentum. As in the case of rigidity, therefore, the total amount of momentum ab-
sorbed by the aLracture will be twice that brought up by the incident wave. With the
resilient structure, however, the process of reflection occurs partly or wholly after

the incidence of the wave. Hence the doubling of the maximum stress is avoided. The

general concussion of the vessel may be about the same in either case; but with the
resilient structure the probability of ruptur'e or deformation shoild be loss. This
conclusion appears to be illustrated by the case of an ice breaker sheathed with 4

feet of wood, again8i, which a mine was exploded. The general damage throughout the

ship was appreclable, but the local damage to the sheaLhing and to Ue bLeol hull was

negligible.

As to the desirable amount of yielding, the theoretical answer is, the more

yielding the better . The results deduced from c'lculation in the foregoing simple

cases indicate that as the yielding increases to large values the absorption of en-

ergy decreases again; the absorption both of energy anl of momentum tend ultimately

towad zero (see Figure 10). The ideal procedure would be, therefore, to make the

skin of a ship easily movable in 'directions perpendicular to its surface and to sup-

port it only by means cf very flexible springs or by air pressure. Then, a the cal-

culation for a thin plate shows, the pressure wave would be completely reflected, its

only effect on the ship's skin being to displace it inward an inch or so. No damage

would result, and the concussion would be negligible.
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Aside from the practical difficulty of adopting such a mode of construc-

tion, the following consideration raises doubts as to its complete efficacy. From
a highly yielding structure, a compression wave is reflected as a wave of almost
equal rarefaction. There is a limit, however, to the tension which water will stand,

especially when in contact with solid objects. During the later phases of the motion,

therefore, the water may pull loose from the yielding structure, with the result that
the structure will not be brought entirely to rest during the rarefaction phase but

will be left with a high inward velocity. Or, cavitation may occur in the water, with
the result that a layer of water next to thi atructure will also be left moving in-

ward. The supports may or may not be adequate to check this motion without damage.

Little is known concerning the magnitude of the tension that natural sea-water can
stand momentarily without breaking.

Direct experiments on the effect of pressure waves upon highly yielding

structures should be illuminating.

IV E.OF PRESSE WEAVS
1. D"MIA 310

11. OBSERVATIONS OF DAMAGING RANGE
In illiar's report (1) extensive observations are ree-rded of the damage

inflicted upon empty H4 mine cases, made of mild steel 1/8 inch thick and 31 inches

in diameter. The degree of damage was founa to vary rapidly with distance from the
exploding charge, being heavy at a distance equal to three-quarters of the minimum

distance D at which no damage at all is produced. Thus it laecomes of special impor-
tance to determine the critical range D as a function of the weight Wof the charge.

A partial answer is furnished by Hopkinaon's rule of similarity: "The dam-

age inflicted on a given structure by a given charge at a given distance will be re-

produced to scale if the linear dimensions of the charge and structure and the dis-

tance between them are all increased or diminished in the same ratio.* This rule can
be deduced theoretically, and "its validity has been proved experimentally for charges

differing very widely in magnitude."

As the result of extensive observations, Hfilliar concludes that, for a given
structure, the damage range D is approximately proportional to the square root of the
weight of the charge.

By combining this result with Hopkinson's rule, a general formula can be
deduced. Letting L stand for a convenient linear dimension of the structure, we have
from Hilliar's result that

D- W f(L)

where f is a function not yet known. Changing all linear dimensions in the ratio r,
we must have then

rD - (r3 W)i f(rL)
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Hence

f(rL)= f(L) W DL

in which D. is a constant. Thus on similar structures

For a structure like an H,4 mine case, of diameter L feet, ana a charge of W pounds of

TNT or amatol,
D7.6W WL - fe et

Or, we can say that the damage on any structure distant R from the charge is

where F Is a function depending on the type of structure.
Seeking a physical basis for Hilliar's result, we note that neither the

pressure nor the impulse varies as %4. It could be stated, however, that an H4 mine
case "begins to be damaged when the energy flux exceeds about 5 foot-pounds per square

inch." Hilliar is of the opinion, nevertheless, that this relation with the energy

is fortuitous and that the significant quantity is more likely to be the time inte-
gral of ;he excess of pressure over a fixed value, J( p - k ) d t, where k depeads upon
the structure. On this view, on H4 mine case begins to be damaged when f(p - 200) dt
exceeds about 360, p being in pounds per square inch and t in milliseconds.

V. SURFACE PREMNENA'I

V. SURFACE PHENOMENA OVER AN EXPLOSION

The surface of the water over an explosion behaves in a manner that is full

of iuterest and often spectacular. These phenomena are of comparatively little prac-
tical importance, however, and will only be summarized here very briefly.

Three distinct effects are noted:

(a) At the instant of the explnsion, the surface of the water seems to be

agit.ated, and a light spray may be thrown up. This effect is not noticeable if the

explosion is very deep.

(b) During the next second or two after the explosion, the water rises into

a flattish *dome" which is often whitish in color and may attain a height of 50 feet

or more. As the depth of the explosion is increased, the maximum height of the dome

diminishes, and finally no dome is formed (e.g., there is none from 40 pounds of TNT

or amatal 60 feet deep or 300 pounds 150 feet deep).

(c) Plumes of spray may be thrown up. If the charge is only a few feet below

the surface, the plumes break through the dome while the latter is still rising, and
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my at.n at ma ium height of am uoh as 0 feet. An the depth of thu explotr io is

inareaed, the plumes became leas marked and also appear later, they may break through

ties d. 1t the instant when the latter has attained its greatest height, or when it

is minking again, or the plumas may not &pAr until after the dome has disappeared.

M'inalty, at great depths, io pluae are formed, but a minute or so after the explosion

a %a** of oreaq water pours up to the surface.

All writers agree that the initial agitation of the surface ic produced di-

rotly by the pressure wave, and that the plumes are thrown up by the exploded gases
as they ewoape thrugh the aurfaQe. Various theories have been offered, however, as
to the aume of the dome.

Hilliar views the dome as an indirect effect of the p)-,aure wave, arising

from the fact that water can stand only a limited amount of Len.ion. In the process

01' retleotion f rom the surface, the pressure wave firat gives to the water a high up-

ward velovity, then endeavors to jerk it to rest again as tension develops below the

aurfaov. Pits of the surface may thus be jerked off, formine the initial spray 'hat

Is cometimes observed. The water may also become broken to a depth ot several feet,

and in thia case it will retain part of its upward velocity and will rise until

checked by the action of gravity; a temporary dome of water, filled with bubbles or
vacuous orevioae, will thus be formed.

The explanation of Oie dome just described sounds plausible. Upon reflec-

tion ut a free surface, the particle velocity of the water should be doubled.

Uill ar's roport lists 43 domes due to charges fired a long way above the bottom of

the water. In all oases, calculation shows that the velocity required to project an

object against gravity to the aaximum height of the dome is less by at least 20 per
c, nt thrn twice the calculated maxima velocity due to the reflected pressure wave

t. Ue surface of the water.

A final remark may be added concerning the explanation of the great height

to which the plumes sometimes rise. Hilliar records a height of 1,0 feet due to 300

pounds of TNT fired at a depth of 34.5 feet. As the gas approaches the surface, it

will occupy a volume which, If spherical, might have a diameter of 20 feet. Even if

this were flattened down to 1 feet, we should have the pressure due to a water head

of 10 set transmitted upward through the gas against the last layer of water, a foot

or so thiok, so that this water would experience a momentary acceleration of the order

of 10g and would be thrown violently upward. It is plaubiblo that actions of this

kind would be capable of projecting water to the heights observed.
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ArPENDIX I
SMALL AMPLITUDES

For convenience of reference a summary till be given here of neein parts.
of the theory of compressive waves. For references see eapecially, besides books on
sound, Lamb's Hydrodynamics and references to Riemann (10), Rayleigh (11), Becker
(12), Boll$ (13), and Epstein (14) at the end of the report.

It is convenient to divide compressive waves arbitrarily into three types,
which will be discussed in turn. It will be assumed, except where atated, that ef-
fects due to heat conduction, viscosity, and thermal hysteresis are negligible.

I. WAVES OF ISMALL AMPLITUDE - THE LINEAR THEORY
As the amplitude of compressive waves is made progressively smaller, the

waves come to posess more perfectly certain simple properties; in the differential
equations deserlbing them, certain ters become negligible and the equations are then
of the type called linear. The stock example ia ordinary sound waves. The properties
in question, predicted by theory and confirmed by experiment, are:

1. UNIFORM VELOCITY
The velocity c at which the waves travel through the medium is given by the

formula

where p is the pressure in the medium and o is its density. The value of c is inde-
pendent of wave length, and the relatio. between p and p follows the adiabatic law.

In water, c increases slightly with rise of temperature or with increase of
pressure. Some values of c at 15 degrees centigrade (59 degrees fahrenheit) and 1
atmosphere, expressed in feet p-" econd, are:

Pure Water Avera Steel Copper Air

C = 4810 4930 16,400 11,670 1120 ft/sec

2. UNIFORM FORM
The Form of a plane wave does not change as the wave progresses.

3. SUPERPOSABILITY
Small waves can be superposed on each other, as occurs when two trains of

waves meet. The resultant pressure is the sum of the component preseureL, the re-
sultant particle velocity is the vector sum of the particle velocities. The energy,

however, exhibits the familiar phenomenon (f interference, in exact analogy with

light waves.
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4. PRESURE AND PARTICLE VELOCITY
Pressure and particle velocity are definitely related to each other in pro-

gressive waves. *  The form of this relationship is somewhat different, however, in
plane end in spherieal waves.

In pla. waves the OpressureO p (i.e., the excess of pressure above normal)
and the particle velocity u are related by the equation

p - pcu (2)

where o is the density of' the undisturbed fluid.
The coefficient pc may be called 'he acoustic or radiatl.ve impedance of the

fluid (also called ':acoustic resistivity,' although no disoip ,.u of mechanical
energy is involved). Some values of pc are as follows, expreoned for convenience in
units suggetel by the relation, pe a p/s, the pressure p being expressed in pounds
per square inch and the velocity c in feet per second-

Pure SveWt.ge Steel Copper Air (15 degrees Centigrade, 76 cm)Water Sea Water I

PC (By/t 64.8 68.17 1720 1400 0.0185

In English gravitational units, the values of pe are equal to tnose given here multi-
plied by 144. The value of pe is more than 3000 times as great in water as it is in
air, because both the density and the elasticity are much greater. Tn a sound wave,
where the pressure is 1 pound per square inch above normal, the particle velocity is
less than 1/5 inch per second in water but 34 feet per second in air.

As a spherical wave moves outward from a center, the magnitude of the excess
pressure, positive or negative, decreases in inverse ratio to the distance r from the
center. The particle velocity, however, does not possess a unique relationship to the
pressure at the same point, as it does in plane waves. The reason is that the decreame

i in magnitude of the pressure as r increases gives rie to an additional component in
the pressure gradient, over and above that component which is involved in the propaga-
tion of the wave; and becaure of this additional pressure gradient, a compression

acce.ersates the water cutward while passing through it, whereas a rarefaction acceler-
ates it inward. The aaditional acceleration thus produced by spheric-l waves is pro-
portional to p/r.

The particle velocity u in a train of apherical waves spreading out from a
center, at a poLat where the excess pressure is p, is given by the foimula

+ + fp'd ' + u( [31
' pr f'o

Here u is called positive when its direction is outward. The symbol u. stand? for the
particle velocity at the point in question at a time t, at which p n 0; andf pdt

$$
The Lori "progressive* is wa.nt to imply a disturbaice travelin in a definite directior., as opposed

Lo "stending" waver or any other eadmixture of nrogressive wave traius.
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is the integral of the excess pressure with respect to the time, or the impuise, at
the point in question from time t o up to the time t to which u and p refer. Since p
itself falls off as l/r as the wave moves outward, the additional velocity represented
by the second term on the right in I)] veries from point to point as I/rA. This term
is thus of importance only near the source of the waves.

The name after low will be given to the part of tht velocity represented by
the second term on the right in Fquation [3]. Each part of the pressure wave, as it
passes outward from the center, makes a contribution to the afterflow whose magnitude

is proportional to 1/r 1 .

5. ENERCY AND MUMM2TUM

In plane progressive waves of small amplitude the energy at any point is
half kinetic and half potential. If E is the energy density or energy per unit volume,
and M is the momentum per unit volume,

E p U- , MM -pU m -  (4a,b]
Pe C

If I is the intensity of the wave, or the energy transferred across unit area per sec-

ond as the wave advances,

I - CE -p Cis - (5]

In sea water, if 1,, denotes I expressed in foot-pounds per square inch per second,

and if p. denotes p expressed in pounds per square inch,

'in pi [~P, 61

In small waves the energy transferred equals the work done by the pressure p on the
water moving with speed u -p/pc.

APPM TA 1
2. REFLETIO OF W&VZS

II. REECTIn*4 OF SMALL-AWIITUD WAVES
When r plane wave encounters a plane surface at which the nature of the med-

ium changes abruptly, the wave divides into two waves, one of which travels into the
second medium as a transmitted wave, while the other returns into the first medium as
a reflected wave. The conditions to be satisfied at the interface are that the net

pressure and particle velocity must be the ea.'e on both cides of the interface.
Let the incidence be normal, and let p, p', p" denote the excess pressure

(abo-.e normal) in the incident, transmitted, and reflected waves, respectively (Figure
14). LAt the particle velocity te measured positively in the direction of propagation

of the incident wave. Then, if u, u',u" denote the corresponding particle velocities,
end if p4, e, and Ps, c denote density and speed of sound in the first and second
mediuma, respectively, we have p o c1u, P pacau', p" = - pC, u"(the negative sign

because'of the reversed direction of propagation). At the i nt,-f.ce
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p + p" -.. U + U" an U

or
-P- P" "p2-

PIC1  p1Cl P2c2

S o l v in g , . 2 2  c 2  p a s s - C U M

' ple + p 2 C2 P, P" V c P Pacb]

The refleetion oeffic aunt, or fraction of the incident energy that is re-

flected, is

R (0 - Pie I)?\P1C1 + PAe 8

We note that everything depends

upo,, tha acoustic impedances of the medium.

If these are equal (pic, m poc-), no reflec-

tion occurs. If p4I< pac., p" and p have

the same bign, that is, cnmpressions are re-

2 flected as compressions and rarefactions as

rarefactions; if Pic,> pce, p" and p have
l opposite signs, so t:,at compressions are re-

flected as rarefactions, end vice versa. If

c2=0, or if pl- 0 as for vacuum, R = 1, re-

-___ U flection being total.

Some numerical values for waves in

sea water reflected from various mediums are:

Steel Copper Air

R 0.85 0.82 1 - 0.0011
Figure 14 p/p 0.92 I 0.91 - 0.99946

1. OBLIQUE INCIDENCE

If a plane sound wave falls upon 2

a plwne interface at an angle of incidence

* (Figure 15), the problem of reflection is got

easily treated provided one medium can be

assumed to slide without friction over the e
other. Then, equating components of the

particle velocity perpendicular to the in-

terface in the two mediums, we obtain ., "

P. 2pi scoe >
P" ptc2 auG + pc o0

p" I p C, c0" [9a,b]

P P2C2caso + ,,orFigure 15



200

2I RMICTlbN oF WAVES

9' being the angle of refraction so that

ca sin e - c, sin 01

As before, the coefficient of reflection is R- (p,,/p)a.

If, however, as in all actual cases, sliding between the mediums does not

occur, the boundary conditions cannot be satisfoed merely by superposing upon the in-
cident wave a reflected and a refracted one. A local disturbc .ce must then occur near
the interface, which involves shearing motion in both mediums. There should, however,

be no appreciable effect upon the waves, so long as the amplitude remains small. If
the waves are not sphericsl, or if ca sin&>cl, so that total reflection occurs, the

phenomena at the interface are more complicated. Special effects due to this cause
are utilized in geophysical sound-ranging.

APPMD1iI 1
3. FINTE hPLITMDFS

III. WAVES OF FINITE AIPLITUDE
Waves of appreciable amplituae should possess none of the properties listed

for waves of indefinitely smell samplitude, except it approximate degree as the ampli-
tude becomes rather small. In water, effects of finite amplitude should bc a reci-

able at wave pressures exceeding 2000 pounds per square inch.

The various parts of a wave of finite amplitude travel at different speeds

for two reasons. In the first place, the wave ip carried along by the medium in its
motion; and in the second.place, the wave velouity itself usually increases with in-

creasing density of the medium. Hence regions of higher pressui* are propagated
through space faster than regions of lower pressure. Consequently, a compression, as
it advances should become pro-

gressively steeper at the rear,

as suggested in Figure 16. There

is sme experimental evidence in P >°0

support of this conclusion from

theory, at least .n the case of

sound waves in air.

The final result of
such a procese would obviously < 0

be the production of infinite

gradients, i.e., discor..inuities Figure 16

of prissure and of particle ve-
locity. When a discontinuity comes into existence, however, the ordinary laws of
hydrodynamica fail. A special theory for the further propagation of such discontinui-

ties has been given by Riemann (10) and Hugoniot (15). This theory will next be de-

scribed.
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IV. SHOCK FRONTS

Let P be a plane dividing the medium into two parts, and let the total pres-
sure in the medium be p, on one side of this plane, and p, on the other side. Let the
corresponding densities of the medium be A, and Ds. Let the medium on tie first side
be moving with velocity u,, and that on the second side with velocity up, the motion
being perpendicular to the plane and the positive lirection for u being taken from
medium 2 toward medium 1 (Figure 17). Thus at P a discontinuity may exist not only in

thp pressure and the densfty, but also in

the particle velocity. It was shown by Rie-

mann that the aIss of the conservation of
2 I matter and of momentum could be satisfied by

assuming that the discontinuity at P propa-
gates itself from medium 2 into medium 1 at

P, ,1 at a velocity U given by Equation [111, pro-
U vided u, and ua have values such that Equa-

P2  p, tion (12] is satisfied. Such a self-propaga-
ting discontinuity is called a shock front.

As the shock front advances, suc-
cessive portions of thc medium unde,'go a

P discontinuous change from density p, and

pressure p, to o and p,, at the same time
being accelerated from velocity u, to u,.

Figure 17 It was pointed out by Hugoniot that a certain
change in the energy of the medium would also

be required by the law of the conservation of energy. He showed that if E,, E, denote
the internal energy per unit mass of the medium in the two regions, then the difference,
E,- E , must have the value given by Equation 113). In ordinary sound waves E varies
with p accordhig to tLe law that holds for adiabatic changes of density, the change of
E representing the work done by the pressure in compressing or rarefying the medium.
To satisfy Equation (131, E must vary with p more rapidly than according to the adia-
batic law.

Now it, the phenomena of viscosity and of the conduction of heat we are fa-

miliar with irreversible processes by which the internal energy of a medium can be in-
creased, with an accompanying increase in its entropy. No process can be imagined by
which the energy might be decreased; probably such a process would violate the second
law of thermodynamics. Hence it is assumed that a continuous irreversible conversion
of mechanical energy into heat occurs in the shock front, of sufficient magnitude to
make Equation (131 hold. The energy thus converted is brought up to the shock front
aR it progresses by the ordinary processes of mechanical transmission of energy through

Lhe medium.
It can be shown that positive amounts of energy will be delivered to the shock

front only if Ps>Pi, &nd hence p,>p1 . Thus only shock fronts of compression can occur.
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In such a shock front the medium undergoes a sudden compression, a.Ad its temperature
rises by an amount geater than the rise of temperature due to an adiabatic compres-
aion of the same magnitude.

A further condition for the existence of a shock front may be derived from
Equation [12], in which the positive square root is meant and hence it is necessary
that u .>u,.

Thus we have for the velocity U with which the shook front travels in the
direction toward medium 1, the change in internal energy of the mealium produced by its
passage, and the necessary conditions for its existence:

U , - + _- ( P t i l1

,- , -- ( , + P )(, - 1) (1]

2 (PI+ PI)A Pt[13]

U2, > lf P,> Pl, P > Pl [14)

Equation [13] is known as the Hugopiot re'atiom
From Equation [11] it can be shown that the shock front advancec through

medium 1 faster than does an ordinary sound wave in that medium, whereas iti speed
relative to medium 2 is less than the speed of sound in that medium, i.e., if cl, ea
are #,he respective speeds of waves of small amplitude in the two mediums,

V, P, Z 01. I/0 ;7 - a

It follows that no effects from the shock front can be propagated into medium 1, and
the values of pl,p,, ui, will therefore be determined by conditions elsewhere in that
medium. Effects of conditions elsewhere in medium 2, on the other hand, propagated
with the speed of sound, can overtake the shock front. We can vegard these effects as.
furnishing one condition for fixing the values of ps and ux just behind the front.
Equatinas [12] '-d [131 furnich two other conditions for the determination of the
four quantities p., u,, p2 and E2 ; L.Ad a fourth relation is furnished by the function-
al relation between E, p and p that is characteristic of the medium.

Since the existence of a shock front involves a continual dissipation of

energy, it may be expected that shock fronts will usually weaken as they advance and
ultimately disappear. As the ratio pa/p, or pu/ps approaches unity, a shock front
appraximatea to an ordinary sound wave, and its velncity of propagation U reduces to
the speed of sound.

In a physical meditsm, actual discontinuities are doubtless imposeible. If
,.he theory is amplified so as to allow t-r the influence of viscosity and of heat con-
duction, which are ignored i, the ordinary theory of compressive waves, it is found
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that there is a limit to the steepness of the pressure gradient that can be propa-
gated through a medium (11), (12). Waves of intense steepness can occur, however, in
which conditiona on the two sides of the steep gradient are related by the shock-froat
Equations, [111 to [14]. Such waves might be called ph es Aock Jrote, in con-
trast to the mathematical shock fronta just discussed. The thickness of a physical
shock front should be of microscopic magitude (for the method of estimating, see
ferene (12)).

The theoretical determination of the distribution of proeu * within wi in-
tencti physical shock front present* a difficult problem because the ordinarl theory of
viscosity and of the conduction of heat W be expected to fail when the thickness of
the front ceases to be Iage as copa"e with the distance& between molecules.
Turthermore, various forms of thermal hysteresis are likely to occur.

A certain amount of experimental evidence exists in support of the theory
of shock fronts, especially as to the occurrence of speeds of propagation such exceed-
ing that of ordinary sound waves.

Dtonation waves in explosives are believed to be shock waves in which a
chemical transformation occurs almost Instantaneously as the wave passes. Because of
the chemical change, an enormous rise of temperature occurs, and the pressure in-
creases, as the wave passes, such more than it would owing to tke increase in density
alone.

I1
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APPENDIX II
RADIAL NON-COMPRESSIVE FLOW ABOUT A CENTRAL CAVITY

I. FUNDAMENTAL EQUATIONS
When incompressible howogeneous liquid flows with radial symmetry about a

point 0, its velocity u outward from 0 can be written

where r denotes radial distance from 0, and u, the velocity at r - 1, which may be a

function of the time. Suppose the space within a sphere of radiui r. about 0 is free

from liquid; it may be empty or it may contain gas. Let u denote the value of" u at

r - r,. Then u, u, / r, I and we can also write

(2]

Because of this simple distribut,.on of the velocity, it is possible to in-

tegrate the equation of notion of the liquid,

t ar pOr

where p is pressure, t is time, p is density. From (1]

r(4]

Hence we can write [31 in the form

U. +1. U2 + =0

Taking dr of each term in this equation and noting that

f- = L a j dr - p(, - p," r2 r , -P or

where p0 is the prescure at infinity and p that at distance r, we obtain
I d U u. 1U+ 1

r t 2 p (P-P)= 0

P _ (I~ d~ u.r - I u2) + p. (5]

This equRtion can be written in two cther useful forms by using (4] or ty writing,

Irom Ell, u. -r 6u

d1 21 p

__ p (r,2 U') U Uj + P0 (7]

Equation (6] expresses the pressure p at any point in termo of the velocity

near that point. Equation [7] cnnnects p "..th conditions at the cavity. Another ex-

pression for p, containing the pressure p0 at the cavity, is obtained if we write down

L51 for r - r. , namely,
= pg
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and eliminate vR between this equation and (51
I P Pl P, - ,(. + ' .1 ' + (8)

The impulse at any point distant r from the center can be found from (6] or [71

J(p - hb) dt -prAtt - Yl pjtt'dt - EA (rt*u,) - lpfusdt [9]

where A denotes the change of a quantity during tW ti-LO of integration. If r is
large, fus't can be neglected.

APPMI) 11
2. SCILLATIOS

II. OSCILi4TIONS OF A BUBL IN INCORESSIBLE LIQUID
Suppose now that the cavity contains gas of negligible mass; let the gas be-

have adiabatically, losing or gaining enery only by doing work upon the liquId. An
equation of motion for the bubble of gas can be obtained by putting in [7] p a p
r a rw and u a u., carrying out the differentiation, and noting that '& a dr,/,t:

re_- P dr + re + P.Oe
['1L (dt! ) dtJ

Multiplying this equation through by rI dr /dt and then integrating with respect to
the time, we obtain successively

Jp.r.2 d r, .1.p P "'s + port + coi. (11

Now the volume of the gas is 41r1
,,. m. [121

hence

Or4ff (13]

where W is the enerv7 of the gas. Thus we can write
fhrolt d rw " - + cont.

Then Equation (111 can be written
(d,,' C _ (141
~dti : ip*

where C is an arbitrary constant dependent on the initial conditions. If the gas is
ideal, and if the ratio y of its specific heats is also constant,

w. hY p,# - A onsat.

and, using (121 we find W. ( a s) - AI
2ffp: -(TY~ 

21rp(y -1) (15]

I4
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4? [ APPUDIX 1
12. OSCILLATIOS

In any case, let the conatant of integration in W be so chosen that W>O.
Since %.oo as rb ) 0, the right-hand member of C141 is negative at r. * 0 and

at re = . If C is large enough, however, it will be positive between two values
a r, and ro a ra whinh are the roots of

W. 0 (16]
r, 2,rpr: 3 p

Then the bubble will oscillate between the radii r, an( r, with a period T givdn by

T , ( 2f 4) dr, [17]

the integrand being given in terms of rv by (14]. Even if the gas is ide'l. the inte-
gration involves, in general, unfamiliar functions.

1. SMALL OSCILATIONS
Lat ro be the value of r at which the bubble Is in equilibrium, with its

pressure p, - p0. If it in slightly disturbed from this position, It will execute
simple harmonic oscillations about rp - ro. For such motions, we can neglect (dro/d)
. n Equation [10] and also put r9 * r0 obtaining

d 2r 1
i . - (p - 

p
°)

dt 2 P ro 0
Since p. - po is small, we can write

db
d r,

The period of the oscillation is, therefore, from the usual formula for
harmonic oscillations,

To- 2[(P r( ) (18]

the derivative being evaluated at r, a ro.

If the gas is ideal, so that pv%? • p9 (4nr,8/3)" - const.,

Hence

- (r - 19]

2. LARGE OSCILLATIOfNS
As the amplitude of the oscillation increases, the period, given by (17],

increases slowly. For r./r, a 5.9, nuaerical incegration gives T - 1.30 To (20).
When the ratio r2/r, becomes large, a good approximation can be obtained as follows:

At r a r, the term containing Win (16] or on the right in [141 cannot ex-
ceed the term containing C, else the whole would be negative. As r increases from r,,
the Wterm decreases faster than the C term. Hence, if ra/r, is large, the Wterm is

________ I ____
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olithle over moat of the ae'tev frrom I, to re and especially noear i a r,. Let, us,
thcrtfort, Atop this tortA Altogother, Then (16) dives

" - 11. 1 1201
Furthrmr., mince the range of integration greatly exceeds r,, little error will re-
Ault if we Also extend the rango back to r, m 0. Then (17), (14) and (201 give

'Then
r'- 2 (Loi ",I r.

The integral can be exprusae in twrms of' gamm~a functions or evaluated numerically;
it value t) 1.124.

In the applications, however, it is more convenient to express Tin terms of

the maximum enerl W+ of thi. gas, which is its eder~y at sinimum size, when r0 u r,.

Since I',/ri is assumed Thrgo. it is evident from (20] that, when ro * r, thc first
ttm in (16] is much lrger than the thir and must, therefore, be nearly equal to the

second. Hence, with the help of [203,

1_.C_2 pQ ,a r(3W 21a,b]

approxtmately. Thuc, evslu Ling the constants,

T - 1.83 , l.14plpo 1 (22]

valid for large ro/r, (petrhaps rx/r,>10).

APP&dDIX It
3. PRESSURE ANu tIuMPiUS

III. PRPFSURE AND IMPULSE IN TRE LIQUID
Tho pres,.re p at any point in the liquid, as the bubble oscillates, is

given by (8) in terms of the pressure p, of the gas and the velocity u, or dr/dt of
the interface, which is given in turn by [14]. Or, in Equation [71 the pressure is
given in terms of r, and u,. To find p as a functinn of the time, Equation [14] mus'x
bo integrated.

Expressions for the impulse in the liquid are eacily obtained from (6] and
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(7]. At lavjiv +, the Bermouilli te*rm1/PJpm8 can be neglected. Hence, integrating,
we obtain

f(p- po)dt - prA A- A ( [23)

where u denotes the velocity of the liquid at the point in question, and d the tottl

change during the time covered by the integration. The value of r is held constant

here whereas r,, varies with the time.

The total positive impulse during an oscillation can then be found, provided

we know the maximum value of r u,. From [14]

W 2E 4) 243U, (C,+ r p, - 'k1" r"
This is a maximum for such a value of r. that

S W _ - I r ,.O
C -2rp 8 p e

In the case of large oscillations, i.e., large r/t,, this last equation can be solved

approximatoly. For then we can write it, using [20],

2 
W 8 2vrp

The value, r, - 4-1 v', is too large, for it makes the left side of this equation zero;
but for such values of rg, as we have seen, W/21rp is small as compared with C or (2po/

3p) ',. Hence a small decrease in r, will satisfy the equai.ion. Neglecting this de-

crease, we have, therefore, approximately,

4+
Inserting this value of r, in [24], dropping the term in W, and using (21a,b], we find2 e(e 1 - po-  8W

Inserting twice this value for 4(r,'u,) in [231], we obtain finally for the total positive
impulse, during the part of Wie oscillation in which p> po, at a large distance r from
the center,

f+.(p-pO)dt .. 482 pi pO" w [25)r
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Abstract

The fundamontal equationo of the hydrodynamio tho r of one-dimenioml .

shock waves, i.e. the oquationn of conservation of :ws, momentum and energy,

are developed. These are used to calculate the properties (velocity, loss-

velocity, temperature and pressure rise) in shook wmves in eir and water.

With one additional equation, they suffice to permit a oaloulation of de-

tonation volooitio-j in -rseous and solid explosives. Predictions of de-

tonation velocities cm n function of loadinrg density are thereby achieved,

accurate to a few percenIt. Presmures, temperatures and zoss-velooitiAs

inside the explosive are also computed. The question of the refaction

wave following the detonation front in the explosive is investigated. The

initial velocity) pressure etc. of the shock wave produced at the end of a

stick of explosive are calculated successfully. The aying away of shook

waves, problems of reflection etc. are also discussed briefly.
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Symbolst

* On an eqtu~tion no., means for idoal ases only.
11as Fiuhnnriptig, refer to initial and final state.

a velcity of sound In ideal gas at Pl, V1.
b Cv/nR (Sea. 20).
0 velcity of sound.
o)a speoifio hoats at conistant V and P.

d Rifferential symnbol,
o base or exponr.ntials.
f arbitrary function# Eq. (103).

h arbitrary function of T (Sea* 20).
i subscript. mneaning ideal state.
k constant in i1q. (89), also subscript for kth produot.
no n2 no. of moles of -,aseouE products from M grema of explosive
q no. of carbon atoms
r no. of hydroaen atoms
a no. of oxy~en atoms
t no. of nitro(3en atoims, also time
v volume ocupied by M -Xams
* piston velocity
* oartesian ooordina tevalso abbreviation for Khfv.
y abbreviation, Eq. %;)
z abbreviation, Eq. (73).
A cool'. In heat capacity Eq. (54).
B t f I! it to it

C heat oalinoity at constant volume (m Grma), Z moan heni capaoity.
I) detonation or shook vave velocity.
R internal ener.-y per unit msa.
F function of x, usually 1 + xe P3 x.
T oubscript meaninG differentiation alonr, flwgoniot curve.
Hf heat of forwmation
K oovoluina constant, Eq. (51).
M molecular weight.
P pressOUre (usually Oo.O@a Unite).
Q heat abore at constant volume per 141arama.
R raa conotant per mole.
S entropy per g~ram.
T absolute temperature.ST' constant of integration (,sec. 20).
U ao velocity.
V specific volurne.
X coordinate of~ piston
c4. cnotant in "q. o~f atatc.
03 It ft if It to

Sop/ov

abbreviation Eq. (15).
A4 1 Eq. (1).

01 thickness of alice.
density.

%f time for piston
91 anj~le in Eq. (21).
W abbreviation, Eq. (90).
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AST I. BASIC PFRINCIPLES

1. Introfuotion

a. The detonation velocity. When a stick of explsGive is detonated from
one end, Lhe chemical reaction which occurs takes a very short, but never-
theless finite, time to travel to the other end. This velocity of propaga-
tion of the chemical reactiun is called the detonation velocity (D) and is a
constant for a Given material and density, provided that some conditions are
satisfied, e.g.: the stiok is not too narrow, the part. le size not too
lar1e, initiation was stro enough, etc.. The Trogress of the explosion down
the stick is accompanied by an immediate and very large increase in pressure
and temperature. in fact the pressure in the burnt (ases immediately behind
the detonation front may be as roat as one hundred thousand atmospheres and
the temperature my run from 3,000 to 5, 000 deerees Centijrade. In addition,
the burnt Gases acquire a very high forward velocity. Whereas the i;tonation
velocity, which is the velocity of progress of a conctiton and not of any
atter, may run from 3,000 to 8,000 meters per second (0a. 7,000 to 18,000
mph.), the actual material velocity falls in the ranhe 1,000 to 2,000 meters
per second.

b. The reaction zone. The time required for the explosive to react
essentially completely to the burnt oases is, under favorable conditions, so
short that the zone in which reaation is takinj place at any instant is ap-
parently very narrow. Consequently a mathematical plane dividing the un-
touched explosive from the burnin; matorial travels alonG the stick with
velocity D, followed very closely by the plane which divides the burninci
maherial from the essentially completely reacted gases. The rise in pressure,
LU 1upf'dtU8e and sterial velocity takes place in this narrow reuc;Lin ziuou.
Little quantitative information is available about the thicknens of this
zone except that it must be quite narrow. It may well be that this thickness,
which measures the steepness of the rise in pressure, is an important measure
of the ability of the explosion to cause deatrction. 'lowever, for the pur-
pose of caloulatin; the velocity of etonntion its 9xect value in not
important and for mathematical simplicity, the zone is assumed to be
inftnitely oarrow.

c. Rarefaction behind the detonation. Evon when the explosive is
strongly confi nd 7n a pipe with the end containing the initiator closed, the
reion of hIC;h prossure, temperature and material velocity must be followed
by a region in which the pressure and temperature are falling to somewhat
lower values while the rrteril velocity falls to ziro. Such a travelling
rn je of fallinr, pressure is called a r.arefaction wave. Its front moves
with appruximately the velocity D but; its back surface moves somewhat more
slowly, actually with the velocity of sound in the burnt Oasen in the condi-
tion in which they are left after the passage of the rarefaction wave. It
will be shown that the detonation velonnty D lo equnl to the velccity of
3ouni in the heated, compressed GasoI in front of the rarefactin wave plus
the material velocity of these gases. The rarefnction wav, thus continually
spreadL out.
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The rarefaction wave may affect the observed detonation velocity if the
retafaction wave follows so closely on tho detonAtion front that th- reOLon~

of reaction is overlappod by the rarefaction., This phenomenon bee been
little studied but nA-y account for the lover velocity observed in narrow
tubes., in which the radial expansion also produces a rarefaction wave.

d. Theory of finite waves. INiny of the above statements can be
verified by direct experiment, while othors arc coosquencas c±f t'he bydro-
dYnamic theory of detonation and shock waves,$ the subject of this roport.
This theory has been developed over the past oentum7 by many investictore
and is now quite universally accepted as a valid treatment of the general
features of the problem. The theory originally arose froL a consideration of
sound waves of finite amplitude so thait It is worth while discussing these
here.

The ordinary theory of sound is applicable only to waves of infinitesimal
amplitude. InvectimatIon ahove that that part of a compresuional pulse which
is of 'areter amplitude travels faster than the parts of lover amplitude.
Therefore the shape of the pulse changes as it moves alonC;, the top tendin:
to catch up w~th the frcnt. The pulse1 thus becomes steeper and stfreper. If
viscosity and thermal conduction (and the finite time required to establish
equilib!im) are neC~iected, the pulse will ultimtely acquire an infinitely
steep front; i.e. a discontinuity in pressure and temperature will be formed.
This Is called a shock wave. The mterial behind the shock wave also
acquires a forward mterial velocity.

The forz tion, of a discontinuous shock wave may be ndo to seem reason-
able by the followinG, qualitativo ar~ument. ' Let a piston In a I.on,. tube be
given a sudden smell velocity. A sound pulse will be formed which advances
ahead of the mnoving piston with the velocity of sound in the medium. The 6-as
in front of the piston and behind the sound pulse will be movir<; with the
velocity of the piston. Nov increase the velocity of the piston by another
sudden small increment. A second poulse will start travellinC; with the
velocity of sound relative to the RxovinG Cps and therefore actually travelling,
with the velocity of so~und plus the previous velocity of the piston. This
pulse will. thus catch up to the first one. Carry this procedure further and
it is clear that a pilinj up of pulses will occur which will produce a dis-
continuity.

e. R~arefaction waves contrasted with shock waves. Revorsing, the above
arGumenta, we see that rarefaction waves of finite amplitude will tend to
spresd out instead of pilinG up. In the absence of viscosity etc., rare-
faction waves are thermoynamically reversible phenomena, i.e., no chang~e of
entropy is involved and the ordinary laws of adiabatic expansion can be ap-
plied. Shock waves on the other hand are irreversible; there is a continual
dissipation of energy into heat. This my seem etrange when viscosity, etc.,.are nealected but if the shock front is infinitely steep, dissipation can be
aused by infinitaly eal values of the viscosity and heat conduction.

f. Basic winciples of hydrodynmic theory. It is assumed that every-
where in the internal there is conservation of' mass and energy an , that all
motions are Governed by Newton's lawa. P'urthermore, for simplicity It is
usually but not necessarily assumed that the viscosity, thermal. conduction
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and wall ondiutiLn aro neI:ln<ibla. Tn any numnrlcal calculntin it Is also
necessary to) hav, equation cf state and wreulflla haL datia for the materials
involved. Upcn t.hco o imlc Pnd unqu-atimmnLbly vA 1-t rondations it is pos-
siblo to build a thery which is calpable of predicting u considerable frec-
tIon of the observe4 facts and in addition provJdinr, information not yet
capable of direct observation.

2. Basic Differential E1uations

In re(-ions of spacoe and time in wach nc ,liaaontinuities occur, the
basic equAtions of ccnoervatton of mass, moinentwu and enorgy can be expressed
as differentinl Cquinti.no.

a. Conservation ..)f mas. Consider a very thin slice of the material
in the tube. Lt the thickness of the slice be , its pressure P, its
density ( and th absolute velocity U at any instant. The position of the
slice alon; the len~th of the tube is iiven by the coordinate x. If the
matter in the back face of the slice moves forward with the velocity U while
that in the front face has the velocity U + , then the thickness of

the slice will chanre with time as follows:

dS_ = u(1)

The slice is a definite ixrtion of mtter so that its moss must remain
constant. Theref. re:

d ('(' , (2)
t

or, combinjnj, equ.tions (.) ana (2),

d (I - C ) U(3)

an equation which in an expression of the law of connervation of matter.

b. Conservation of monentur. Newton's law of motion can be expressed
as follows. The 'orce on th bacit face of Lhu lloo is P (for unit cros-

sectin) while tho force on the front Pace is -P- --- j. Condequently the
law W.' nution becomes x

dU P()

where V has been cancelled from both sides.

c. ConservatIon of enerny. The law of conservation of energy can be
stated in the form: the increase in the internal enerCdy and kinetic energy
of the slice in unit time equals the nec work done on the slice by the forces
on its feces in that time. The w' rk done on the back face is the force times

i
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the distance it moves in one second, or P!J. Consequently the ener g equa-
tion to

where I has aL,;ain been omitted from both sided. 2 is the internal ener3y
(chemical and thermal) per unit mass. This equation may be expanded and
then simplified by combining it with Dq. (3) and (4). The result is

dE (p/ P4 (6)dt dt

Eq. (3), (4) an4 (6) are the fundamental equations which must be satisfied
bye, P, E nnd U.

3. Conditions at a Discontinuity

The differenti.al equations of Soc. 2 jovern the situation vhei-ever no
discontinuities occur, but if there is a dincontinuity in C, P or U the con-
ditions of conservation limit the values of' the density etc. across the dis-
continuity.

a. Basic equations. In a time dt an amount of mars (j(D - U1 ) dt is

brought up to a movinc discontinuity (velocity D) from the right, if the sub-
script 1 denotes the properties imedately to the right of the discontinuity.
The cross-sectional area is unity. The mass ( 2 (D - U2 ) dt is taken away on
the left in the same time. When dt is made very small so that the layers on
either side are infinitesimal, the matter brought up on the right muat equal
that removed on the left so that

l(D- U1 ) = 2(. ), (7)

even if D is not a constant.

Similarly, the chan;e in momentum uf a very thin slice of matter of
mass (j(D - Ul) upon the pasaage of the discontinuity can be equated to the
force acttng; i.e.

Cj(D - ul)(u2 -Ul) = P2 - 31 •C()

Finally the wor'- done on the slice by the forces actin must equal
the increase in enery so

P2--271= &D- ui)(F,2 - Zi +~ - U1 ), (9)

whore Z is the internal onergy per unit mass.

b. Another form for bas-l equations. From the above equations by
straiGht al ebra one obtains (if V = 1/c )
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D U1 + Vi (P2 p1 / V1 2),' 10l)

U I  , - v2 ) , (i)

" - (Pl1 + P2 )(Vl v2 ) • (12)

Knowled o of the .quatilun uf juiLu anl heat ,apaolty enabloa cno to
calculate 1:1 - E1 as a function of P2 and V2 so that Eq. '12) becomea a rela-
tion botwoen P2 and V2 (for given P,, VI)s This is called the Rankine13

Huaoniot 7 relation. A typical curve of thia kind is shown in FiG. 3-1. It
should be noted that this curve

K Fis. 3-1

is not the same as either the adiabatio or isotheral P V curvem.

Since there are three equations involvinG the quantities, Fl, V1, Ul,
D, P, V2 , U, a kno-lede of Pl, Vl, U. and one of the others enables all

to be computed.

A snecial type of discontinuity satisfying the above equations is worth
notin,,. It is one in which D4UI=U2 , P2 =PI, but VIV 2 and T2 TI . Suci, a
diacontinufty (which iwy be a boundary between different kinds of 5aees, for
oxample) would not be stable fu r lonG if heat conduction and diffusion were
considered, but Is of practical importance in the shcrt time intervals 'f
interest here.

ThA no ',,tirn of a Siven problem is therefore determined If values of
P, V and U can be ound which satisfy the differential equations (3,I4,6)
wherever the properties are continuous, fit the relations (10-12) at all
discontinuities, and are such that U equals U of the pistons, If' nny, clooln-
tho ends of the tube.

4. 8imkie Shock Waves in an Ideal Gas

a. General considerations. A simple and yet important application cf
the basic equbtions is to the problem of a shook wave produced in a lierfec.
gas in a tube by a piston suddenly accelerated to a constant velocity w. Th.

______________________________________________
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situation is shown in Fi 5 . 4-2. in which the ordinate represents distance
alow; th3 tube and the abscissa remresents the time. The full line gives
the position of the piston as a function of the time, while the dashed line
showei the pro-rese of the shock wave Initiated by the sudden acceleration of
the Diston.

1,. Vl' /FiG. 4 -1

t

The region in front of the Gas is at rest with pessuro PI and specific

volume V1. The Cas behind the shock wave is at the hiCher nireasure P2,

lower specific volme V2 (higher density), and is moving with the uniform

velocity w, that of the Wtston. The values of P2, V2, w, P1 and V, are con.-

nected by th', three basic equtions of Sec. 3. The motion of the mp on
other side of the shock wave must satisfy the differential aquatins of Sec. 2.
Obviously, a mass of ,as of uniform density and pressure movin3 at a uniform
velocity dooe satisfy these equations. T.he three eqiutions at the discon-
tinuous shock frunt ere oust sufficient to apecify the unknowns D, P2 and V2
in ternis of the piston velocity v.

b. A2lication tc n If the heot carocity is assumed to
be constant, the energy of a perfect Gas is

, - ev (Tq_ - T, (1.7*

whore c,, is the specific heat at constant volume and T the absolute

tempera Lure. Insertion of this and the equation of state

=V B,/M

(R ia Cas constant per mole and M the molecular weight) into the basic
equt.Lons of Sec. 3 leads to the follnwin, results.

~~~ VY~ P1 V1

whre= + ')/I4a 1/4i (1 + (

and aT t vs ly I bit

* Fvuitionc valid for idoal gases only will be marked with the symbol *
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3ere a is the vel-oity of ordinary sound in the oriqinal medium, and
3= QP/Cv, tho ratio of the xpnzifio hoatn at constant pressure and volume.

This expresnion reduoes to D=a for waO, au it should, and to

D -4 (1 + W) w

for w larre. rurthermoro, accurately,

P2 - P-1 -- -w/Vl ,('t

(V/l 1 - (wlD) W- - -)(Y+ 1), 1)

and 2 - T- - [(P2 + PI)/(?2 _ P)] w21ev (19)*

The table shows the results of some oalculftions for shook waves in

air, based on these equations. Here a - 3.4 io0om./seo., ' 1.4,

V ( 380 cc. per 6ramr, ov  0.9 10o .rsa/G./dog., R/M = 2. 37 x 10
er.c/decG./gram, PL . 1 atrm.

W / 0.5 1 5 10 20

D/a 1.34 1.77 G.16 12.1 24

1,- 1.87 3.5 41 :L5,9 625 atm.

V2/ VL 0.6 0) .44 o.19 0.17 .167,

. T ; 120 °  1720" 6500' 25o00 C.

These results are obviously only illustrative, since the variation of
specific heat with temperatuie should be ta1en into account. They d.,
however, show thz.t very high tomperatures and velocities are accompanied
by relatively low preseres, which 0 In uareemunt with the fact that shook
waves in Pir aro nt particularly destructive compared with similar waves
in water.

More accurate results for nir are given in Sec. Ica where the variation
of specific heat is taken into account.
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PART IL. CkLAIAION Or, DONATION VELOCITIES

~Chal n4 -Joyf.t Condition for Detonation velocity

A detonation Vaive differs from a shock wave in that it is self-sustain-
inet. The enerCjy equation must include the chemical energy released by the
Ucploeive on decomposition. F~ther'e, the velocity of the detonation, D,
is not controlled by the velocity of the p...tou, nor indeed is a piston
necessary. There are therefore four' uamow quantities, D, P2P V2 and U2
and only three conditions (mass, =inetum and energy). A fourth condition
is therefore necessary. No entirely satisfactory proof of this fourth oon-.
dition has been aiven, but it is. cenwrelly accepted that it is

DP- U2 +~ c2 p (20)

where a2 is the velocity of sound in the Gas behind the detonation wave and
U2 is the maes-velocity of thiis Cps. This is equivalent to takina D as the
mini~M= velocity compatible with the other conditions,, as will be A4in

Cha~lan merely postulated, Sq. (20), but it can be partially supported
by the followinrj arumzenta: The detonation velocity D., beinc, given by
(Bq. (10))

D. Vl V (P2 1.. P1 ) /(V 1 - V2 )

is therefore also equal. to

D V, (21)
Wher~e P is the an.~le between the line A Z and the ne, ative V axis in
Fi~l>. 5-1. Z is the final point %)2, V2 and A is the initial puint Pl, Vi,
1,hich does not lie on the Hwuconiot curve in the detonation case. The point
j1 is the

Pa J\.Fir.5-1

point of tanGency of lines from A and is therefore the final state P2 , V2
which rives the ininimiai value of D,

IAf the final P and V correspond to a point on the Hu(;oniot curve hi[gher
than the point J. it will be shown that the velocity of Bound In the burnt
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, asea is greater than the velocity of the detonation wave relative to the
burnt Gases. Consequently, if a rarefactio wave, fue tU. anry of a nuizber
of causcs, starts bohind thc detonation wavc, it will catch up with the
detonation front. The rarefaction will then reduce the pressure, causing

the final P and V to move down the curve toward the point J of Fig. 5-1. This
e:plains why points above J on the curve are not stable. The rarefaction
wave miGht be started by a deceleration of the piston, by turbulence back of
the detonation front, or by loss of heat in the burnt gases thOuG .. onuc-
tion, etc. At the point J, the velocity of the detonatinn wave is equal to
the velocity of sound in the burnt (Gases plus the mass velocity of those
gases, so that rarefaction waves will not then datch up with the detonation.

The argument which is used to exclude points on the HuGonlot curve be-
low J i6 based on the entropy of the products. Consider the two points Y
and Z on the same straight line from A (Fit. 5-1). Both Y and Z co,'cspond

to the same detonation velocity D by Eq. (21). It will be shown that ths
products of combustion have a greater entropy at Z than at Y. Consequently
Z is a more probable state than Y. This is true for all pairs Y and Z on a
line from A until Y and Z coincide at J. Therefore points above J are more
probable than points below J but points above J slide down to J because of
the effect of the rarefaction wave, so that J represents the stable and
point. The condition of tan.ency therefore g.ovides the additional condition
required to specify the detonation velocity b uniquely.

The statements zmde above remain to be proved mathematically and this
will now be done. First consider the velocity of rarefaction waves. The
velocity of sound in a medium is given by

c2V ,(dPl dv2 ), (2.?)

the subscript S denoting; that the entropy is held constant. It is there-
fore important to investit.ate (dP2 /dV2 )S for various Points on the Huconiot
curve. In general

T2dS2 = dE2 + P2dV2 (23)

and by differentiation of the i}k-oniot expression, 3q. (12),

S" = ( (I + P2) (Vl - V2 ),
holdin..; Pi, V, constant, one !-ets

dU2  (- (P + P2 )dV 2 + I (V! - v 2 )dP2, (25)

so thnt,

TI (dS2,  V ' (25
(2 '~=( V2 ). ( - Pl - P'2 )/(VI V22~

the subscript It denotinj the derivative alonC the 11 curve. Now suppose
that at some point along the It curve the adiobatic expansion curve (P-V curve
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with S constant) passinC tbrouCh the point has the same slope as the H curve.
Then d- = o there and, frm. T. (26)

dP2) (dP2 P - P2
= S V -tan (27)

W2S1 V1 -V2
'Ia the anle mad by the line AZ and the neative V axis. Therefore, at

this point, (J of Fi. 5-1), AZ is tangent to the I crve and the velocity
of detonation is Given by

D. v= V (P1 - P2)/(v2 - vl) V1  (P 2 V2)s (28)

= (V1/V2)c2.

FoTh Eq (7), C2/(C "V,/v2 - D/(D-U2)

whence

D U2 + 02
as stated above, Furthermore, the entropy S2 is an extrcmal (since dS2 - 0).
Actually S2 is a minim=m at this point, since by solvinG Eq. (26) for dS2/dV2
and differentiating; with respect to V2 at the point J one gets

a2 )H . 1 *V 
2 

_ ( d2 p (29)

dV2 2K 2T2  =dV2
2,

But dS = dV + ( ) dP (30)

so that 0 ( ) + AS) (dV. , (31)

and
dl:/ J (32)

Therefore,

(dP) _ (dn) S t)t ((
froml whicoh one finds tha t
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(a1r 2p] (d 2 p ) d2S d(,12 d.V' ) .(d(34)

at the point J, since there the subscripts S and H are interchan43eable.for

the outer differentiation. Combination of this result with Eq. (29) shows

that

d 2  7- 2  d 2
1 + (1(35)

;7 H ,dV2  2 2T2 \dV/ i

In General ( 2P/dV2
2 )S > 0 (i.e., adiabatic expansion curves have positive

curvature) and for compression waves V1 > V2, so that (d
2S/dV,2 0 o 0, show-

ing that S2 is a minimm at J.

Eq. (26) shows that

(0d 2 l - P2  2T2  d

, tAV2j': " v. 2 - V 1 V 2 t(V 27 (36)

Combination of this with Eq. (33) shows that

dP P2 -P . vdS T + 2T(

"1 Vl -V2  dVJHLk d V1 - (37)

For points above J (e.g. Z) (dS/dV)Hi is negative from Eq. (29) so that for

those points

") >2 V (38)

or c >D - U2 , where UJ is the rass velocity of the burnt gas.

Now consider the entrop!y at points Z and Y of Fig. 5-1. Becker'

points out Lhat an ordinary shook wave with initial P and T those

at Y and final P aad T those at Z would have the same velocity as the

detonation wave with P2 and V2 at either Z or Y. In the shock wave the

entropy is higher behind the wave than in front of it so that S is higher

at Z than at Y, as previously asserted.

rhere have been other arg'ments advanced for the particular choice of

detonation velocity on the H curve, for example those of Scorah.- However,

the whole question of the theoretical justification of Cha-pman's condition

does not seem to be in a very satisfactory state, although there appears to

be little doubt of its correctness.
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6. Gaseous Explosions

.,plosions of raseous mixtures such as hydrogen and oxygen provide the
best experimental test of the validity of the theory. This i.9 true because
the pressures attained in those explosions are sufficiently moderate so that
we can use the perfect Gas lzw and the available knowledge of gaseous
equilibria. Furthermore, results vith these mixtures throv considerable
light on the question of whether equilibri,, is really established ir the
detonation process.

5. Equations. Since the equations used for ideal G1ses will later
prove useful as a first step in the treatment of solid explosives they will
be fully developed here. Consider first the Cl mn-JouGet condition
(see Eq. (28)).

For ideal gases, the adiabatic expansion law (S constant) is

P2 V2i (2 = const., (4o)*

(the subscript i will denote the ileal Gas state). Therefore,

Di=(VINO V/ 2 iP 2 10 = (vI1v 21) 1, n 2 ,R±T2 i/M, (41)*

in which n2 is the number of moles of gas per M Gramb of burnt Cases.

Furthermore U can be eliminated from the equations for mass and momentum

(Eq. (7) and (u)), giving the general result (if U1 = 0):

P, - P, = D2 (Vl _ v2 ) / V1
2  . (42)

+
In the cases of interest PI can be neglected compared with P2. Then

substitution of Eq. (41) for D yields

V2i
Vi - V,2.

This expression may be used to reduce the Ilusoniot equation (c7q. (12)) to a
useful form, by elimination of V1 - Vp. The result is

E2- El= ?i, Mv2  (2 =4 4lT1 /)2

For a perfect Las,

M(fl2 - l) Q + Ci (T2i - TI), (l5)*

*Eqaations valid 17or ideal gases only will be marked w4th the syibol *.

f'h.s i 111 .1y Ft f 'ir &y;,ro.'n: iti-n for rd i 'y - .-.'. e.;.)J j -o;.I': i.ut
is very f',nd fer a ... d-.
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where Q is the heat of reaction at constant volume (heat absorbed) per M
Gems at the initial temperature T1 , while Ci is the mean heat capacity at
cOnS Lant volume of M grams of the burnt Cases from T, to T2 . It should be
noted that Q and Pi are to be computed on the basis of the final composi-
tion at T2 i, not the composition at TV.

Eq. (I ) and (15) an be combined into) an equation for determining T2 j:

n2 21 Y21- Q + 6i (T21 - T).

If the reaction went quantitatively so that shifts of the equilibrium with
temperature and pressure did not enter, this equation could be solved for
T2i, given the dependence of 51 and Y on T2i. However, in practice n2 and q
depend indirectly on T because the equilibrium composition of the products
depends on Ti,. This implicates the calculations considerably but does not
alter the principles involved. lhving found T2i, cne can compute Di from the
followinc2 combination of Eq. (41) and (43)!

Di (2i + 1) 2 R 2 i/ 2 iM (1-)*

b.- Comparison with experiment. These methods have been applied to
mixtures of hydrogen and oxygen by Lewis and Friauf 17. These authors chose
for their calculatons the best values available at that time for the heat
capacities of the several substances involved. They are mostly four-constant
empirical equations which could be somewhat improved with the modern data
available. The resultant numerical changes in the results would be very
slight however. The data on the equilibria 2H2 + 02 = 2 F20 and 112 = 2H
seem also to be reliable, but the equilibrium B20 + 2 02 = 20H, which becomes
important in mixtures rich in oxygen, cannot be calculated even at present
with high precision because of the uncertainty in the heat of this reaction.
The equilibrium 02 = 20 wans not allowed for by the authors and they did not
take into account the excess heat Lapecity of oxygen molecules due to
electronic excitation. Both these omissions are not important. All in all
it appears that similar calculations undertaken today with the aid of the
most modern thermal data available would give results differinG from those
of Lewis and Friauf only inslgnificantly.

The followinG Table 6-1. Gives a comparison of the theory with the
observations of Dixon and others on gases at atmospheric pressure and room
temperature, confined in tubes of more than 20 m. diameter.
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Table 6-1.

Calculated Detonation Velocity

Comrosition of Quantitative Equilibria Moasurod Deviation
the mixture reaction allowed for %

(2R2 + 1 02) 3273 meters/sec. 2806 2U19 -0.4

i 1 N2  2712 2378 2407 -1.2

+ 3 N2  2194 203 2055 -1.1

+ 5 N2  1927 1850 19322 +1.1

+ 1 02 2630 2302 2319 -0.7

+ 3 02 2092 1925 1922 +0.2

+ 5 02 1025 1735 1700 +2.0

+ 2 112  3650 3354 3-273 +2.5

+ 4 H2  3759 3627 3527 +2.8
+ 6 He 3602 3749 3532 +6.1

The following Table 6-2. shows a comparison of the theory with
experimento of Lewis and Friauf on stoichiometric mixtures of hydrogen and
oxygen with additions of helium and arGon. As the authors state, their
measurements were not very accurate and in the case of the stoichiometric
mixture they obtained a detonation velocity lower than that found by Dixon.
This may be due to a rather narrow tube (19 mm.) used in their oxperiments.

Table 6-2.

Calculated Detonation Velocity

Composition of Quantitative Equilibria Measured Deviation
tho mixture reaction allowed for

(2% + 02 )
+ 1.5 He 3772 3200 3010 +0.2

+ 3 He 3990 3432 3150 +9.6

+ 5 He 4o3, 3613 3160 +14.5
+ 1.5 A 2500 2117 1950 +8.4

+ 3 A 2212 1907 1,300 +6.1

+ 5 A 1992 1762 1700 +3.9
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The results of these calculations musL be considered as an unqualified
success for the theory. With one exception the differences boticon c1l-
culated and obberved values in the first table are all within the experi-
mental errors of velocity measurements. This is very impressive when it is
considered that the results of calculation could have been easily of an
entirely wronr, order of manznitude. The second table is less satisfactory
but it may partially be explained by a systematic constant error of velocity
determinations. Another explanation of the diecre-enc4 3s, advanced by the
authors, is that ir detonatio.A waves travoling at particularly high speed
and in which the temperature is relatively low because of additions of
foreign gases, the explosive reaction is too slow and the equilibrium is
not fully established. However this mey be, the results prove rather con-
clusively that one should calculate detonation velocities under the assump-
tion that the various equilibria involved in the reaction mixture rid t ite
to be established. Such calculations should -ive the upper limit for the
velocity of detonation, which agrees closely with experiments unless the
conditions of detonation are exceptionally unfavorable.

It has been shown that when heat conductance and viscosity of gases
are included in the calcula ion, the length of the shook wave front is cal-
culaled to be less than 10 - cm. The detonation passes this layer in less than
10 .l secondb and it is of course entirely impossible that the complex re-
actions occurring in a hydrogen czygen mixture can reach equilibrium within
such a short time. The calculations of Lewis and Frmauf show therefore that
the hydrodynamic detonation theory correctly describes the observations even
thouGh detonation is not a near disoontinuity in the medium but rather is a
Gradual wave of many times the lefrh cuaeted m heat conductance and
viscosity data. For the Pro]ation of th, wave not the shape of its front
but the state of the medium at the crest--ahead of the rarefaction wave--
must be of decisive importance.

7. Solid Explosives

If Pf is iLnored with respect to P2, the only properties of the unburnt

material enterin the basic equations are the sue-y and density. The
hydrodynamic theory has therefore been applied to solid as well as to Gaseous
explosives. There is, however, a serious difficulty. The Greater density
leads to much higher pressures in the solid case and our knowledGe of the
equation of stalt and equilibrium constants of substances under these condi-
tions of temperature and pressure is rather scanty. Nevertheless, it is
possible to obtain very useful results. The first step is to discuse the
question of the composition of the burnt gases.

a. Free atoms. Dissociation into atoms and free radicals is for-
tunately not of importance because of the high pressures in detonation waves
of solid explosives at ordinary densities of loadinG. Consider for example
the dissociation 12 = 2 I. At 50000 K (rather high for most explosives) the

dissociation constant has been calculated statistically to be 44.7 Atm. The
.concentration of free hydrogen does not expeed 101p by volume with most
explosives end if the total pressure is 10- Atm. it is readily found that 2
of hydrogen is dissociated into atoms. This means an absorption of heat
rowghly equal to A Keal per Z! of explosive, whose total heat of explosion
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is normlly o£C the order of 1000 Koalft. Thus T,, is lowered by the
inclusion of this dissociation to the extent of 0. 3 but et the somse time
th mole number is increased and henoe the pressare is -reater. This ef-
foot is of the order oZ 0.101 and hence the total effect on the detonation
rate is (because of the square root relation) (-)(0.3-0.i0) S - 0.10%.
Similar calculations show that the water dissociations. P1,0 . % + 20H and
21O20 . 02 + 21% are of srll imp)rtanoe. D)iuooiations o: oxy3en and
nitrogen are still more InslgnIficant.

b. Polyatomic molecules. Various polyatomio molecules have been
reported in the ,n samples withdrawn from bombs after detonation. Thus
Shatidt reports CM4, C2 X2, HCN, C2N, NH3 in variable but suell amounts
from almost all explosives. To allow for equilibrium f-rmation of all th(se
molecules seems mathematically an almost impossible tAsk, psrticularly whn
it is considered that the thermodynamic functions of most of thcso molecules
are not too accurately known at the high temperatures in question. Ap-
proximate oaloulatiora usin6 ideal (se laws made on some of those which are
found in greatest amouts indicate that the observed concentratiorns are in
excess of equilibrium existinG under the conditions of the detonation wave.
In all probability these molecules are formed during the cooling process
after detonation. But even when it is supposed that the analytical data
represent the true conditions in the detonation wave, the formasLion of all
these complex molecules does not alter greatly the results of calculation.

Taking as an example the particularly unfavorable case of TNT for which
the oxygen deficiency is larie and the complex p oftuts partlolnlarly
abundant according to Schmidt) 6one finds that in the formation of all complex
products reported by Schmidt a total of 8.7 Koal of heat is absorbed per
X3. of TNT, while the total heat evolution is 375 Kcal. At the same time
the mole number of ;aseous products is reduced from 32., to 30.7 and there-
fore the total effect on the detonation rate is approximtely represented
by the factor: [(30.7/32,(375/W .3)](1/2) 0 0.965. The neglect of the
complex products thus overestimates the rate by 3.%, but it is believed
that in Zemeral the correeponding error is smaller.

c. Free hydrogan and carbon. The formation of free hydr,.--en in thedetonation wave in the absence of solid carbon can be neglected becausethe equilibrium constant of the reaction I20 + CO = 002 + H2 ranges from 0.2

at 000o to 0.07 at 5000'-. Thus the greater part of the hydrogen is pr"H"t
as *, ter and the formation of a few mn1rs of frome hdrot.en per KX of
explosive is of little effect on the detonation rate. This follows because
there is no mole number chanCe in the reaction and the heat evolution is
only 4.5 Kcal. per mole at 30000 and ir less at 50000. The neglect of
hydro;en In the absence of solid carbon causes therefore an underestiaiation
of the rate by a few percent at most.

In the presence of free car1 n, on the other hand, the formtion of
free hydrogen will proceed almost quantitatively. The equilibrium constant
of the reaction C + 320 = CO + is about 10 Atm. at 30000 K and my be
estimated as 5 z i00 Atm. at 50000. Since the pre3sure (or fujoity, to
be more correct) of carbon monoxide in the detonation wave seldom rises



228

Soo. , -17-

to 10 Atm., the ratio Pu,/PO is areater thun unity su lone as o~rbon is
present. The assumption that tho rpetotlon ans.n cmpletely to the ri,-bt
moans an overostimation of the detonation rate because the heat absorption
is overcompensated by an increased mole number uf Cpseous products. The
following examples in Table 7-1 demonstrate the manitude of the effect
on D of the extreme assumptions concernin- this equilibrium. It is seen
that ideal rates oalou!itod with no oarbon and those calculated with no
h ydruren differ only by 3, or loss. In aotudlity the first case is approached
closely almost always and hence the error resulting from the extreme assump-
tion must be 3311.

Table 7-1. Bffect of equilibria on ideal detonation rates.*

Compound Docompositiou equation Ti0K Di ni/eu".

Picric 5 CO + 1o + -1 N2 + l N2  344o 21o
Acid

51 CO + l- 1Vo + j + N2  .6l5 2120.

TNT , Co + 2 *J + C + 12 N W0 2070

3CO+- - + 31 . + 1 N12  3650 2005

Tetryl T CO + % U + 11 % + 21 N2  3950 2350

5-', c + 21 H2o + ]. C + 2 N2  4245  2290

d. Sumyr7. Suntaing up the results of this discussion it is found
that Lhe effects of chemical equilibria in the detonation wave are divers
and altogether nzy effect a decreasec of the rate with increasing pressure (or
density of loadin,) amountirn to perhaps 10 or at the very most 19,. This
conclusion is intereetin6 from the theoretical point of view since it
indicates that the study of detonation rates for solids does not proide
crucial evidence as to whether chemical equilibrIn are established in the
wave or not. For the detonation to comply with the present theory it is
only necessary to postulate that the reaction is "complete" in the sense
that the oxygen c )abinoo with all the carbon to form 00, the excess oxy" en
combines with hydrogen to forni water and if any is still loft over, it
combines with CO to form C 2 .

8. The Equation of State

If the ideal zas law is used, the calculated detonation velocity does

not depend on the density of loading., as is seen from M. (47). This is found

* Calculated uoin,; ideal -,s law,
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to be true oxorirentally for saseous explonions but it i not true for
uolids. Instead D increases sharply with increnasinc, loadii density,
cimotimoc up to four times the ideal value. This riwn i to be oxT.lainod
by doviations of the extremely dense burnt aseos from the ideal state.

In Part II of our prelIminary rojnrt owe deocribed the very sucooessful
oaloulations of D for solid explosives, mde by Dr. R. S. Ikalford in
cooeratic:n with us. There the equation of state

W = PV 2  RT (1 + xox), (VII)

'X 1,/Tl/3vM (490)

was used. M is the molecular weight of the oriir.al enlosive, and K a
constant obaractoristic of the comly)sition of -the burnt pases. More recently
these oalculations have been improved by Dr. D. P. MauDou6nll and Dr. L.
Epstein of the Iigh Explosivus ieesearch Laboratory of the Bureau of Mines,
so '.nt the results nf Pirt .T., thr,h satisfactory, should now be con-
sidered obsolete. In the new calcula'ione fewer approximations have been
employed and a more Eozeral equation of state tried, namely:

AM n,. nT (I + xe (X (50)

with = I:/T' VM . (s1)

Various values of o and 0 havo been tried but very satisfactory results
have been obtained with

= 0.3, o(= 0.25.

The results with other values of o and ( and the oomiarison of this equation
of state witih Drid-;nan's exporimental measuremento on the volumes of Games
at hi ;n pressures will not be discussed here as they will be fully treated
in Dr. VlcDouall's roport. Instead, the above equatLon will be assumed
and applied to the calculation vf detonation velocities.

2. Practical Calculation of the Ideal Detonation Veloity

a. Definition of ideal state. An a practical rutter it ic convoniont
to er rry out the calculation of the detonation velocity of a solid explosive
in two stops. The first is the calculation of a purely hypothetical Di, for
which the followjn ; properties are chosen:

(1) All product ,Ases are ideal and the volume occupled by solid or liquid
products may be ne;lected.

) All disscciatLons into freo radicals and atoms are rn-axistant.
3) Only solid carbon, CO, C02 , I0, IL2, 02,N 2 (and iICl. C.1, -aseous

sulfur, SO,, metals or metzll!o oxides, Insofar as tho correspondinG
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olements are 1reseont in the explosive) are formied.
(4) (x en rucl' quouLiLa Lively ,ith carbon t' frorai CO, Liu vecs

forms quantitntively H2 0 and what is left over reacte tc form 172 .

The questiont of vheLher a real pressure and temperature ranCe exists
in which all, these assumptions hold Is entirely immaterial for the follow-
tnC, because Di and other "idoal' quantities resulting fron those calcula-

tiono are merely convenient steps to reach the real detonation velocity D.

The second step is the calculation of D/Di. In this step any

inadequacy of the conditions defining the ideal state must be correctel.
The discussion in Sec. 7 shows that the ideal state she -4" aree quite well
with the real cotdition of the burnt gases except for th use of ideal 4-09
behavior.

b. Decomposition eguations. The detailed procedure for the numerical
calculetion of Di will now be ,iven. This is pnrtioularly simple for a
special class o. compounds with Cenernl formula

CqHrOsNt such that q~s42q + r/2.

This class includes most of the coruixon orCanic explosives, except TNT and
nitroGlycorin. Then the application of the eneral rules shows that such
compounds wil. decompose according to one of the followinc equations.

Case A. q + r/2s, n,2 j (2q + r + t).

SIrCseNt . qO0 + (q-s+r/2)1 + (s-q)I1,o + t/2 N,. (52)

Case D. Q. + r/2,l , , (2q+rwt).

Cq10s11t = (n-q-r/)C0, + (2q-s+r/2) CC +

(r/)i2O + t/2 U2 . (53)

F'or explosives not of this type the onoral rules above muot be applied
in each case in order to determirne the composition of the products.

c_. _Aat ca~acity oeuatiuns. In order to calculate Lhe ide!l teratre
T i it is nooessiry to know tho menr heat cnpaolty of th products as n fTuin-
t ,)n of tomperature. Fortunately the hest capacitlies of simple molecules can
be ualculated theoretica3ly irith considerable accuracy. The available
inft rnwtion has been incorporated in, empirical formulas of the type.

- I T  CvdT = A+DT, (54)*

2 = - 300

in which A and B are numerical constants given in i ble I of the Appendix.
These equations ar'm correct to about 1, for the temperature range 2000 to
50000. From those tabulated constants for the individual ga3es, constants
A and D for the mL,ture can be obtained as explain d in Tuble I.
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d. Calculation of the idee'l temperature. If the empirical form~a
Givon above is substituted for Ci -' n Bq. (146) and this equation Is soved
for T2i, the result Is +A

-Q2j + A+T 2T2i - -(n2fR/ 2 j 4 i(2 -TI)

Here the subscript I. denotes, the ideal state. In the above equation T2j
occurs on the ri ;ht so that the equation is goperly a quadratic equation

butitis asor to solve It by successive approximations. A trial value of
T2 , (say 4ooo ) is inserted in the denominator and the riGht bond side
evaluated. The value of T2 j thus obtained is substituted in the denominator
in place of the original. trial value arA a new valluc of T2i obtained. Usually
two trials are sufficient.

Strictly speakiTV,, ?f21 will vary with T2 and alio with the composition.
In ratio, owee _ihas a range of only il0, for the substances con-

sidered in this report. F'urth~ermore the term n21/2 W2- has a value :)nly about
l0ep of the total denominator. Therefore, less than 0.5%, error in T2 i will
be introduced if the constant mean value of 0.80 is used for R/2Zr'21 in
Eq. 155).

Tbe heat of reaction Q can be obtained from the heat of formtion IHfQ
of the exnlosive, since

..Q a fo f (56)

where Hfj, denotes the hent of form Ition of the kth product species (per
mole) and nk the number of moles of that species. The heats of combustion,
of most explosives are known so that the hents of formtIon are available.

e. Calculationm of Die Eq. (147) can now be used to calculate the ideal
detonation velocity Die The heat capacity ratio Y2i could be determined
directly from the ,Mown beat capacities of the products and the temperature,but this is ratber tedious so an approximation bas been adopted wh
yields values Of Di about 2o low. This error is largely removed by the
methoc' in which D/Di is determined. The approxiation consists in calculating

f "..,sng the mean value a instead of the heat crinecity at T2 i. A very con-
venient equation is

a~it_'1 +n 2R (7621. ~A + BT21

A and B havirK; been obtained already for use in Eq. (55).
With the values of T2 -. from Eiq. (55) and 'iagvnaoe*D. i

easily computed from Eq. (47), repeated below:
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f. FPrmulation for cases A and B. Fur the special classes of compounds
(A an 7d.) meontioned in Se. 9b, the heat capacity coefficients and the heats
of formation of the products can be introduced numerically into the above
equations, yielding the follwing formulae.

q Jr o 11f - 30,50Oq+9l7r+9,0o55+97t (5)
T2i (1.86q2.06r2.95s+2.37t) + (-OOq+O.15rO.250+0,llt).10"3T2,

q + r/2 <.

T ue - 40, 724q-4, 2i8r*69, 249s+957t (59)
21 - (0.26q+l.26 4.558+2.37t) + -OO4q+0.15r0.2590.1it.l-O-3y .

For both aoes the equivalent of Eq. (47) becomes:

Di = 21 + I t/2+ r/2+ q . -3 /soc. (60)21 12q4.+169+l-&t " .1 i2.0 3 m e. (0

10. Calculation of D/bI

a. General Equatiuns. In order to calculate D when the burnt gases
are imperfect, the analysis of Sec. 6 must be repeated in some general form.
From pure thermodynamics we obtain the relation

(dP) (dP (dTJ (dS dT ~ dP) (1
~~dV/s T/v dS/v MOdTP d ip X- I -V4(

From the equation of state

PV - nRT (1 + xe Px) / M (62)

with x .M iMVT

one obtains the result

where F - l+xeox ('10

and y = l+?Ae @ x + 0 x2eOX . 1,.x(d,/d). (65)
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Substitution of these into the basic equation for D, Eq. (39), yie.ds the

expression

D-l1 /P2 r272/!F (V /V2) r 2n 2 2 A (6-)

This equation can be substitutod into Eq. (42) for P2 to obtain

P2 - P2 X2 2 (Vl-V2 ) / V2 F2

o'

(Vl /V2 ) - ('2/'l) - 1 + (F2/7r2 I2), (67)

where the subscripts 1 and 2 indicate the initial and final states,
respectively. This equation is ver7 useful in connecting x2 and x I .

b. Fatio D/Di. Divialon or F4. (66) for D by E. (47) for Dj gives

DD Xit)V :'2 T 2  Y2 (68)• 2 1:2 2

It should be noted that V2, T2 and Y2 differ in the ideal and real final
states. It is found that tables of D/Di can be constructed so that it ie
not necessary to nArry out a detailed calculation for each explosive and
density.

a. Calculation of Y2/ T21, frm thermodynamics one obtains the fol-
lowing equation for the actual hest capacity in terms of the ideal heat
capacity Ovi (per 4 gem).

- qvi + N S (d P/dT ).dV. (69)
0o

Also

When the equation of state (62) is inserted in thoso expressions, the result

is

Cv M CVj + n OL (z-1)i, (71)

and

Sl + nR(z 2/Cvy) , (72)
in which

z = F - c (dr/dx) = l+(1- a )ze -0xo x2 2 x (73)
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I'Vom th(ecowt±ao ner be comtpkto( "a a funotlon ot &. n
thl'oQ10tiIf ~kin fi X (esvntialV tho donaiti of lodna) thirouh

pro Ia th tt Cj 1:3 ,!vrn F'ortratoly tho final. ratio P 1 is
1".t ye% OI n&ItJ .a t( C &l u tlw~t tnbloo for' throe di±'foror.t values of

Ov/nnr koitp for iill tile exploo1veaonui1orod,

c ", ~oulation of rVra, rc improot _,nen thm Sq.~O

veq+Ci (Tj-T 1) + Mi jVA (dY:/dV)T2dV, (74)

whi.ch expraonou tilearv1Ao~ation of tile firot law of thermodyna'aoa. The
rmoi~ottO is first carripid ovt to the final tomiperature at a lar,.,o vol~ume,
QUnOh t~int the pruduoL paa tire ideal, anid these ;~aeon are thon omfpreaso~d
t ) U)th1 finla vo).~le wIth a roslint ener~y torm bouse -:f the ips im-

UUIuI OWu uqtkl 0 Lor o. NLAA Q~(2) Lind atandaird thorinodynaimas, One ob-

- __ -P (a

M j (dE/dTr dV + n2 RTw J(dF/dx )dx

n, T2 at L, 0 n (wT-l). (716)

F-q. (ii m be i'enirronged to read

v'.th which the lHugontot oquntton (III) becoinn

~?-1P2~V/y ~2 ~-mI2T2.Fn5/ya 6 -1 (78)

hvarrC )e, 'Cruii .,,I. nnd (3i.LQ

i.-T" ,n,,' 0( n *1,2

(nfl."y (8)]U0)

oomii r')d wiIt~h
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for the ideal 0ase (see Eq. (4 6)). Equating these expressions, one obtains

T2 + n 0 ( tlO4 ) Zr- (3 2)
Strictly speakirqj the value of 01 in the denominntor should be evaluated
at T2i and that in the numerator at T2, but these vnlues differ so little
that the value at T21can be used for both.

e. Tables of D/Di. The above results have been incorporated in
Eq. (68) for D/D and tables computed of D/Di vs xl, (xl is proportional to
the density of loadinG) for three va~ues of di/np. The results are muf-
ficlently insensitive to Cj/n2 so that these three taL. are sufficient.
Those tables also Give T2/T 2 i. They are included in the appendix, as
calculated by Dr. D. P. MioDouiall and Dr. L. Epstein. In order to compute
D for a Given explosive, the procedure is therefore to calculate Di first,
then to get D/Di for the given density of loadinC; from the appropriate
table. In ordor to do this, however, it is necessary to know the value of
K, the "covolume constant", which enters the equation of state. The evalua-
tion of K will be discussed in the next section.

11. Determination of Covolumes and Comparison with Experiment.

a. Method of evaluatin K. It is difficult to obtain sufficiently
accurate values of the "covolume oonstant" K from direct experiments on
Cases because the equation of state used does not apply vory well at easily
attainable temperatures, where attractive forces play an important part.
From a practical viewpoint, it is better to use the available data on
experimental detonation velocities and work backwards to obtain a rule forevaluating ,he constant X. This rule can then be used to compute K and then
D for a now substance.

b. Effect of density of loadi g. As a first test )f the theory, thevalues of K whioh brinG the calculated and ubaerved valuis of D into a6ree-ment, were computed for a large number of different densities of loading of
FE'TN by Dr. MccDousAll and Dr. L. Epstein of the Bureau of Mines. The ex-
perimental measurements of three observers were included. If the basic
theor±y, the form of the equation of state, the variouu approximations made,
and the experimental measuremonts were all satisfactory, the e's so obtained
should be the same. Table 11-1 shows how nearly this ideal result is
aohieved.* The worst deviation of any value of K from the average is ep
and the Great majority of the deviations are less than 3'. The oxperimental
error is at least that Great, as judged by the disagreements between the dif-
ferent investigators. Similar constancy of K is found in other cases also.
This gives us considerable confidence in the method.

c. Different explosives. Next K was calculated for a number of dif-
ferent explosives. Its value should depend on the composition of the burnt

Actually I/T21/4is plotted but T,1/4 varies only slightly over the range
of densities used.
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'Lblc 11-1. Covolme Conotnnt vs. Density of tjadin: for PITN.

.50 1., .74 46, +2.0 Friedrich

.6 1.04o .95 41, + .7 "
.go 2.050 1.17 4)2 + .7 '

1.00 2 .3oo 1.425 49o -2,01.120 1. 1 )34 1.77 466 +1.5
1.40 2.97 2.09 472 +2.u "
1.60 5.305 2.335 471 +2.6

.75 1.o15 1.13 476 +37 Ith
.91 2.213 1.34,- 467 +1.7

1.04 2.397 1.53 465 +1.3
1.45 3.085 2.19 477 +3.9
1.72 3.369 2.044 440 .) ,4 "

.50 1.2564 .75 4-(4 +3.3 Coaims

.51 1.62 .705 437 -4.8

.53 1.664 .75 44,T -2.6

.70 3..035 .945 427; -7.0

.80 1.995 111 439 -4.4

.81 2.020 1.135 443 -3.5

.91 2.220 1.35 469 +2.2

.92 2.27!) 1.365 4, 9 +P..
1.00 2.31 1.4h 455 - .9
1 16 2.535 1,675 449 -2.2

Tilble 11-2. Covolume Constants for Various Explosives.

3ubstanco pi N/T1 ,/4 1Noba calc.

IETI li,93o 459 3346 3879 +0.9
Cyclonito 4650 319 2655 2622 - .5

eOtryl 3950 412 3313 3330 + .5
Piorlc Aci.(7  3440 342 2663 2545 - .6

4~~~u.1 550 67> 55969 5&50+ .
S...... )-.,. 344 ,3o 2305 -4.3

ii troonunone 3350 597 115141 4553 + .3
iii trr)pr-ntnlA 3 970 627 4973 5115 +2.3
Nitrm<hexanune 2,2O ,71(6h)) 49 15 (L!749 ) 4756 - ,2(-3.6)

Uitrolioxaaol 3515 739 5694 293 -6.9
3)50 294 2272 24i +7.9

U~itrolycu . 5300 233 1909 .396 -4,6
!,PT(I ot,. 4oo 7517 12107 1 P,-23 +3.4
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asoo. The assumption voac then tried that K Is an tidditivo i'nutiun of I's
otiaraotoriotio of the different roducl woleouloc. The prinoipal, p':dunt

-pooius Are IN2 , CO, 0,, COCP 120, Up aad solid carbon, it was found thit

values of IC k could be assi ned to these substances no that very oatisfaetory

agcreement is obtalned between the values of ,' obtained from the inoneurod
velonities and those computed from the additive rulei

Table 11-2 shows the nature of thin agreement whi!b Tablo 1I of tho
Appendix gives the values of Kk used. This sucnss In quite pleaoing since

it 31veu uo confidence that this method can be used to predict detonation
velooitio for other substances made of similar co.mponeonts.

d. Calculation of presqure, et. Furthenorn, thie success -ives us
faith In the calculations of pressure, tempernturn, density and mass velocity
in the explosion which can be mado uainrg the theory. The necessary auxiliary
quantities K, x2 , D etc., can be onlouated theorotically from a knowledgje of

the composition as shorn abuvo, or if D has been measured for the oiven
doaasty, the following schemo my be used. First calculate Di (see Seo.

(9)). Thon from D/Di work backwards in Table (II (Appendix) t,- x2, T2 /T2i

and x1 . Then, from the dlefinition of x

The pressure can be obtalned from either tho equation of state

or froi Dq. (42)

which should ivo tho same value (units are dynes/sq.cm if 0 ,0,a, units are

us id fnr D

To liss-velooity of the btunt psea in :iven by

U2 -D(I-x /Xz )  (6)

which comes from the law of conoervation of mass, ;q. (7), with (JU-O. Values

of P2, U2 , and T2 for some importint e,.plosives are jiveri in 'fable V of the

Appendix.

e. Limitations. IL shinuld be otated hero tha"t this method does not
work too well when solids or iVquids are present in tho hot decomposition
products. This means that the results are somewhat in error for TIT and TNB,
for example. This d, fect can doubtless be eliminatod and efforts are bein,-,
made to do so.
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f, Au owl~egoment. We should like to repent at this point that
the method described above iu "lutied oti that 3iveu in Part II oui r p'n-
lim inary report, which wn" A1v&loped to a considerable oxtent by Dr. R. S.
Ialford. The numerical results, taboes, etc., are, however, tnknn from a
report by Dr. Duncan YzcDouCall and Dr. L. Epstein of the U. S. Bureau of
Mines, which uses the modified equation of state. This report, (which
will be available through the N.D.P.C.) should be consulted for further
details.

PART III, PROPERTIES OF SHOCK AND RAREFACTION WAVES

We now return to motions which involve no release of chemical oner-y.
These motions can be divided into two oategories; shoo% waves and rare-
faotion waves. It is particularly important to be able to compute the
properties of the shook wave initiated in thi L01 ,)undinj medium by an
explosion, since this shoolk wave is one of the fao re causinj damaGe. It
is necessary, however, to understand rarefaction wav,7- before the other
problem can be treated. In what follows only the one-dimensional case
will be considered, but it is hoped to report on the three-dimensional
case later.

12. tnertion of the EneryEquation

So lone, as no disogntinuities occur, it will be shown that the
pressure of a given material point is a definite function of the density
alone. This function my, however, be different for different material
points but should not ohange with time (if one follows the material point
in its motion) unless a discontinuity occurs. In general the function will
chanCe from one definite form to another on the passage of a discontinuity,
If a Given material point has a Given P( (D ) at time tj and another material
point has the same P( e ) at any time t 2 then evidently the two will always
have the same P( e ), barring discontinuities.

The pruvf involves the combination of the equntinn of state with the
energy equation ,6). From the equation of state and the heat capacity,
etc., one can obtain E E(P, ). Then

an equation conneotin dP/dt with d ( /dt and known functions of P end

Zc P P
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If the initial values of P and rare civen, the oolutlon of this oquzition
vitit.NfIl:v these initial onr(.V.tionr. t the derr-, function P - P( )

For nn idunl gas this procedure Gives the adiabatic law

p ( -a k, a constant, (89)

where b. cp/C v.  It should be noted that for a aiven mterial point, i.e.
for a Given point moving with the ,as$ k will remain a constant only while
no discontinuity occurs, It will chante on the passagez of a chock wave.
Furthermore, in the general case k mny be different for different matorial
pnbnts.

13. Riemann's Form of the Ndameena -.a-ns

Whenever there is a portion of the x-t plane in which no disoontinuiton
occur und in which all the material is on the same adiabatic, it is possible
to transform the fundamental differential equations of Sec. 2 to a-othor
irm of considerable value which is due to Riemann. 5 Under the restrictions
given, the arg umont of the last section shows that P is a definite function
of P alone. Then also o, the velocity of cound, is a function of 0 alone.
Introduce a mathematical quantity

'0
J - r dc / "  (90)

where c = (dP/d e )i Is the velocity of small amplitude sound waves under
the siven conditions. Co is the initial density. Then

(91)

' a () (92)

Since d U - the oqw.tiozs of conservatlfn of mass and
T 5t 77

mornmturt, "in. (3) te, (4), onn ho . n ( ,

', + u -x (93)
U + U (94)

Addition and subtraction of the'e equations yields the new pair:

{ + (U+ c) ; ()+ U) = 0 (95)

~ + (u - c) =(&-u)o (9
I Ix
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These signify that the quantity e, + U npnears to bo constant to an observer
movinC; along the tube with a velocity U + o while the quantity tJ - U appears
constant to an observer wov~nt, with the velocity U - o. (These velocities
are not necessarily constant.)

When applicable theso equations enable one to see the nature of the
solution. Two khia. of lines can be drawn in the x-t plane: "r lines",
dx/It - U + e, along which

r=i ((J + U) is constant,

and "s lines", dx/dt . U- a, along which

s=J ( i - U) is constant.

These lines nave certain uofu.l properties:

1. There is a line of each typo through each point of the x, t plane.

2. If the values of s and r on the lineo passin6 through a giv6n
point are known, then U and e are known there, From these r and P can be
found from Eq. (90).

3. If lines of a Given kind havin% different values of r (or a) come
together at a point, there will be a discontinuity in U, C at" that point.

4. If in a Given reg3ion s has the same value along adjacent s lines,
thn r itnee 8re straight in that roion. For r io constant alonrG En r line
(whiCh will croso the a lines) and if a is also constant along the r lines,
both U and 0 , therefore U and c, therefore the slope of the r lines must
be constant.

5. Likewise if r has the same value alonZ adjacent r linns in a ,,iven
reGior., the a lines will be straigsht in this rergion.

6. For a perfect cas, at least, the co-ature of an r or an a line is
, positivo if U increases alonc tho l!.ne.

Proof: (r case) curvature is determlned by

But do do d C dc

and O dP/d" so 2c(do/d(O ) d2p/d ,

so dc/d4) (' (d2 p/d (32)/202 , a positive quantity. But alonc- an r line
4) + U is constant so d&.) . -dU. Therefore

d + c) ai (3- (d 2 p/d f '-)/2c2 I dU .(93)
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For a perfect r- P= ,^, 2p/d C2 m . -2

[a- (d%/ 2 (l 2) /Pc"] 1. n' 2> 0. (9

Presumably this result will still be true f r imperfect ,oues. We do not
know what the result will be for water. A similar rest~t is obtained for a
lines.

7. Only in exceptional circunstances (U + e - velocity of Tiston) can
_ or r lines run parallel to the piston curves-(in x, t plane). Ordinarily
these linea will end on the piston curves. At theso e*,3U m U of piston.
Therefore if a (or r) ia -,nown for a line, U, 4) , (0, c and P are determinod
by U of the piston at the point whore the lne ends or be-ins at a piston.

14. Solution for Proressive Waves.

In certain oasea o 1 ((0 - U) is constant over a region. The r lines
are then straight as already mentioned. Furthermore the solutions of
Riemnnn's eqwxtions are readily obtained for such a regiton. For If

8 -2- (Wi - U) = const., (100)

then W 2o + U U + const., (101)

Do that ' q. (95) becomes

U + (u + c) -' 0 - (102)
t ax

The solution of this equation (RayleiGh9'is

U fi[x - (U + c)tj (103)

whore f is an arbitrary function. The proof of this Is

_)U_ ' U I-tel + f,.

U fl/,l+ tf, (1i+ do] , I4

where r is the dorivattvo of f. Also

C , z-, U + c)+ t(I+ T )
L)'td U 0 ~t

S -U-- + tf (I +-O )

from which Jq. (102) f 11lws.
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This solutirn "wioo that o 1s a ULiuLLn uf U alor. That this Is
correct follows from the f'rn- h'it P and therafore a is a function of
only and that r is a function of U thrau6hi Zq. (90) and (101). However, o
will be a different function of U for different (constant) values of s.

15. Simple Rar"efaction Waves.

as Graphical method. One of the simplest applications Is to the
onse of an infinite tube, closed at one end by a movable piston. Ever3thin,,i
is initially at rest and at time t = tj the piston begins to move backwards,

thus initiating A rarefaction wave which travels down the tube to thn right,
away from the pisten. V, i -1 shows the path of the lA sLon and tliu a and r
lines.

/ Ji', / '."

t o I

Since at t c0 the fluid is assu ne o be unifor and at rest, U and -- 0S at t 0 ( Co 0 taken as initial density). Therefore a and r = 0 in the

region v so that buth sets of lines are straight. The s lines from re6ion
I cover the whole x - t p ne, sinc the tie is infinitely lon. There-
fore i = 0 he a lines ar e ed straihwt everywhere ane ire
really contour lines for U. The value of for any r line equals the

balue of U of the piston at the anrting point of the tine. The lines
startind before t . t n thus have U = . Betwn en t h nnd t the piston has

a ne ative acceleration so the tr lines slope less and loss steeply and
correspond to values of U decrenasng, from U = 0 to U --- V (-w is final
velocity of piston, attained at t . t2). Since r is cnun',from line to

Sline in region 11, the a lines are curved as shown (dU < 0). In region III,
U is a, ain constant (=o;:) sc that bnfh sets ,f lines are strai,-h t in this

refion.

b. Analytical method. The onalyti-, solution Js ,btaned,: as fobllows°
Let X and V1 rerreoent x and t for the piston. Then the c )orad1no!,cv x, L of
an r 1i~ of vas UM T. lnrtin ; from tho piston Troint 79 "T 'Ire re];t, by Lhe
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equation

X X + (t - r ) (U + c) . (16)

Le, X = X( r ), then U = dx/dr . X'() at time 7-. Also c is a known
function of U, therefore of ? . Consequently, Eq. (106) can be converted
into an equation involvirC only x, r and t, or by solvinZ U = ./d = XI

( if Vrr ? in terms of U, an equation involving only x, t and U can be ob-
tak.cd, Solution of this for U -ives U as A function of x and t. and
thc trfore , P an c as a function of x and t, the complete solution
of the problem. RayleiCh gives some explicit results when the acceleration
of the piston is constant from t1 to, t2 .

It will be noted tit the front of the rarefactlon wave propagates
with the velocity of sound in the original medium, whi4 the back propaeatea
with the velocity of sound in the final rarefied medium plus the (nt~aative)
1re0s velocity of the final medium.. The rarefaction wave therefore broadens
out as it passes down the tube, and no discontinuities are producod.

16. Sim le Shook Waves in Air and in Water.

If the piston is instantaneously accelerated to its final velocity w,
the problem is readily soluble, as was shown in See. 4a, whert, the fluid
was assumed to be a perfect jas with constant beat capacity.

a. Air. variable heat cpaciM. The heat capacity of air actually
vnrie with temperature. , and Teller2 bave carefully investigated
shock waves in air, takinr .is into account. Their results are given
below in Table 16-1.

These investiGators also studied very carefully the effect of the
finite time required for translation, rotation, vibration and dissociation
to come to equilibrium. These lass, especially that of dissociation, alter
the shape of the pressure and ten erature rise. In Table 16-1, there are
two sots of entries. The first is calculated on the assmption that all
decrees of freedom, includina dissociation into free atoms, are in
equillbrium. The second set is calculated on the assumption that there is
no time for dissociation or vibration to cbhnre. ComparinG the two cases,
on, sees that if equilibrium is established, the shock velocity D is less;
the density higher, the temperature lower, and the pressvre less than in
the cese when equilibrium is not completely established. Presumably the
equilibrium values (-e the proper cnes to use unless there is a rarefaction
wave or some other phenomenon imediately behind the shock front.

At the present time Table 16-1 is being extended to higher velocities.

b. Shock waves in water. Shock waves in water differ greatly from
those in air. If the pressure difference is the same, the shock velocity
and the mass velocity are considerably less, and the temperature rise is
enormously less. If the piston -velocity (equals mass velocity) is the sam3
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Trble 16-1. Pronertioo c SIoc: Wjvos in Air.

(adented from Bethe and Toiler)
a .t3d m.!s. i' velocity or sound nt L atm., 300' K.

Equilibrium Case Both ix:ooiotion or Vib ration

U2 /a C2/ 1Cl P P D/: -IlU/
I. 72 i. 907 2.,43 40 '.. 52A 400 2. 53 3.90), .723

1.2536 2.59 4.432 500 1.98L 501 4. 45 2. '  1.234
1.640 3.225 ,5.45O 600 2.377 6o4 .2 3.139 1.630
1.931 .3 , 51L 7  700 2.725 709 .49 3.591 1.966

2.283 4.O15 10.707 )00 D.o4l 31 20.62 3.904 P.262
2.55G 4.5114 12.94 900 3.331 925 12.7, 4.14C 2.527
2.015 4.54o 15.23 1000 3.611 103 15.o 4.34+6 2.780
3.399 5.069 21.12 1250 4.235 1320 20.72 4.7106 3.335

3 .9L- .454 27.27 1500 4.797 1616 4 , .943 3.3,7
4.3 5.746 '53.52 1750 5.307 1925 2.7 5.09, 4.2,6
',.all 5.)7S 59.25 2000 5.773 2222 33.3 5.23.5 4. T;

5.593 6.359 53.01 2500 6.)43 234 3 51.4 5.409 5.4I4

5.530 i.5 7.05 3000 7.433 3 1 64.5 5.521 '.103

7.14,; 7.22 '4.09 3500 8.315 4300 00.5 5.15 ,. 4
8.039 ,. 97 10.02 4000 9.297 5300 100.6 5.691 7.663
9,168 0.385 134.4O 4500 10.410 6570 126.2 5.754 3.601

1U.5 't y. L) 36 5000 II.395 8030 155.6 .3), 9.590

Tnble 16-2. Plr>pnrt4.en of Plano Shock Waves in Water.

(p1  1 K./cm. 2 , T - 29w K. )

U2 mterial velocity behind wave front (meters/sec.)

D shock wave velocity 
"

P2 presouro behind wave front (kg./cm2 )

4 T temperature increment through wave front.

Cl 1000 2°  1607
115 2000 5 1710
165 3000 3 ' - @d!

206 4000 12 1901
247 )000 15 1939
2,'- 00c 20 2070
320 7000 24 2141I
3'4 3000 20 221,
4. 10000 36 2345
477 12000 45 2490
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in air and in water, then the shock velocity is considerably higher, the
,ressure difference very much higher and tho teii1rature rise lover in the
water case.

In order to ret these results quantitatively, we first put the
Rnkine-Hwxoniot equation (Eq. (12)) in a rather general form. From purely
thermodynanical considerations, one obtains the result that

The second integr'a1 can be evaluated and the last one can be integreted byparts. If this ta done and the result inserted in the Rankine-ugoniot
elution E2 - E1 = (P1 + P2 )(V'V-2 ), the result is

T2C:-T , T2 Y d T- T, f 2 AVI

" (P2 - P (l+ v2) + /T 2 P cITT '2 g ~l '

(d -PP
vT2) Pi &V d T .Pi FT (107)

This equation should be quite onerl for any fluid to which the fundarental~equations ere applicable. In applyinG it to water, epirical data for V asa function. of P ant r can be used. This data has been obtained by Dridgemn.

Professor J. G. Kirkw~o~d' has devised a very effective method of
solving this equat:Lun numerically for water usinGSsuccessive approzimations.He inserts the value of an P1 an an asetried value of TRa into a difiedqfor of the eqution and obtai a bettor value of Ta. fro nd

aomes fr m Thid~rons resiults. Table *L-? shows the venues of P2, V2, T2
anM f coifuted by ICIr'wood.

1?. /refactTon Wave Folloing Shock Wave.

Suppose that the piston is accelerated ntantaneously to a constant
velocity w, so that no diffc lties arise over the initiation iprocess, but
that later the piston is gradually brouht to rest, as shown in . 17-1.
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Fi.:. 17-1

Then it will be shown that the rarefaction wave which is started by the de-
celeration of the piston will overtake the shock wave and weaken it. The
shock wave will therefore travel with constant velocity until overtakon by
the front of the rarefaotion wave, whereupon its velocity and inteng!+y
'ill be continuously reduced, presumably until an ordinary sound wave results.
Therefore, even a plane shock wave in a medium with no viscosity or thermal
conduction will die out unless it is continuously supported by a moving
piston. This result may not be new, but we have not noticed it so far in
the literature. The spherical case has not been treated but presumably
would show a fallinC off greater than the inverse square.

Two arguments suport this conclusion for plane shook waves. The
first is a thermodynamic one. The compression of the medium which occurs
when tho shock front passes a Given iterial point is an irreversible

3) process---the material is shifted from one adiabatic to another in the
process. Consequently energy in continually beinG degraded. But if the
piston is ultimately brought to rest, only a finite amount of work is done
by the piston on the column of :naterial so that this work must ultimately
be dcgraded to heat by the irreversible process. The ohock wave cannot

in. therefore continue indefinitely unaltered.

The second arg-ument is more detailed. The rarefaction wave should
behave exactly as the simple rarefiction disouceed in See. 15 except that
the velocity w is superimposed. Its front should thui propaGate with a
velocity w + o, where c is the velocity of sound in the compressed, heated
gas back of the shock front. The shook wave itself travels with a slower
speed than this. '1gls is snown for tae perfect ,as case by inspection of
Table -1~, inwhici (D/a) - (w/a)<l or D - w<a . But 0> a bocause
of the higher temperature. For a more general proof reference may be made
to Sec. 5. There it was shown that If the final sta e of tho wediuni is
above the point of tangency J ou the AuGoniot curve, the velocity of detona-
tion is meas than w + c. But in the shock wave case the initial point A
(Fi,;. 5-1) lies on the IHugoniot curve, rather than below it as in the detona..
tion problem. Consequently the only point of tan-ency is A itself so
that the Littal state for any shock wave must be above tho point of taniency
and therefore the velocity is less than w + c and consequently less t1in
that of the rarefaction wove. Duhem has also discussed. this.

______________________________________________ _______
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When the rarefaction catches up, reflection will presumably ensue.
At this point the simple Riemnn theory vill no loer appij because whon
the shock wave amplitude is reduced the medium beck of the reduced shock
wave is not on the same adiabatic as the medium through which the un-
diminished shock wave passed.

Although it ray be quite difficult to calculate the exact law of
decay, it is --,ear that the shock wave must decay and that the way in which
it will X.ecay will depend on the time durinC which the piston is movinG and
the Wve in which the piston is decelerated. This problem is under con-
sideration.

Incidentally, it is at lest conceivable that more effect could be
produced at a lonG distance by a gradanl acceleration of the piston than
by a sudden acceleration. During, the initiation periou the procossees
occurring are reversible until a discontinuity is produced. By a slow ac-

celeration the distance in front of the piston at which discontinuity occurs
is increased and therefore the deGradation of enorgy is ;ostponed.

There have been many criticisms of the flusoniot treatment (Iamb,
11

FleyleiGh),Athe difficulty beinr, connected with the idea that the passaGe of
the shock front Is an irreversible Ivocess althoug;h there is no viscosity or
thermal conductiun. As RayleiGh points out, perlhap one should consider the

Huoniot equations as limitingj equations for very small viscosity, etc. Then
the existence of a very steep shock front could result in a finite dissipa-
tion of energy even though the effect of viscosity, etc., could be neglected
elsewhere.

18. Rarefaction Wave FollovinM a Detonation Wave.

In this section detonation waves initiated by a single impulse from
a piston will be discussed. At the discontinuous dotonation frontthe
HuGoniot conditions must again be satisfied, with the modification that the
change in chemical energy due to the reaction must appear in ^E. In ths
shock wave the velocity (U2 ) of the va back of the wave was that of the

piston and all the enerry came from the piston. Now, however, the detona-
tion itaelf supplies energy and there is no reason why U2 should equal w.

There is another condition which must be satisfied at the detonation
front, c con!Ition which was discussed in Sec. 5. Upon the introduction of
this condition, P2, V2, and U2 become fixed without reference to tho piston

speed, so that in order to keep the roduct ises at a constant velocity,
the piston velocity w -st be specified, instead of being one of the
independent variables as in the shock wave case.

Therefore if it is asouriod that the detonation reaction starts
instantly, the situation is quite simple when the piston is Instantly
accelerated to the proper final velocity w. F!i;. 1'-1 shows this case.
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Ini tl, on**) It the pinton is later brouGht to root, a rarofaoticn
wave In ftertd which should behave the oame way- as the rerefaotion wave
in the 0orroevmndl, shook wave oasoo i.e. aooordlrin to Via. 18-2, exoept
thnt it 4oea not catoh up w!th the detonation wave since here L . 4 V.

I ! ,_
/ % / U L 1 Fig. 18-2

\ VO' P 1,: t wk

t

If thn t .-Im Cturin Which tho p]aton i boinr; alownd down is decreased,
In the i1.!iIt I, atuatL, itm oh ac shtwn in Fi,';. IA-) should provail.

1 13 -I /7/

/ / "FQ . 18-'

4 *;,N auI -Oou Lho lon ,th ' : time the piston travels to be roduced to a
mW.0-tw'n. In t~ho lihit) the situation would look like Fin3. l-4.
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Here the sonrp detonation front is imediately fnllowed by the rarefaction
wave. The Gas in front o' the detonation front1 a u L rest, imediatoly be
hind it has the velocity w, and this velocity falls off until the erja. of
the rarefaction wave is reached, after whioh the Cas is at rest.

It should be pointed out that this limiting ones provides no mechanism
for startinv the detonation. It does illustrate, however, a situation close
to that of an explosive detonated by a short sharp blow on an end otherwise
bloc1led off by an imovable partition.

Another difference from the usual shook wave case is the fact that the
products of an explosion are ordinarily mixtures in which rarious chemical
equilibria can occur. As the cs couols off on decompression, these
equilibria will shift, at least until the temperature Pulls s low that the
equilibria become "rozen . Those shifts cause ohvnGeC; In Cv, the heat
capacity.

If the detonation front is not infinitely steep, and It of ourse can
not be in reality, there is the possibility that the rarefaction wave may se
cool the gases that the reaction is stopped bofore complote C3tonation has
taken place, thus woalceninC the explosion. This may be the reason why the
mode of detonation is important. Poor d oI%&ton my cause the rarefaction
wave to follow too olooely behind the detonation front. If the rarefaction
does cut off the end of the detonation, it should reduce the detonAtion
velocity, because it provents complete chemical reaotion.

As the detonation proceeds down a stick of explosive, the detonation
front should be unolcnaraL but the width of the rarofaction "ave increases.
This may account fr observed differences in effect for different lengths,
since the region (f hiJ;h pressure and velocity will increase in lon3th as
the detonation proceeds.

Quantitatively, the rarefaction wavo back cf the detoration wave ean
be treated by a procedure exactly similar to t'io simple rarefaction -Wave
discussed in Sec. 15. Provided the equation of state of the product gases
is known a complete solution can be obtained for any given deceleration of
the piston, Practically, thoujh, the qualitative results alrwidy outlined
contain most of the useful information, inasmuch as the "deceleration of thepston" ii the actual case is unknown and is determined by the mode of
initintion of the detonation.

19. Phenomena at Boundaries: Reflection

Reflection plays a very important ro'le in the initiation of shock waves
by Pn acceleratln, piston, in the dying out of a shoclr wave duo to its over-
running by n rarefaction wave, in the effecL of chock waves on nn obmtaole,
and on the initiation of a shock wave by an explooion. In this section
will be iven the bu,;innings of the truatment of reflotions.

The snplost case is that of a compressional shock wave reflected from
a rijid wall. The a lution wilch satisfies all the requirements 4.q shown in
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Fig. 19-1. The reflected wave is also a compressional shock wave but it
moves ajainst the mass motion of the fluid and loaves the fluid behind it
at rest. Its velocity is given by the nxprRssions

Drf. w+ V2A---.I7Tt)

0 -w + (vP--p) (V2 -VT , EV; - E2 "(l/2)(P 2 + P3 )(V2 - V3 ) O

(109:

P1 *V /\ P, V,/ ".

x Ul 0i \U3 0 N etc.
\ I V4 , .. ,

/P 2 , V2 , \ U Figl. 19-1

t

Further reflections will take place from he piston, if it is rigid,
as shown. The waves going in the negativa direction will have lower speed
(relative to fixed axes) tnan the forward waves, because they go in the
direction opposite to the piston motion. As the fluid becomes more and more
compressed (note that it does so in discontinuous steps in this case), the
velocity of the waves increases.

If the rigid wall is replaced by v second medium of infinite dxtent,
a shock wave will be transmitted into thib second medium and either a shock
or a rarefaction wave will be reflccted. Across the boundary there must be
c, uality of pressures and of mass vwlocitie,.

Let *4rbe the mass velocity and P2 t,1e pros'r in the first medium
before reflection and let P3 be the pressuu .hich would be produced in
medium II by a piston with velocity w. Then;

iI shock wave reflected
P3 )P 2 ,

If PL <P rarefaction weve reflected.

This result has been proven Rigorously for ideal gases by von Newmannla
but seems reasonable for any media.

PI, Vl', UlI 0 P5, V5', U3

x -

/,' \P5 V, U3PI, V1, / \Fig. 19-2

U1 = 0 /P 2, V2,

t
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The MConiot conditions must be Satisfied at the dotted lines and
equality of Vressure and veloolty miotained at tho interface. The fluid In
contact with the piston mat have the velocity v of the piston. Theme eOn-
d1tionb are just suffiolent in number to specify all the free variables.

20,. Calculation of the Velocity of the Shook Wave
Produced by an Eposion

a. aso sc inoiplo. When the detonation wave t.?olllng down a etics
of explosive reaches the end, reflection occurs and two new varse are eo-
duced. One is the ihook wave in the air at the end -f the 3tlok; the other
is a rarefaction wave movina backward through the bwnr, eases. The boundr7t
between the burnt aaes and the outer air will also mve forwnrd, though not
as fast as the shook wave in air.

The problem is treated most simply if the forward-movinw rarefactlon
wave which inevitably follows the detonation wave (see Se. 18) is ignored;
i.e. the case of a semi-infinite stick is treated. The effect of this rare-
faction mey be added later.

21 ' lt/ , - o

boundary /
X ;?3, V3 . U3

Figx. 20-1
D / f \raref.

/ V2 , V. . ..

t

The situation is Lhcn as shown in FiG. 20-1. It is assumed tht
aoress the boutdary betweon the vxvloalve aim). Lhe air Lite pressures xwt
rAMAI n Al1) Anti PA 1A hMWR, 1 ,1O ._ e@ if t'e pmopertiee of the
exploslve are known, Pp,, V2 , w and D can be calculated as shown in Part II.
The values of P3, V3 and V3 across the reflected rarefaction wave are
calculated af, seen below If one of them is known. That is, P3, sal' is a
known funotion -f P2 ' VP w and U 3 . Likewise twa the theory of shook

waves already Siven, P3 , VI and U3 back o'f the shock wave are connected
so that P3 is a knwn function of U3, PI, and V1 . It is then merely noses-
eary to combine these two a'iwtions oonnectirr, P with U3 to solve for both

and U , and therefore P , ttc.
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Usln; the method of Se. 13, we see that (since the stick is
infinitely lon, ) the vhole r'j,' on in the buLrnt reses Is coverd by r
tyrt lines oriinatin; in the rogion of uniform -geasure and velocity
(P2,w) book of the detonation front. These lines run peraillel t,' the de-
tonation front in this recion and curve upward on passinG theouch the
rarefaction wave. Consequently, aince r . (w + U) is everywhere the
same (in the burnt Gases).

U3 " -()+ cont. (110)

where 4. uf (c/ d (111)

On ohoosingC C 2 the oonst. becomes w, the mass-velocity b,'c.": of

the detonation front.

To summrize: the burnt as expands reversibly, at the same time
Increasing its forward velocity and reducing its aressure and temperature.
The air is compressed and aoquires a forward velocity. The solution is
assumed to be the situation reached when the pressures and velooities are
equal across the boundary.

b. Use of a neneral equation of state. The equation of state will be
written in the (General form

Pv ,nHUP (x) (112)

where x = (IC/v) h (T) (113)

in which P is the pressure (o.G.s.), v the volume occupied by the Gases
resultinG from the explosion of M crams of explosive, v=VM, n is the number
of moles cf products (all products are assumed to be aseo), R is the -,as
constant per mole (c.&.s.), F (x) is some function of x, K is a oonstant
for a Given composition of the gases and for the Given quantity M, and h
(Z) is a function of the temperature T. It will be assumed that the
composition (therefore n and K) In independent of T and P.

The velocity U3 of the burnt 0ases is connected with the density
through the equation

s shown above. It. is convenient to write the inteu-ral in the form

'd.P (dO) dx(1)

in which the inteGrand in expressed as a function cf x. We thezefor'e
need (dP/d (3 ). and (d (P/dx)s. In addition we shall want P as a function
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of x, and T as a funotion of x, the latter as an auxiliary quanti,y be-
Oause T will appear in the intesrand above. P will be obtained br tn-
tagratinl (dP/dx)S and T by integrating (dT/dx) S .

'rom pure thermodynamios , . obtain the followine relations:

AdT mT (116)

)v/, kdv/i.

1 dP) (18)

CV . v+Tj( d v (119)

in which C i io the heat capacity of the M grams of buxnt gases at the
tempereturT txreated as ideal gases, Cv the same quantIty for the real
gasee at T and v. ' is p/Cv for the real gas.

The dbnsity equals M/v so

d = -M! (120)
dv

Also, from the definition of x,

dx = -(x/v) dv + (xh'Ih)dT , (121)

Id)s .- x + xh'(dT )s - x xhIT a
(Iv)- v h' (00V

- x hCv + vh'T (dP/dT),. (122)
hv 0v

These equations my now be oombined W0 give the results desired, i.e.

'dP dT ) /dv\r h vT

Qd4 8  ( Is 5-s xthC v (dT1(P)v + vh'TJ , (123)

an expreoion which can be inteiSrated to give T as a function of x, for
given T2 , x.

Also (P) AMdP (dv) Cv (dP&%),~F. (124~)
Wio c d\v as se iea t "i [ v + vhT (dPndaT)o ]

which can be integrated to give P as a function of x if P2 and X2 are knovn.
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Firaly,

?r hvO~ (3-25)
= ' 1 v-r X Lhv vh'iT (dP/dT),J

so that
U3  2 al-..'+ -h 

'(di __ i #vC

'22 R (Tdv-/T x hC ; hI (Pjd 126

In all these expressions C and should be considered as functions of x
with S constant. The quantities (dP/dv)T and (dP/dT), are given by the
eXp2 essions

(I .r'T) , - (F + FIX) ( 27)

(dP, : . R(r,+ xlrrT--hilh) ,(128)

in which h' = dh/dT, F' = dF/dx.

The above equations give U3 and 1 as functions of x, so that P3
can be plotted against U3. The intersection of this ourvo with the corres-
pondina one for the shock wave Gives the value of U, (and P3 ) expected.

c. Use of a special equation of state. The equation of state "oed

in Secs. is a special case of the above general form. It is

Pv = nIar (1+ xe 0X) (199)

where x , XI/vT , o( U 0.25, -.3 , (130)

i.e. F . I + xe , h = T-  ,I

F' ,e x (l+ x), h' a -,th/T

and (dp) . P (1I .2e + , x2ex)m
"dv}T vF vF (W1)
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where 7 F +~ r =1+ ft' * X Q+z2  ae X3 .

Also (d) % a (F-(XF') nR (32)

where z a Generl e 0 v w e G n t h. (132)

Then (dT) jr-Z with b O0r/n1.

S.. b--  .
T Jb r

in which T' is a constant of integration and 9 = l"(0t s/b).

Fromn the general equation for 0 v, we got In this oasu

bmb +04Cz-l1) , (1,34)

where bi  Cvilnj i.e. the ideal value of b. Also

2( 1 + (22/by). (35)

The presoure is obtained from the integral

ie "- d% , (136)

vhile U3 fw- -K V ZT7  'dx , (37)

in which T/T' is taken from the previous calculation.

A rather exact treutment could be carried out using these equationn,
which enable the velocity U3 and the proosni P of the expanded burnt
gas s to be tabulated as a function of x. From this U3 vs. P, is plotted
and compared with U% vs for the shook wave in air, taken Trom Table
16-1. The Intersection or the curves Gives the solution for P3 and Up ,
Do that the shook velocity D' can be read from Table 16-1. At the present
time, however, the above equations have not yet been applied rigorously.

d. An auwcmimate wocedAre. In the oaloUatione so far carried out
o-+^I" aImplifioations have been used. First T2 , P21 w and x were Oalou-
lated for the burnt ases directly back of the detonation front by the
methods of Part II. Then the variation of heat capacity with temperature
was ignored in applying Eq. (13) and (133). It was thus possible to
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tabulate T/T' as a function of x for a fixed value of bi (Ovi/nR). From
this and a knowledge of T2 and x2, T' can be reed. This table in found in
the appendix (Table A-:V). Lkwwise, the variatiou of bi with temperature
was ignored in oomputing log P/P as a function of x from Eq. (236). This
is also tabulatedin the appendix (Table A-1V). From it and a knwledge of
P and x2 , 106 P is read off. Eq. (37) can next be employed to obtain
U3 as a funotion of z. The intearal in Iq. (L37) can be tabulnted (Table IV):
so that little labor is involved in oaryir43 out these computations. When
U and F, have been computed for several values of x, 17 oan be plotted
against L . and this curve compared with the corresponding owurv for shook
waves.

The apprcminmtion of ignoring the variation of heat capaoity is probbls'
not too serious. At the high temperatures involved the variation is not
great; furthermore its ef-ect partly cancels out.

e. A Sample CaloQUUaion. As an example consider tetryl at a density
of 1.2 8.o0. aereM 207, h 11.5, Ti a 3950 and Di U 2.3 105 cam./seo.,
aocording to the methods of Part II. We could also compute the other re-
quired properties theoretically but to -void compounding errows, it Is better
to make use of the measured detonation velocity, D = 5.9 x 1-P at " 1.2.
Then D/D 2.50. IEamination of the heat capaoity of the products snows
that Table A-II with Cvi - 7 is the right one to use, wheie we get xi -
1.67 , x2  5 .246, T2  5.4-. from F. (8jb), Por 10.7 I X 1010 dXn 7es~s,
aci. (over lo atm. 3). Then usine Table A-!Vwe et log P - 8. ;42 and

=1180. Also w a 1.51 x 10fom q. (86).

These numbers mey now be inserted In Eq. (137), meking use of Table
A-rl LO hLaleh Lim valu e u' Lie iz, merAl. The result is a Table of values
of U3 aGainst the final x. From Table A-IV also one can obtain Io10 P3 vs x
knowing log P'. Therefore loC, can be plotted against U3 , as shown in
I1,. 20-1. On the same plot Is shown lot I vs , for the shok wave in
air, these points being from Table 16-1. The intersection of the shock
wave curve with that for the burnt gases Gives the predicted mass-velooity
U , which enables D' to be found, asin from Table 16-1. The result in
tIs case is D' x 7' 30 metos/eeo. for air. The experimental value is
7900 mr./ec. It should be emphasized that these are only the initial
shook wave velocities; they will decrease as the shook wave proceeds.

f. Other results. Little experimental data exists with which to
compare calculations of initial shook wave velocities. Some of the avail-
able data is sm-rized in Table 20-1 below, together with the velocities
coaputed as above. The agreemeut ia all that oould be expooted.

Table 20-1. Caloulated and observed Initial Shook Wave Velocities in Air.
(Epcr4mental results from Cairns)3

Ekplosive Density D'calo. D'obs. *
0.5 612c 6500 5.5

" 1.2 7G80 8100 P.7
Tetryl .0 7600 7700 2,6

3.2 7760 7900 "!.2
* For values beyond the limits of Table i-1, the table in Sea. 4b use
provisionally used.
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At present the wvk* decrbed in this rewt Is being omzried further
and it is 1oed to be able to attend It to thre dlMIft.. TbO POUesi
of the dying may of .book waves Is being studied nm and It IS bo~ed
ultimtely to be able to asloulate to a paeoasi degr*. of aowacy al
the phenim semloOaited vith an vSilmen
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APPENDIX

Table A-I

Mean Hoat Capacitios

StI/(T2 "300)1 T0 OvdT = A + B2

Substanoe A B Coef. Cage P Coef. Case B
C (solid) 5.94 o.2y x 10-3

O0 5.61 0.21 x I0 - 2-s+r
002 10.16 0.46 x 10-3 s 'rl
H2 4.91 0.30 x 10 q-8+r/.

o20 7.86 0.55 x 10-' s. r/
N2  5.5 0.21 x 1O-3 t/2

The mean heat capacity of a mixture is also given by the equation

C A + BT2, (calories par Gram-mole)

in which A and B are obtained from the ind'vidual values given above by
multiplying each by the number of moles of that oonstituent and adding.
The number of moles for the simple oases A and B of Sec. 9b are given
in the fourth and fifth columns. The results above are accurate to 1%
over tho rnnce 2000 to 50000 for T2 .

Table A-If

Covolume (onstante for Individual Product Gases.

Gas Kk (0.c.) Gas Kk (.o.)O 316 549C 549 0 241

For a mixture K = n nkKk

For oases A and B, the coeffii3nt,3 nk are Given in the previous table.
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Table A-Ill. D/Di, T/T2 etc. vs. x1.

(1) cvi = 7 oa /do.

.20 0.324 290 976 .982 1.178 172 1.80 2.398 238 ,965 .&96 2.627 210

.40 0.614 273 .963 .%8 1.350 i 2.00 2.636 23 .96 .879 2.857 eam

.60 0.887 265 .964 .95 1.522 172 2.20 2815 240 .963 .875 3.060 258

.80 1.152 256 .963 .942 1.194 17, 2.40 3.113 238 .962 .875 3.298 260

1.00 1.403 250 *963 .0 1I.870 1 2 60 3.351 233 96 .881 3.553 290

1.20 1.658 252 .9 4 .917 2.050 1,36 2.80 3.584 232 9 .894 346328

1.40 1,910 247 .964 '96 2.236 192 3.00 3.816 242 955 :91 4.176 392
1.6o 2.157 241 . 95 2.423 199 3.20 4.058 .952 958 4.568

(2) C -= 8.5 oas./Aec.X /2 (It T2/TmiD/Di Xi 1' 2/Tzl D/.Dj

.20 0.328 292 .980 .91- 1.131 1 1 1.80 2.414 242 .975 .899 2.648 210

.4o 0.620 277 .973 .973 1.355 i@ 2.00 2.656 239 .975 .891 2,858 219

.60 0.397 266 .971 .96 1.529 175 2.20 2.895 25 975 .84 3.077 232

.80 1.163 253 .971 .952 1.7o4 179 2.40 3.130 240 ,9 .880 339 247

1.00 1.421 254 .971 .941 1.383 183 2.60 3.370 236 .973 .873 3.556 266
1.20 1.675 251 .972 .930 2.06 188 2.80 3.606 234 .971 .881 3.822 2o4

1.4o 1.926 245 .973 -920 2.254 194 3.00 3.840 3O .969 .890 4.116 32

i.60 2.171 243 .974 .909 2.443 200 3.20 4.070 .967 .907 4.:442

(3) Cvi = 10 oals.ldec.

X3.  Y/2 j T2/T2 j D/D X1 X2  YV/ rT 2 /T2 i D/D1

.20 0.331 295 .95 3 .988 i.182 176 1.80 2.o426 242 9 .931 2.665 210
.40 0.026 277 .9 .97Y 1.5.3 175 2-.00 2.668 240 219

.60 0.90 257 .975 .968 1.533 177 2.20 2.908 236 982 .894 3.094 29

.80 1.170 261 .976 .959 1.710 181 2.40 3.144 239 .982 .837 3.323 242

1.oo 1.431 254 .976 .950 1.891 186 2.60 3.383 237 .931 .882 3.565 257
1.20 1.685 251 .978 .940 2.077 190 2.80 3.620 235 .980 .880 3.822 276
1.4o 1.96 246 .979 .930 2.267 196 3.00 3.855 231 .978 .382 4.098 30
1.6o 2.182 214 .980 .920 2.465 2C2 3.20 4.086 .976 .88 4.400
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Table A-IV. Properties of Burnt Gases from Exnlosion.

(Int. = 2 !Ti dx/gx with a'= 1.23)

x  T/T1  log. P/P 1  Int. x TI/T I log. P/P 1  Int.

0.1 1,)00 0 0 1.5 2.303 2.1628 56725
0.2 1.181 0.4449 9030 1.6 2.389 2,2456 59834
0.3 1.306 0.7169 15040 1.7 2.470 2.3180 62860
0.4 1.414 0.9303 20000 1.8 2.560 2.3962 66024
0.5 1.505 1.0992 24170 1.9 2.646 2.4646 69126

0.6 1,594 1.2526 28080 2.0 2.742 2.5392 72377
0.7 1.674 1.3815 31590 2.1 2.833 2.6044 75584
0.8 1.757 1.5063 35040 2.2 2.936 2.6763 78952
0.9 1.832 1.6137 38250 2.3 3.033 2.7390 82294

1.0 1.913 1.7216 41480 2.4 3.144 2.8087 85809
1.1 1.987 1.8154 44530 2.5 3.249 2.8694 89315
1.2 2.068 1.9121 47650
1.3 2.143 1.9965 50650
1.4 2.225 2.0352 53650

Table A-V. D, P2 , T2, 2 and U2 for Some Common Explosives

Exnlosive __ 2 D(obs.) P2 (atm.) T2 (OK) U2 (m/s)

PETN .5 .73 4000 15,000 4740 1274
1.2 1.63 6100 115,000 4520 1602

Cyclonite 1.2 1.62 6310 122,000 4220 1633
1.56 2.04 7890 226,000 4100 1876

Tetryl !.0 1.36 5500 78,000 3560 1444
1.2 1.57 5900 106,000 3520 1513

Pieria Acid 1.03 1.39 5150 70,000 3080 1332

1.63 2.11 7210 189,000 3020 1632

Nitroglycerin 7..6 2.15 7400 222,000 4660 1899
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NOTE ON THE LATERAL EXPANSION BEHIND

A DETONATION WAVE

G. 1. Taylor and- M. lore.

May 1942

When a detonation wav;e travels along the length of a cylindrical explosive charge, the
front seems to oe a surfacr which is nearly perpendiculmr to its direction of motion, i.e. to the
surface± of the charge. trehedlati.l y 0behind the detonation front the products of combutt ion can
expand laterally. If th.: explosive is contained in a tube the inertia of this tube is In most
cases sufficiont to ..nsure that the prvssure across any sectioc of the expanding tube is nearly
uni form. when th.~ wall of the tube is verf light or when the charge is unc,.sed the conditions
are morke com'plicated and the latcral as well ts thc longituiil component of velocity in the
expandin4 gais must bc considered. Though the motion of tho expanding gases from a cylindrical
explosive cannot no descrilied coaplfetely without great compl-xity of anlysis. the motion in the
region close to trw point where the detonaetion wave meets the su r~acc of the cylinder can be
analysed.

The problem is simplified in the follois4 way. he consider a semi-infinite block of
explosive bounded by. and lying below., the xy-pla ne. Co-ordinates arc taken moving with the
uniform detonation velocity U0 in the positive. x direction. The lower half of the yz-pl;jne than
represk~nts the detonati,)n wave front and the motion of the exrendirrg gases is *6cady relative to
these movingj axes. On account of the Chapman condition, we know that, referred to this system,
the products of the detonation wave front are moving in the direction of the negative x - axis
with the local velocity of s- und C. The flow of the hot oases and the osit Ion of the Shock
emv,- which is produczd in thi. surrounding medium can readily be calculated by thL methods
described by Taylor and Pftccoll (Aerodynamic Theory, W.F. Durand Vol.111). To obtain nuftr'.cal
results the law for the adiabat ic expansion of the explosion products must be known, and this has
been given by Jones and M4iller, amd Jones for T.N.T. at densities 1.5 gn/Cm3I and 1.0 gm/cM3

respectilvely.

Referring to Figure (1), 04 denotes the detonation wave front, which is at rest in the
c,-ordinates considered, with gas passing through from right to left with velocity c where

C2  
.

("1o

p is the pressurte and p thty donsity, and the Suffix o denotes values taken over the Plane OA.

The Pquations *'f moti on for two dimensions are

N ~ .v2! ! _ 2 (2)at r 6 r p8r

u L . ! -_v 1 Lr)r r p r 6(3

where r and 0 Are polar co-ordinats with roslpect to 0 and the reference line Ok, and u anid v
are the coaponentts of thte vvlc'city parallel and Perpendicular to r respectively.

We assume the existence of a solution (verifiable! A posteriori) in which p. u and v are
functions of C9 only. Equation (2) then beccomes

v (u) (a)

and (3), together with the equation :if continuity,

gives...
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g Ives

V2 . dP (5)

Also (3) and (4) with the condition that When p' aP,. u 6 
a and v *cgv

u C 2 - V2 -_2 fo ! op (6)

From tabulated adiabatic P. V relations. the values aft9 and Adp have been calculated for
op 00P ,

various pressure~s. Thus tl* Values of u And v for A given prOasure At Obtai'V .2 from e"motion$
(5) and (6). ThE angle specifyinlg the radius vector along Which these Values Of U. V and P
occur is given by v~ust ion (4) which fty be rewritten

This integral he$ to be evaluated nuaircAlly.

The direct Ion of the streazm IInes is denoted by the angle o* relat ive to OA as reference
line, which Is given therefore by

C= G tan-' V S

Tables (1) aid f2) ;I.'e the angles 9 and it and also u and v for various pressures below the
initial valu. p 0 , or the loadin~g demhtities 1.5 an 1_ '"slo~tively. Cures in Figures (2)
arid (3) Show the angles 9alid 4 t Plotted against log10 P.

?he Shock Wavte in the Surrountdipti Nediust.

When the expansion takes place into a imdium buc as air or inter the solution can be
obtained as folIlues. The solution already qiven holds over the region ADO. Along 0S. the
pressura is constant and thte stream lines are all parallel To 00. i.e. the angle AO00 is the
v.l,*o of O nr.pondi mg to the value of C9 4011. In the rcgion BOO the pressure is constacit and
the stream lines are straight and parallail to 0D. OE represent' the shock wave front in air;
the angle EOA wL denote by 4,. It is known from the theory of obi ilue. shock *av"s (cf Taylor
and Waccoll 1lo. rit.) that b'~hind OE the strewt lines arte %;raight and the pressure IS corstAnt.
The solution i . uvtermineo therefore' by the following two conditions. First. the Constant
pressure in the rigion EQO miust be equal to that in SO0. and secondly, th. direction of the
stream lines behind OF Must bA given byeJ. !.t.. they must be MqrAllp) to 00. Thpre is a
tangential discontinuity in tme velocity along~ 00.

L~et U~p) be the velocity with which a Shock wave is propagated into the outside medium
in the direction of the norrel tc, its plane when the pressure behind the shock wave front is p
and the medium in front of the Shock wave is at rest. Let u(P) :;t thp corresponding particle
voloCity behind the Shock Wave front. The first condition n'a' then be expressed by tht. equation

sin (0 -if U(P) 3
2 U0

Since the velocity of the mediumi relative to the shock wave is U(p) -u~p) the second condition
is expresSed by U(;,) - u(p) - U 0 cos - tan ~-)or sinl cog 4i- tan

U(P or it 'my be written in the form

Nu0 - u(0)) (to)

The finctijens, U(p) and u(p) depend upon the mendium Into which the expansion takes place. for
a jerfeet gas at pressure pa in which the velocity of sound is c 0 40 have

U(P).
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U(p) c c. (- ) *- (11)

27 Pq2) 2a/ 2

where 7 Is the ratio of the specific heats.

For inter, tables of the functions U(p) and u(p) have been kindly suappliled to us by
Dr. Penney. These functions at.- Shown in Figure (4) in Which U(p) and u(p) are plotted against

lgop were p Is expressed in atmospheres.

To determine the shock wave we- take a given value for p and from the %hnis value of U(p)
we finid q from equation (9) and -also 0 from eauation (10). The points 0. log p so determined
are plotted in Figures (2) and (3). curves (a) and (b) relate to air and water respectively.
The intersect ions of the qr. log p curves obtained in this way witlh those obtained from the
values of tables (1) and (2) determine the angle and the press-re of the Shock wave mintained
In the given ediwa by the adiabatic expansion of the explosion products.

A solution of this type in which the shock wave passes th'ough the po~nt 0, Figure 1.
is no elways possible. In a gas, for high values of the pressure sL6ch as we consider here,
(I - u(p) U(p)) tends to a constant value (y - 1)/(Y + 1). Thus, If we denote for brevity
tan (c by 77 and tan 77-) bye aquation31 (9) and (10) give

The greatest value of 7y for which this equation has a real root in 13 given by

and the co responding value of 4s is given by

tan IkMax - 7) ' =5

For air, assuming v -i1S1 we find 416 135 degrees 35 minutes. Thus if the curvo (1) Figures
(2) and (3) has not cut the 0. log p curve whenw' has reached this limit ing value r~c Zolut Ion

Of the type sought is possible. The effect is similar to thaet of the formaetion of a shock
wave by a moving wedge. When the angle of the wedJge exc~eds a certain critical Value, the
shork wave no longer passes through the vertex of the wedge but moves ahad. Figurest (2) arni
(3) show thet for T.M.'T. in air the angles 6 are less than the critical '.alUeS so that solutions
of the form shown in Figure (1) are Poasioie.

If the surrounding rediurl were haelium gas (Ye 1.47) the limiting value of 6would be
1U6.9 degrees so that in this case the Shock wave would be ahead of the detonation wave for
both densities.

It is interesting to find te angle X at which the particles of the surrounding medium
are threwn forward in the shock wave. i.e. with respect to the explosive at re.st. X is the
angle between the direct ion of motion of the partiles and the direction of the detonation wave
norm)l. The horizontal and vertical components of the pmert Ice velccity 1r, the Shock wave
(i.e. perpendicular and parallel to 0A Figure (1)) are respectively

UDsin 6')sin (q; - 7) (

Cos t 6

and

U0 COS (i-7) sin - ()

Cos 0' - 0

Thus tan X* cct (4'-77) or X S -

The...
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Th. murtirical results are sorinarlsed holowt

T.N.T. donsity 1.5 Itm qO - 4090 ml I I soji.

a a 114 degrees 16 falnutes U *1* degr~ees It min~utes ,( 141 UdleS
14 MIncstoX 0 s34 depeN, 34 Minutes. Pressure In %hpe shock wave a 300 Onw.

9 63 degrees 4b - 100 doilrees 36 misutos 127j dere .T minuS lnts
61 degrees 51' minutes. Pressure in the %hock wave - 49,tai allies

T,N,1, density 1.0 gmlrceill UO a $$is -millIsocomis.

in I-Ir

6 W5 Otpleps 6 ml fluts* 0P - 131 doirves '4 mliuwtes k, - 14t de0Fri16
at wihnltvs A - .3% dilreas 'is rinuti, Prsuwrt III th, shuJck vavo - 200 atwak.

In W~er

V 5? Ogreas 0 ra~ ielFtes 6 mlnutts %I% ' 41.'1:c6s 6 minutos
N*50 0vqro-!s 54 minutes. Pressure, in t-t shock wuvo a 31.610 A-ea.

Thir strolm lines of th~k ttcw relatilve to tn* datwsatlion wave NCr' pown in Figure (1)
for air ands In Fiqture M~ for wter. ?he linke 00 ssperatin; te *ux'lo~iom products from the
%uproun0ing air or water Is shown clearly In toIth figurei. As thigt ow txpectod the exansion
is ... Ropqra rpid ki air thjil In water. The ac~roe of cnfinetwnt O0tci1nt by surrounding
the k -plotioe with Al? 6113 eatvr respectively !%y bet Judged by cwnpe~lttg the prossure At the
sufncfi at s-perat Wit beteflun the PoCducts of Onbfjstlkpn amid the surrounding "odCiumn. in air
this I% only I0C atlCQsphot'c5 white In water it Is $6.000.

ThiN pr,.oure may be compnei'd with thINit-,It PCIr*U?O at thn interface betwoon ivtN?
IdA'-" 0 sxPIooivC, tlutdtud by P6,'?.)1 * 36.00C atonolphervs. In Penney'$ Colo. the

,*I I," Ion pr.-4oitj wtre niuined At rest b-forI, being suddenly reloa36d. A higher figure would
i') tliwe it Ih. motion of trw qa- in the dttonat ion wove 'i.id been tikqen ipto Account.

Thuegs ut
9LSO the interfac,, own in Figures (1) and (5) aret the%* which would actually

L-' s. n in -in istintangoits p"Itozr4,ph It the detout We' process did in fact take place in .1 thin

kfn),et, nr tlnItj eiC t night c the u isoC jt of , xerjnnwnt 0  tolt Is the prvdict lam that
to. ~ -, Anc e1. Nr sMr of 001.11 11*uIJ trh 4 hoed 0i tinv ditontllon ve if 0Copoded

deAs t r -

~vdgrq ' T-grwes. V ptillc. v Cm/sec.

15.10 e4 ti9?3 V VO &.
66 -so u 0i 54 ' 4.493 11 3.33

010t 35, l07* 14,' 355 1.76
".1 x1 16 ts 1143" f1.134 1.111

%.,)310 * 1~ )60w, It, Aet 111 *:

1.441 . t ' Il1 10 is, 64611 * 01911
?.g I0 46 o 16t 6' 12 5* 11 A.6%, 1* POtj

.100 - 146 2.' I19N
0 

w0 6. ?51 *L ORt

I lON" 50' 1 30A' 6.605 L.lo)
10 1400 68' woS 30' 6.6911.66

0,640* 1*0 64, tA)~Cl' ~b.3e
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TABLE I I

T.K.T. densit 2.0

p dynes/cm2  19 degrees dCgrees u cm/sec. v cm/sec.

8.211 Y 1010 0 qoO 0 3.703 x 105

4.606 4 15' 30' 950 C 2.851 x 105 3.346

2.748 620 3C' loop 1b. 3.789 - .937

1.7. " 74, 3 C. 1040 1' A,32 2.503

1.213 82 21 i07 C lP' 11.684 " 2.173
6.607 x 109 l0 36' 1110 54' 5.057 1.675

9.333 x 108 1140 5a 1230 42' 5.528 " .85,

4.467 t 120P 36 12f 54,' 5. 6 " ,125

5.689 x 1C6  '1111i,0 I' IL a, 5.63" .461

C 6.C2 " 0

Figure (1) Oiagram snowing the Stream lines for T.N.T.dm'Si~ y 1.5 gqmcm3 detonating
in air. Line 00 separates the prcducts of the explosive ard tne air of
the expl.osive and the air of the shock wave with wave front OE.

Figu ) T.N.T. density 1.5 gm/cd. Explanation in text.

Figure T.N.T. density 1.0 gm/cr . Explanation in text.

ShOCk waves in water. Data supplied by Penney.

Figure (S Stream lines for T.N.T. density 1.5 qm/cm' dEtonating in water. Rcgion

EOD 1s the wat_'r VIock wave. DOA is region containing the produtts of
the exploding T.O.T.
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THE PRESSURE-TIME CURVE FOR UJNDERWATER EXPLOSIONS

W. G. Pcnne)

November 1940

*~~1 * * C C

The purpose of this mrathematical Investigation Is to estimate the time variation of the
pressure at various distances from the Centre of an explosion of a Spherical charge of T.N.T.
surroundei by vstur. The results oi some measurements are available for coemparison, and the
agreement Is Satisfactory. Confidence may thoe, re be placed In the valAs given by the theary
for the pressures at Positions so close to the ch~arge that the force of the explosion prevents
measurements from being made.

A rou~jn descripticn of the v~srIous events that occur is as 'allows. The explosive Is
$%opposed to be detonated, and for want of more detailed and accurate information we assume that
the resulting hut gases are Instantaneously at rest. and that the temperature, pressure and
chemical composition %rj unifonrm. Thus, at the Initial instant of tiffs, we have oa sphere of
hot gas it a very high ptesa.re, zgrrounded by WfterF at atmspharIC. ;rcssure. A smcrtk wave of
great intensity sets off into the water, AMd a rarefaction WAV* starts off Into the gas. At
the semi time, thc water and the ga-s V hc ~t neighbourhood of . gav-water Interface
acquires a high velocity (of the order t~oo m.Isec.). By thte timei the rarefaction wave has
reached the Centra of the gas, all parts of the gas are moving outwards, but the speeds In
different spherical shells are different. Similarly, In the wetter, various Shells ')p to the
shock Wave front are moving P-t different speeds, and there is a considerable variation of
pressure tnroughout the system. As the gas "expnes. It does work, and the tamperbaure, and
hence the chrrical compsition, change. The pressure everywhere ar..ps, but nowhere so quickly
as at the Centre of thG gas, tha origin. immwediately the rarefact ion wave reaches there. The
next stage, therefore, IS one where the prnsairc at the origin 13 very low are rlti .mrp -or
less uniformly to a iexiim at the shock wyco front. The pressure gralient near the origin
soon stops the ias In this rcegion from~ furth er exptnsion, and In fact soon causes gas t.3 rush
bahk ajain to the origin, restoring the pressure as It does so. The pressure gradient at the
origin then becomes reversed, and gas rushes out aigair. The order of magnitude if the speeds
at Which the gas near the origin rushes In and out Is 200 or 30D m.Jscc. The effet of the
pulsat ion of the gas In the central region passes out Into the rest of the gas and thence Imtj
the water as rarefact ion ,jnd compresion waves. Another set f waves Is continually being
generated at the gas-ater Into!fate, and the net resut of all these waves, going in and out,
Is to average out most of them. Nevrtheless, the pressurc-time curve due to the explosion,
even at considerable distances froms the bomb, should show fluctuations. Becaise of the
Involved nature of the motion of the gas near the origin, It Is not possible withcut very
lengthy Investigation to proceed to times muich In excess of k.6 x ao;3 seconds after the Initial
Instant. Fortunately, most if the events which Interest us have occurred by then, and are
being propagated outwards. ev '~ ro~oyl eiweert h ~ti~eeeh

One Interesting fpct brought out by the calculations Is the rapid decrease of the

Ihock wave intensity with distance. If the tneory of sound were a valid tpproximation, the
vlrets!" drop it the 5'lcak w-ef-n e;! ajIi:j',wUcrI;t'eVSa~ rm ?
origin, and )f course this will hold for very large values -)f r. P";qure 4 sh,-ws h~w the
pressure drop at the Smock wave depenos on r, for values of r up to about 25 Charge diamieters.

dsrbsate--sremto fodein wihaisubneo hrll )Y1erinOui calculat ions may conveniently be separated 'nto different Sections. section I

fluid. Seo-tion 1t deals with the numrical construction of certain auxiliary functions
formally Introduced In the previous section. Section III coMwAt.'f! shock waves In water.
ecilon ;i gives the resits of tke calculations. Sectio.n V z-onsIders the extraoolatcon of

the results to the position at which masurements wero mde, ond c- ..w re- the results with
those obser.,ed.
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SECTION 1. THE nIYDRODYNIWICAL sE ,ATIONS.

Qonsidar an invIcIa fluid in which pressure changu ar- nccurring to fast tht theflfhl
=;; *' -tO ,jc' thit c'eey * vt ttild 1I1cmflffll tt thm n o

adiabatic equbtlon. Thus, wu are ssuwin, thrt the flui could be reduceJ by suitable local
adiabatic pressure changes In different reajions into a condition In which the pressure, density
and temperature arc all uniform, Whan this is so, the pressure wy be takon to depend On
density only.

For a state ol spherical symmetry, the equation of continuity and the equat Ion of motion

are

u (a)

at r pr o r

Following thc we)1-known solution of Ritemnn for the corresponling one-dimmlone cais,
we Introduce two new functions P and Q, both of Which Involve an arbitrary function f(O), whose
precise definition we Choose later, t, suit our convenience.

P .f fp)+ ti, 0 - to) -u

Multiply (i) by fl(O), and add to (2).

; " u "a P I !U 1 P - (Pf ) 
"
p f " p u ( )

*- 5-r p dr -ar ~ r r

Write

C f,(o) ]* * - ~

thereby oetermlnin; f(p), *part from an arbitrary constant. This const- t ray be conveniently
Chosen by eking thfe value of fW) iero for sae stekdard state, denoted by sufflix zero,

vv
V

Using the definition of fl4p) in (3), we obtain

P r r

wow P Is afunct'on of tw) I. ew'Anl ables only, r and t. werw

W r A

Mainj use of (5), this bacoms

NOW ..)t.

See Lsll' h orodv r ,
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%u .Ptf Ig~ a the "i ol 0 1tort of sieno V. ot"Ce top a w4in% ,mnllld wit too. voql City

Uk

Thos. it th,, vAlu~s of P onl u, irc me h ,v-rywh,,ra& it 1w.i, tohus determining the
valmC of 0 and Q tvrVooefo it this Iiwo the value of P everywheire at tin'. t. w T may be fond
from I). At I %hat cw hmthu to do is mvn tnt. voihn' of 0at Point r to point r + (V q ) r,
.%~ A

0 efvfeo, thh alu teoy :uvyrlr, A flimilar brocades 41vo tri A.'. function Q. as the
fotto"inj Anaipais ihow.',

multiply 11) by I"(0) 41AG $ubtteet (2). Theno

10 tj f .. -(P .t 0

- PI I t(P) fat

he r

meo u point mvo wit (Amo'* Addeias y fir

Frcom' the now values of 01 an 4, the values of p and u are everywhoora detemined, Thus
at any ownint

" . 4 ("*- Q) .~ o ? " )

AMd friet the curve 4 lnlnj f(tP) al; a ? nction of o, the value of p may be road off.

In the proolef *Mclh 4,- are cut,,klrin there are ton fluids I nol vcd. Thu analysis
divQMAn V aloSpoylian In bCth flUliS, With tha..roropriate functions P. Q. V. COtc. The boundary
conditions at the Interface uro that the pr.aisune and velocity should ovcCont Inj ous. The boundary
condition at trw origin is that the velocity Is Zer'o, and1 the boundary conaltion at the outer linrit
of the oieturoance in thl wattl' noay he ~exwo6 as a relation bteen seand u, 1101 last
condition we shall discis later. wren wo consider the Osetlle of the Step*ty-Stop ZftItuiatki1

STIONr TI, MUKERrCAL TWITf AS OF NURVLARY

lie nhow runtidar how to ootinitot the values of the functions f(P) and V Ih ierrm of t~f.
pressure ae iod00pendont "sllaole, both for water and tho. eowplodO )as". Clearly what Is
required Is the rotation fm y, tn, siclfiC Yvqmi. (1~, U/P) In tvem f' Wn hlDll cases.

First let ise ool-iln fiC) for the AA0oi0ed daeS. WO Mdhe U3L, Uf someo results otained
by Or. H, Jones foe the 04DMIll of the Jose$, the initial r.4.T. havinj a ilnslty 1.565 gm./CC%
Jones 41vco napri"Al vdiucs of In,, prossure in Zarms of the volJ4t, In, 1mitjI vojune' unp

A few.
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A ew specimen fijures fromi Jones' rosulti are jiven in In,)followinj table,

Tuhif 1

The voliwf4le v arce In CC., ard the vregsfes p are In units5 V3 kpe 2.

Fut valuos of v between i.*5 aro 200, the aiovit values are fl-tted fairly well by trie
c Iuat Ion

;+ 15. 65) (Y - 112. 3) It 390 (0)

and tut,.l~n the limits just quot~d the equation is useful for theortleal work.

Before No jo any firtner wt must docidn on a vale fur the Initial radius of the Chiarge.
ror conv(enico we tak4 this to 0, 30 cm., so that the weliht IS 176 egni, or 190 lb. By 9u'table
scale cnanjie, described when we coIU t,; cunsider the egoerimpental results, our results iway be
easily irodi fled to 4poly to An Initial radius.

The acorocrieto i,:0ificatlon of the wove rebstion between p and v, valid for
9 71 9 .6 i ,

(6+16.65) IV - y0.4Q5) - 19.3 (9)

wVhre v IS ttM teeicifiC voluM.', i.e. ther voli.~ tir 9ml. or l/p, *Iiero is4 the density.

Frr' this equation it I$ easy t ; fihd the velocity of sOujjo

v / )z~ it 5. 20) mqitres per StC~nd,

valid for p '1 10.

F.)r lower values of pn, the Simplest way to jet V 16 probably Oy numerical differentiation.
WO tir.j vul,.ah Ilown lo Tdolt! 2.

Thi,, function f(p) ,'eay also be. obtainev In the nijhqr pr~ssure region, lnmdiately from
the wsc of (9), and we find

f~p) - 1380 loj ( + p/16.65 ) m./sqC.

For the lower Pressure regions direct numerical differelntiadon and then Intogratio,,
must be made. The values we find are Shown in Table 2,

AS 0eC haV nI rcady rnont lonA, sosol je velueei 3P f(p) are of no cnseq'uence: all thit
natters is oiftrences, Th. zero *,)ich we Choose for f(p) ccrrnSpends with p 0 in (),) And
therefore hus no OhYSloll1 nlinfl tnv IS~ Is neCrthl':;3~ ConyCnjt.

TAWL 2. L~o

P 10 20 30 40 50 60 70 80 9

V 230 2 2n6 .00 33")V plo ItP 06S C2 k 44 766 to1

f (0) 649I 1079 1426 1690 oV a) 21 01 2280 2431 2562

Tablle 2
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The Voi Is tor V ano f(p) are metres per second in every case.

8ri dsM-w Ma hasrde accurate measuremnfts of v for varios values flt p end 1T for? wat'r,
but the 111fiimuw Value Of 0Which he was able to reach weas a o 12. Ne the meSt Iniporl~ont r82 ion
for our Calculations Is indo.Jljtedly covervid by h~is IIv'ftureWvfltj, out nevefltheless we do require
to know the rcation aetwo. .n p snd v al,)ng -th odabatic for Ofssur0a ~A hih -A$ 40,000 kjrfi.
The best that we can do Is to fit the adicoatic )btsned from 8ri,1tl.ran's fliros up to 1 12
with a suitable iqu~tion, aful then apply this equation ur, to a - 40,

From his measuraenoits, eriqjeman aS% atic to construct curves showing thO adiabatic rISL
In temnperature caiused by a sudden smalli incrase In aressure In #ttor at verblw temparAtuires
Aund Dars1urrs. Theg,' CirY"~ AWMnl one to constratt curves for wa1t P 'at VArIOUS initlu1
lmvvOer1,%tur8S Showing thv risc In hasoperature atna treasure In Increased adiabatically. such
curves are tor tho most part Smo'pth, )Vt 00 exhibIt Pteruliar btepiO, ASSOCie'ed with the anomalous
maximum denvsity of water at atmospheric prestkure at 4

0C. we have madeS no effort to take such
tinyt oqtalis Into consio',ration; by assuminj that thi oater waa initially at 2eC, hoevcr, an
adiabatic Curve Singularly free from bups Is ottiinad. Frorr Oridgeiwo's results we find that
To, the adiabatic for voter whiICt 1 it ]DOC for .r-vSsjrg one atmosphere, the followinc lquation
n~twoun p0 adv holds wItl'in About 1S over the Presvsur ranja I< o < 12,00o atmospheres.

(C + 7. 82) (V - 0. 680 7) - .493 (s0)

the crror t w t t !.v -r~ur, oi03.

T
his i$ the romticn which Wa use over the ontir. ol'ussure ranger with whichs we have to

For Initial tcmporatures 1?~at?- than 10*C. *e find thne fclLuwing adiabatic relation
holds quite *0ll

a + e.A2) ( v - 0 o Io - 0. n~oyc (To - 21 2,493 + 0.006 (To - 2)

wnqvse To Is the twoperatirv 1 atnu ur, preinnute,

Oiral:t Calculation snows that the volo.Aity of sound is aiven by

V . jbC'C 4 11 p *wtres ea'r Second.

The function f(pi works out at

For usell values uf p we may ex.)L0vo

f 63.5p, a

Teale ) Shows Values Cf V and () for cornparinrI with trooc of TuL- J Z. It will a',
seen that If our CalCladion% nre voslo at U&a very hi4h 05orLsti,, the VuloCIty of sound Is
appreciably jr-3ater In atoer then In tht .xplodeo jas.
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TAILE J.

• % 00 1 - 1 2 6 1 10 20- 1 30 1 40 1

V 1550 1660 1770 .22C 26W0 3770 480 5990

f(p) 60 113 283 .1 17 890

Once again the units for Ve,! f(p) are metres per second.

SECTION III, SOCK NAVES I WATER.

The theory of ugoniot anI others on shock waves in air may be mosified to apply to
water. There Is no neei to consi:er anything out plane wv-vS Oecaose the shock wave is of

nejljible ticohenq, an: t e .03c, save eqj~ti.ns only ,x;r;_. c:n,.rvti:n tn-.rtes for various

proo-hrties from the flild on one side tc %he other.

Let the Shock wave velocity Of. U, tht mass velocity, cr,3sur,, t eerature and specific

volume on the high pressure side * u, D, T and v respectively, and the corresPonlin, varlabler.

on the low prussure side by 0, pop T 0 And v , res:cctivcly.

Tn. conservetion of mass gives

SCu- a) v% . uv, (11)

anj the conservation f om.ntan

Uu (p - 1 V, (12)

whrt: the -nit f velicity ar c- sc. and -f cressure .r, dynes/cm ,

rite 0 = xu, anJ take t re unit of velzxity as metres/see., and of oressure as

10 Xm/cm 2. Then tr, equivalent forms cf (U, And (12) are

U1 xu - 313 v'(xQ)

x' vl(v, - v)

Mlorly - nee: one furt -rr 7,4uation to itermine x bcfora it is possiDle to find all

varlabls In tdr s of o.

Th, us.jal ar;ument of tmv piston in tne cylinOer Shows that the incrcase in internal

energy per unit mass of fluid in aessln from te lcw oressre Side to the hin pressure sidt± Is

p(v0 - v) - i s. Usinj (11) an, (12) lv obtain th; usual Hugonict quaticn

11 E - + PP0)(vc - v) (

In ,rder to out this eauaticn in a for, from which V may be found, we oroceed as follows.

Evaluate the work ::ne in an aziatatic ex:.nsior from the initial state p.,v to the state %.v ,

wnere vI is th., volThe t;orrespon'Jing tc th, oressure z. on the ediabatic containing a,v. Supoly

het ,t const;int prnssure until tn volum1 ns incr:-.sec to v. Then by the fi-st lrw of

tharmodyr~nsics

E T -(Vv -;C V-V1

I '

Suostituting.

Best Available Copy
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SQ441111ting the k~nown *qWAtlcn for the ad14iabt and 0611111 In L ),Varleal CoofICIent
to $morels C0 in ffihaflicai *ark jntb we obtainl

jT

*her$ T~ I I the tteporatutu at stat. o,,~

This equatlos mijnt b. solved ty trial and error. Thus a vwlue MI 4ht be attumed ?or V;
the equation of sthe then fixes T, 5na ilroct SU01tit. Ln, aSssassj t. known s A Nuoction of
tempareUrs, 0W'~gd srkl. to. Coh dy the Q4 e w.5 bille~ t isj.vi Subst.1uent attempts Could b50
made nearer -nd no,%ror to %hv trov aututlon. Portuestly. we 0,2 net nead such gieat Accuracy,
and for our purcoso it IS sufficient t., tIkL C 0a unity. Briarsn's results show that this IS
a go* approximation,

Then

I C PdT (7..-T

This simplification hoes considerably in s015154 (1o) by successive approximnation. The first
aprox Irat I on itoptv*VIn the rilst )Iov 31111. Ejuate this Value to 0.76? (7 - T ) to
find r. valuq f r T. From r 8rd.jane's rosultt read off a corr,2sponaing ''lue for v. U IN hi
value of Y. substitute In the right hand side of (14); equate to 0,76? (T7- T), sn2 so on.
Th' procoes conver~es rapidly. Of couror., in the higher pressure regions, Orf'iggnan has nO data,
and the beat that one ccc do IS to study the trend of his rosults and make an inspired guess.
AS we0 have airCad3Y CtatC3, the orosunre in our orouiam starts very high, out drops rapidly Ito
tn re~ivn covcrod by BrI2jeman, and errors ouc to faulty approxirnstiona In the Initial stk~es
.annot seriously effect the later course of the mton

Fr pressures up to scout I 103 kjr4f(fl*. or roughrly t3 tons/incth s~r hock wave velocity
and the mans velocity incrioa,: llnoearly with ps.

we fina

UI , bS 115 99o *., u 63,512 (1 - 0/16.6) +

where the uits i~f velocity are metres jer second, and the units of o are 10ll akjmcm. Thus for
small p. u and P (p) *re thet same tc, first crier.

The ?0110wioN table gives the shock wave velocity, the mass velocity behind the $hoc.
".ae, 6 T, the ris, In tem~pratura irmm the Initial State to tht! State Dehied the Shot., ways, and

6 T, the rise. In teme4rmtv- 'mm? O' vn adiabatic comor.cvoion from tthe initial stdt's tv the Drueurc

behind the shock wave.

TABLE 4,

p 0.001 it 12 20 3C 40

U 15d 1920 22 10 249C 3000 35do 4 2 I

u C 20! 354 474 655 830 930

6T 0 30 iS5 61 94 152 212

6T 080. ~ 5 0 012 1144

We have now enrvn informration t inocrite how the a~t.ai calculations fr. made.

Section Ih.
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seCTION I1P. TFhE rALCUIZ1TIOMS.

Sect Ion I has 04erttld 8 &tapiby..top methb* by wIIch the orocagation of the d I toir"AfCS
leAp be followed, orovides that All parts Of the fluid bf-110j to the OnP Adi~h~tir, Teig it net

the ease in the problem we wish to consider, because the shMIk wAvc raises the temperature eaore
then does adiabatic Compr~sion to the same prtasur Thus, if tW crseure lifferenco an the
two ald*s of the $hacke Wave wint )0,000 kkb0fI 2, It* ecesus rise it temperaturs over that of the
adlieatic compression, from Table 4, is 4&0e. The shSock wave. as It pass*s outward$, expands and
rapidly becomes loss Intense; As a result, tlic tatets risc In teateiratul'i Decomes rapidly 1944.
For example, when the difference In pressure has dropoe2 to 20.000 kp~/@52' the oxceel rise In
temperature is only sg*.

No estimate that the shock Wave has Mroved only about 12 Cm. (and Is therefore a radius

42 cm.) befoe the presure difference on the two sides has dropped to 20000koatl

Trio physical properties of wetor at very 1414h oressures In so fer as they affect the
ransilasion of pressure waves cannot vary very much In a fow du~rre. we therefore, nnglect toie
11eatiNt Caused Dy the Shock wev'w In e~cess of the adiabetic heating, an,' this sooroil on
antbics uis to mnake use of the Simple mathentatical process described In Section 1.

At tise* t a 0 Second$, therefore. wO hatve A 3ohere of expio~1ad gas at rest, of radius
30 cm.,at uniform pressure, temperature and density, and surrovndad by watur at 200C and
u:mosoharic Pressure. a rarefaction wave sets off Into the gal 3nd a Shocg wave sets off Into
the water. we wish to find the Pressure at the interfsce, Clearly, It Is somewhere between
92, the ln'tiel pressure In the gel, ano 0,001, the initial pressure In the water, Since the

Initial densities ae about tho Same (1.565 and 1.0), WO anticipate tOmfthin4 ao~ut the avoraqe,
say p - 4S, The proper value may bo found as follows.

Let us for the eminent consider only the one-dilmenslonal tiweann problem and therefore

Ignore the Changes In the functions P and Q caused by tha 'spherical' term Vu/r in toe equation
of continuity, Then In the nsrrow strip of gas In the neijnOourhcob of the Interface there will

be very rapid chaniies of pressure and velocity, but the ,.reSSvre and velocity arc connected cy
the r,.lation

uct (p.) f (90), 15

where the suffix jstanc 'Of Use, since the value, of 0In this region IS that which was -)rlyinelly
In the undisturbed Dart of the 0as.

N04 the Pressure arld vv~u( ity are cont inuous ucrcss tl'c Interface, and from our work on
shock waves In eater (stction III) We know the valies o u corresponoing with values of p. we
therefore try various values of pand jet the ,;orresoccn value of u. By tryInU thee' values
In (15) we soon jet the tinner Solution. The solution is

P - 37.41, 0 - 960.

leo corresporteilj Shock wave velocity Iu

U - 11010.

After timrer7 secondS, where 7, is a ver) smorn interval (We took 10"t secods) the shock
wav- has mved to 30 + 0I 7, and the interPface nes3 moed to 30 + u ', and the pressire and eas,
Weocity between thks, two radii are Constant, end are jlv~n by (16).

Ths Pressure are velocity distribution In that part of the jas which has been affected
ourin~j ithe tinIr May We obtained oy the following 4rjuffanti. From (15), at &my, point In the
jes whe the pressure) at a particular Instant is P. the MASS velocity U i!1n (9 , - f (p),.
sO* the injOInJ Q wave a! thIs Doint has velocity V - u, where V Is the " elocity of soa It

this pressure, Nence the value of correep..nofnj wltIh a pirtlvular p Is orooajejod lervas
with a Velocity dependi only on v, Oarl.- V- f (96) *f 1

0) or 1950 # 35.21; f IV)i- (9Z).
makind ise of the expressioni for V 0 oleted In Seition $I." The forM of the 'unction a fter

time Ir may therefore OC found. r,,q value of 0 ?verywrrerc ir ti, gas Is f (92), Hence p and

u May everywh-ro cc deterined.

AS a5..
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AS a particular examlepl let us take o -60, Then, using the results described In

section i we find u - 80, Q 163D. After time 105seconds, the Q value 1630 has moved to

r - 26.42. Hence at time 10 seconds, the vmlue Of P at r a 26.112 is do, and the value cf u

12 480. the units of 0 and u being mnetres/second, and of P, j,03 kgmlcti'.

Fl gure I shows the distribution of pressure and velocity obtained by the above

approximations, after time 10-5 seconds. Thep step--by-step process may now be applied to obtain

the distribution at later times. There arA three points that need further explanation. They

are the fitting of tho boundary conditi.;ns at the interface, the Shock wave ami the orijin.

Let us take the conditions at the interface first.

Suppose that tlie Irnterfac is It raZiu: r at time t, and that the pressure ano velocity

therv at this time are o and ui resoectively. After a small further time r, the Interface, to

first order of small quantities, has moved to r + ur. The step-by-step method, using the

functions P and Q, enaoles us to get the pressure and Velocity throughout the main bulk of both

fluids, but not in the narrow strip on eitheii side of the Interface, bounded by radius

r 7 v- - V r on thc Inside and radius r + t; *+. r, on the outside, where V Jand V, are the

local velocfitios of sound in gas enl water respectively. The velocit, --.i pressure distribution
curves, however. may be extended oackwerds Into the strip from both sises In Such a way that

they join up smoothly.

Let us now take the conoitions at the shock wave. If the shock Wave radius at tim t

Is R, and the velocity is U, then aftar a small further time r., the shock wave Pas moved to

R + U 7. There Is no difficulty about constructing the P curve at the new time, beause the

P curve moves outwards3, &no the rate of emvement of any P value, iccording to the Ideas of
Section 1, Isv V u, where V Is the local velocity of sound and is greater than U. ThQ curve

in the neighbourbood of the shock wave Is not Immediately obtainable, becaseo the Q wave Is
moving Inwards, and the value of Q Is not conserved In passing through the Shock wave, However,

In compensation for the lack of knowledge about 0, we have tUe dymimical equaticnS of the shock
wave which 41ye us a relation between p and u. Thus, at the new radius of the shock wave
R + Ur' we have the value of ', I.e. one relation between p ansd u. while another relation Is

provided by the SnOCk wave equations. The two equations for p and u may t-e solved, and therefore
the newl vdluei Of Q at the Shock Wave found. Sy joining up this nMW 0 point tn the neighbouring
Q curve obtained by the usual methnd, tho cmlete Q curve Is found. for low values of p, it
will be scen thiat the Taylor's expansion for u and f beg 09in with the sm term In p. Hence

Q at the Shock wave beiins with A term in p * Even for a. , at the Shock wave Is loss than

1m./second.

The condition at tha origin Is that u * 0, and therefore that P * , There Is no

especial difficulty about getting Q at the orijin, but In semo of the steps thu arithmetic was
lengthy, because of thee term 2uVT/r In dQ. This term, of course. Is always finite, but u
changes very rapidly as the rarefact ion reaches the cantre, and several Interpolated steps were
made in the region of the origin, to Improve tUa accuracy of the values obtained for, Q and P In
this ragion. Even so, we do .iot Claim much In the way of accuracy. particularly as time Droceeds,
In this region. The Steps should be taken very much stivller than we have taken. Neverthele:s,

an error in this regjion will not affect the pressure-time curves at distance 50 feet from the
charge until about 0.6 x 107 seconds after the Shock stave has passed.

In all we carried throjgh 27 coeplata steps, and Reny interme0iate steps over ni small
region of r when this seesed necessary. As a result me obtained the oressure as a function of

radius~ attm .7 0 seconds. AL this time, the shock wa'e rajius is M7 Cm., and the
interface radius 58 cm. The pressure differrence at the two sides of the Shock wave Is 1.92 in
our units, or 12.6 tons o-or square incs.

Figure 2 gives jraphically the results at the end cf the 27th Step (t - 0.7 x 1C73 second)

Notice the chanoes in the sign of the velocity u, and? tree fluctuations in the pressure curve.
The pronounced minimvum In the pressure curve near r - 100 cm. has arisen from the great release
in pressure in th.j water near the interface accompanying the expansion of thie Interface in the
earlier stages of the motioi. (in ti'e earlier stages near the irterface the Pressure Is such
that water Is apereciably less compressible than the esplodad gas).

Section V.,..

Best Available C
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SNG'2ION V. £A'rRAPOLAFION OF !IE SI'EP.-8T- S2'P
RNSULTS AND CO3NPR! SN WITA' IERIKNT. -

The next problem 1: to leis the proasor- and velocty distributiwn curve& at the end ot
t-he 77to lit.., and oxtrapolate to very much jroAtor raoli, and later tim,.,. This can be dome
fairly accurately without much trouble, because thig )rjlnary teory ot souna is now nut o bad
approximation, SOne nvigltiCatioll at thG Shock cave front Is however nacessety.

Lei P 0 be the oressure aifterene al, the Shock wave front when, the radlue Is %I, at
rbtained by the last Sep In the step-by-step Calculations, Than, It thil theory of sound
applied exactly to the preesur. oiscontinulty at the ste)ck wave, trio preseuuj Mirihice P at
the ahCCk wave aihon the radius ws R. R > R c ould be

The value of P jion by this formula May be taken al a first epproXimat ion to the true value,
Better approximratilons mry be otfined by the following arguments.

11M Spae at which a particular value of the oressre at a point just behind t he snock
wave IS Passing up Ino tht shock wave. thereby oletanminInj the Pressure there, by the reults
of 5ection III, In V * u - U. or 74P matrge per second, Hoes by the Cirec the Shock wave hec
reached radius It, the pressure at the shock wave rims comle from5 a point which woe distance 0
behind the Shock cave When thc latter was at

a . fj (v . U - U) at,

the limit$ aft beind those corresponding with the passage ot the Shock wave tram R to R.
Now., with good a proximration,. we ey replace it by d#/il, ang tak . only the l.sainj tan" -'f U,
Masly 1.55 x tog. Similarly v * u - U may ' e replaced by 7400P. Moeover, P Is given
Aporoximatuly by (L6). Taus

0 t01 40 * 1.5IykO to$t I R 0 MR - 0.01,8 0 0R 0leg CRJR (V)

d', 0 MP ar In m, nd 0 s In103kj4m. He nave Used the Symol d' instese of d to
remine us of the ioproximato nature ot the calculation by which it *s obtained. Clearly d' Is
en upper limit to 0 0ecaube the valuo fd P giiven by (16) Is too large, and this error swamps all
thO ether erropr.

From the presur@-rsoius curve obtained In the )AS& te of the Step-by-step calculatilons,
the pressure at pittance dl behind the Shock wave may be mvad off. Let this be pod'). Them a
hficon appomtion for tno Pressure at the' Shock weRe front when the Nave has reached r is

To et another, approximation, Ne us* Chis expression Instead of (1e) ono rqpPat thre
Calculation$ to get &Mother approxiffat ion d' to 0, Clearly

11 0.00w(R - d) p (d~j log 014

Tho val~e V' Is probsoly vs much beThw d a ,5 is &bydts. Thus toe, averaae of d- one
d* should be a very good aoproxinuton to d. We take

d - (d' + ')2

QsInj this expreislon tor 3, we use an equation similar to (1s) for 'the shock wAve
presure at r~dijs 0?, norrely

P - (P - 3) ()'()

This utqjotlon, togeher with th- results ofthCe 106% stop in tee stei-Ut-stec calculation,
enables ws to ceicoIat the rt~s!;ure of the sho1ck *e at ii ny let(vr time.

In orer ..
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In order not to put too groat a strain em the accufacy of (19), we first take a

comparatively mall value of 4, namely P. 274: I.e. 100 cM. greater than that Of the lst Step

In the ste)-by-stee calculations. The rest of the wosegre-radlus curve, for ant of something

... . ..... =a. .9=0! ...... '.... !t.. . ... vp.. .

27th step. Actually the error cauascd by this approximtlon appears to bt Insiflificant

iMvinR obtained the pressure-radius curve when the shock VMve is at R N 27. we 41Y Maw

repeat the argument Vt get the curve at a later stag &-A so on. my roceeding In three or

to 1 411 steps we fim lly reach f stajc where the. shock wavo is at R 0 1665 Co. Table 5 gives our

results for the dlfferencc in pressure on the two sldes Of the shotk wave as a function of the

felpu i,'? the ave. Te vounts are i0g kadcmz for presaure and M for radius. For purposes

of changing the units, I kI /Ca 0.97 stos. * 6.5 t ,4ll
2 .

TAILiU5

I 1M St IS ITS f 25 7 1445

P 37.4 12.5 .8 1.02 1.01 .412 .22

Z Z- - -I
S 0 500 260 26 7.

WO MOVe a1e0 Incluled u. the Mass velocity at the Shock Wave front, the units wing

matres par seco.w.

Figure 4 *owa a ld of PR against R. it tve theory of sound were a valid approximation

at all values of i, then PI wOulO De constant.

Coukpa io wth bserirnet .

The rsulta of am mesurements on the pressure a"e to the a.plosion of 34 Io. of
T.N.T. surroundud by water are jiven in the Comsilation of data resulting from trials to
determine the explosive effects of aircraft boms, (Research Oepartment, Woolwich). The

measuremet9 were MMd et a distance of t ftoot. ,JP fjures "for tn a soherical charje of
mas 390 1b. To convert our results into a form in which they may De directly cwer" with

the exParliafltal values we must divide our time scale oy %/(000) a 1.091, and divide our

radius scale by this Sam factor. NOW W - 1540 cM.; henCe, to get the Presqure end velocity

at this distancq from a )00 lb. Chargc, All that we need is to jet the prossure and velocity In
our cae at R a 1665 cm. From Table 5 we see that the Initial or-ssore, attained on the arrival
of the Shock Wave, is 0.1.22, or 0.5 tonsdinch

2 . This a roxe perfectly with the experimental

results.

Fig.re 5 showS tne time variation of the or-ssure at so, from the 300 lb. charge. The

experimental curve is also shown. The airesmnt here is not good, but there Is a rou-jh similarity
between the too Curves. The diffarence my In part De due to tne experimental Charge not being

quite sperical; this would Cause flmCtvpt;)ns in the Pressure-time curve to be smearea out.

In any case, the theoretical curve Joes seom definitely to irop more rapidly than the experimental.
As we have already oxplained, it is very difficult to jet the Pressure at times later tnAn About
0.7 x 10 seconds after the arrival of the Shock wave, because the pressure then corresponds
with the very complicated seouence of events that occur near the centre of the char;e arLer t'.e
main rarefaction wayt hat pssed ant the oressure Is o.3cII.ztI., raidly.

The very good agreement between tho Initial pressures yives one confidence that the

variation of thu shock WV,: orisure with radius is roujhly right.

Acknowlediement.
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* 0 10 0 6 0 0 0

5Nrirat 110114--610 COIgglIWOn have bet MAde 01, the <16"elOpnt of en und#'*&tcr
ulartoena eue~i OF tIv imh cal 4eto~eition '? a I .t. th3fr t 9daintity I .5, rho theorsticAl .

*tg ore. upk,*$ 6% '4 01etaNo agree 8a1iafactorily with to$* observed. It 0 tonsloquai. Inch
lb the Seek 01 01110o 55 0 40t fue a ehfrJO 0 lb., thth ImProtc' valuel of a fit the foflejla

The eperlewtal valvbes at A flIltA69re O ChAfgOI Of donli t) 1.6 art 6~00ut 111* higher.
?he discrepooV noay be due to mny causes, the teo main am#% being It) the mint IS) densities Mnrs
noat 4uite the saime, (2) the aIss~Y pressure and velocity curves In the Spherical detonat ion wave
wort not quilt correct, and torrtseond withi 4 Cheerical energy releage of goo~ calories oar oroma
to better Value wouiri be 1obe).

The est Inkofestino result of the calculation Is the enero) distribuotion ttcro.whout the
tyit:*. I" lte early $tag-%, tt ' WOWc surroundinj the chtegv MINI up e.proy very Pepioly. tr'e
suW010 v9116ity is about 1%00 metree/aecond. Roughly )01 of the energ~y of the charge haS to"
given ireverilY %o the Wate( AS heat by the tine that the peak pressure Is I lonliqvare inth.

This paper *escriee sn mttait to improve on the CalCulations of the underwater Creature-
time ourves dosarihe.' I,. tho report -the PlsssurG-time Curve for underwaiter CEpioolons" (hereafter
.called ilomopt 44'), The~ resulls, 9'?V*-' eI" ... r ft-h thir-W vA t nwfnre. AJrw..nt With
940e6418st Is very U0oe, nvIN '"eflS t0 the *91t0 difficulty of maintaining aCCuracy throuih
a long eeries of stpe-4y-step colculations.

'he 0ethod used iP A MuditIcatIon of that goed Wv, And for' brevity we $hall thereforv
write this ogr am the ungeratardina that It IS to 00 reed Ir Conjunction with Report 'A%.
Certain lapr"vWentt In %t Val004 Of the WWIIrt Of 60o000 and the shock wave variableb In water
as funetiontl of the pressure have been made. The Initial conditions In the 0ee bubble have nmow
been taken to be those hehind the Spherical detmeatien wave In fe.,derived by Taylor In N.C.17$,
Considerable di fficuIty was sperIanged In jett ingq aStart On the steg-Gy-gtoo Calculation$, because
Ith irse grid veloc ity irnidients at the detorutlon wVe front Are Infinite. After IOMa cogitation
We 410ci144 that the fjIwe shown In Figure a must me eougihly right. The guid'ng principle Which We
used In avera;Inj out the Infinite gradiants of the detonat ion wave front w&e to kreep t Po energy
balanced. stri , Ily aeesIng our Initial coditilong Should be considered to be thoee ct figure I
rather than thele given by Taylor.

Ads .sticti Cld thock wavee in attr

lixortosing pressvres p In omit$ tOO sdqc. and volume v of 4 p.r of Water In c.c,,
It wae luggetled In Repojrt 'A* that the 441iatics of vater pegeing through the slate T . 2D*C a,
ativoloherIc pressure are 41in by the equation

(Q 0 M11)i (Y - 016eon) - ?'"(&M

Areconeidersti of the Oats of Iridgena IS$,~w.Aa.Si,~I~6 *, 5931) up tc
p a II#e andsat further rw deltl up te 0 50 which he hat xindly Suppl led have led us to adopt a
differ',ot e"Watt"o. we naw use

The ..
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rN fwt;ehe orrom in v agorantly occurs In the in.e J.3 ( p ( and is less tlan I pan*
in tOo. i'or orasiu'-s in the rsne ,oOt < a < 3.5 ad 5 o o i 12 the error is "alllr by a
factor ). At very idJh pressures, yo a , o or more, the error may of several or cent but the
CVC.h!-tt0 -1-tA If* fM At OMSMI Qt iu tey ~CO1I~ky ai,- 44, V.1. t 1, n" *155i.
a feu oar cent,

SAOAkas WQin wattr

Con iler a Dlane smock wave in water. Suspose that th? ortSsure on the toe pressure aide
iS atiospheric, il, -that th# volurse per jras It vi A1  an the teomieratufa Is 2OC, Let s0 ta the
2reallur and v tht volume on t0e hijh resure aide.

'he mhct wavo oqaytiolnl a1

o ~/~p ( 1 .v), ()

u • / , - vi), ()

*here v2 I to Oe fOund for any *O ifled p lfon the Huioniot equation

2 - l i (l w oiS (wt - v2) (b)

No simple exact excretslon Is available for E2, altho gh the data of Irldeman ate ecomoletc
eouJh to enale values of t - EI to C monstrcto d numricnlly foi shock wve prOssu 9r uo to Is.
We a$hil rm jire the SOlUtIOn Of Shock wave equations uO to muIch hljher pressures, amd extrgPolotion
of his results Is neceaaary.

Figure I shows diaramnatiilly four nolnts 4. 8, C, 0 on a p - v diajram; A represents
the InitI al state of the water effore it enters thO shock wave, and C is the state after it has
Passed tnrogr., There aer to convenient reversihlit Oaths by which the water ray be takdlm from
A to C. The first is ABC; this ccrasponds to railing the pressure aidheticatly to o. AM then
susylyin; htat Alonj IC at Constant Or s l0e 1 The sCond is ADC; this corrasoode to supplying
heat it atmosprorl preISurc until the Water reaches C, %no then raising the pressure aolabatically
till C 1. roehie,

The coefficient of thermal exansion at high creetures is apareclably smaller tmo it IS at
atesmnoorlc preaure, ane v2 - v1Z, .Nvn At O. "C, Ii mot more ttmn two Darts in a thooaij.
Consequently, the path SC is unmnmortant compared Alth Ag, and ADS Is inown from (). Itn contrast,
the route AC Involves a different qlai lc for Pv..ry value of p2. Thus rotote ABC Is much sore
convenient for our calculLtluis tUtn ACC.

Fron the first and second laws of thermodymaniics, it follows that

E2 - E " p ,v is COT - p(v, - v, 2 ) .  (a)

where Co is the Speciic heat at COnStant pressure 02.

The laeoain tits on R.NS, of (4) can bfe evaituatt accuratly with the aid ? ()
Perfonmil; the Integratin, and Out;n@ p, . 0, it IS fo0,lJ that (5) eno (6) lead to

01 e 5 v-w v C) (VI - v,)(4 02 + ).400)) - Oseo004 0 2 w 2a

where V, corrtespond with P, . 0.

The SolutiOn of (5) for v, ,Ilvn P2 is mott 0eally fojndi by iteration, The process
cannot be carried far beuause C. and the o fficient jo veMpalon at nijn oesses are not know
accurately.

r,,.o
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The f irst proktlo n is to assin, the shock Wave "vftrsibli, so that In Fivre 1. 1 sri C
or ovoN554 to coincie. Then v, * v IN awn V' fellow iwN4lately trom Mt).

go**,% nhtal a *I..9 It,# I. a -tIS fftr (?) .. no;CCI ** V, On 40.

for aIIcIItI, 0s * tiat Cp a I :.l.In. T2he.2

O.gal 9 V1 - v )( p + J
-
.600) . 0.1n6005 o vi (B)

hWM5 9 Is - 1' - e to a edthe 0.0fo m has arisen ftro expreseing wal.,gm. In 'mchanlfl; units
ov, p beig I 0o .gm,/soco. And v In Coo,

USini the eXplorrantal value at the Coftt leltnt Ot epansion Mt pressure p, Over the rrnge
T"- 15 to T., we then get a ecand seoproinwot Ion to v,. boam approximations to U am u foll0 o
I"rsruitely. The Ittratlon process converges so rapidly that further approxlmistions ere not
warranted by the accrmy of the expelriental data.

It p < 1, the nestIng 9 In GC, Above the adiabatic heatinl, Is liven by the fotrla

o a 0.0)42p - 0.0112P4 + 4.0038iP - 0.0010 , .4.0 (9)

The velocity of sourns In any theomyamic atate of wster lying on tW* adiabatic through A
Is obtained by itterntlat ion of (). Uipressing 0 In metres per secand

CA - 1461 (1 + t1 3 )0'Ji (10)

Thus, the velocity Of sound in ater at 0°C srie atmospheric presure Is estinuted at
1461 ns.IeCona. This eArees eXactly with the experimntal valun, within the limits of ox0orknlntal
error.

The followina taile gives a selection of valuet of U, u, vI - ve. To, 12 And CA for
varios P

F~1 is 1 t 1 0 5O t

V1 V2 *009 .1101 .1403 .1822 .2%51 .40 NY7? .347

T, A 1,61 30.106 6.46 0967 565 5 D I

22 21.54 31.10 1.20 54.45 77 1104 tog 500

U 1591 119I 2062 2324 1621 2650 3266 )49)

u 61.7 206 M 423 86) 600 09) too

CA 1665 2106 NAT7 2760 3101 3517 41W0 5

U P In I kgm.Ilq.m, a 6.3S %onsq4 uar Inch, v1 - v 2 in Co, to T in "C' U em
u in M. /secnno.

The Valu@$ givmn In Table I agree well with those given In 'opot "A', aecpt that the values
have beem IMOrovd, are with ths quoted by Kiltiskonky end Wilson (Finsl ftprt on the hydrody"Anin s
Of Shock Waves, to@.5.(.) The t praturl JIven In this last report, where they differ ?rom those
aove, re Probably More Accurate thwU those qoted here, because they allowed for the variation of
C with tean ertur.. rhe difference never evre*.At 1% The values of e were nol Calculated by

NtlekoWeh GM 1 W1110, sand their values extend only up to p o 12,

In the stp-bj1.etsp CIjlle ione described In followIng oaraphirs, the entropy gradient
term in the hydrodynic squatlone were oritted. Thus, the C lculations were MdI on the aesuept len
that t,0i1egMereturt difftrence 0 se Ineigni I inant as far as the propagat Ion of orelsure waves lp
cnCefrnod. To be onshtent throughout, we have therefore calulatea U, u# v. C behind the hock

wave on the essumptlon that 5 &no C in figur I art coneistent. Tool# 2 gives the numrical value.

TAIa. ..
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The Ntissann funetIon f Is a ntmeleral mltiple at a.

f .n .dv - 0,1202 C.

Th~is relation Is extraordinarily convenient In the nueical work because It mans that 4 We be
found by merely multiplying (P 4 (A at any point by 0.1401.

INhrt'v w~astalfir in hock wV#Vs

shock Waves, of course, ore irrevrsbl*, &no It Is Impossible without Vloying perfect heat
enoineu to regain in mechanical form all of the enffy being veed In eec'ntainIng a shock lae of
pressure OV TiPe eater an too ni~n Psurrie 10* e llnettt anerg), already In moctanleal h"

and I n virtue of its prneure, way be made to 60 escianilal Work by adiabatic espension to ateasphoric
pressure against a full resistance. The water' will then be hatter than It was or'iginally (aftC and
the heat excess OWp be Woousd the NIaStqe'. 'rheowstage per gromw of Water Will be 1lmet slactly
9 calories. A very smell correction should be applied, because the teerature difference between
o and A In Ftjore 1, the true wastage, Is not quite the sa &s the difference between C andl 0, cailed
0 above. However, 8 hW not been calculated accurately enough to justify waoking a correction of
this typo.

Reflexion and otarnati,,n frehause.

According to the theory of Sound. an inflniteesal plone pssune puls# p0 + * incident
normally on a plane rigid wali, Is reflectedA anto preasure on the W1' Is p0 4, Aple this effet
Is usually known as Odoublinq oje reflexions. if the plane wall Is of finite arm., the pressure
Instantninooosiy Is doubted, but soon falls to pop0  because of diffraction. when the Incident
pulse Is of finite Intensity, variations are poe'01o Fir'st, the Instantaeos pressure excess

oep0 Is not doubled,. but Is Increased by a factor greater than 8 esefdlng to the sedliet endSthe
0precIut value Of ot* tecond. the MIgS velocity of the fluid u etlcioted with the originail eressure
pulse WAY 0e les than, equal to, or greater than the velocity at sound C in the fluid Carrying the

0oles. If a 'C , the Situation is des6cribd a soic iSIt U > 4 %t situation IS described as
supersonic. Details wile be found Ioi PoyltIgh, ScientitIc fapers V. p.4011 a holpful esmary,
together with numerical examples for air b.' - 1.s), will be found in #.C.115 (Taylor).

Consider noe a alone shock, wave In water sbout to iNPinge normally o a finite plane rigid
wall. Tote first point to notice If that conditions8 near the wall are Sonic Up to pftresell
00e.)nd 50 (Say' 300 tone squjare ioch). This way be seen from, Tables I or J, Whser, c Is always much
greater th", u The pressure at the stagneition point, I~e. the point &t which the strew h's Reo
velocity, may be calculated fromy the oressure and Meocity in the min stream by the use of
Pornoullili's theoren. Th'e itebtaneos pressure an the wail way be found by introducing a
reflected shock wave of sufficient Intensity to reduce the ease velocity to Xera. The following
values have teen computed to Illustrate how the ordinary lees of sound refloxion aooly foasomebly
well In wator oven at emorma,a pressures.

TALS)



-........ 
...... 10-Ip. 0.51 !1 5 1 .0 Io 1

I- . I T t

p12

Is the pr54~vf (10 ag..(sq.CM. tossu* 'PC1 eid%0Icdn hC Vr
2. is the Instanltaneous reflected Preasuf5. s as .is the stainston fl sID

The thickriess of the thock mWec invt

rho Adiralty records of the pressure pulss of underwater explosions (Goik wa~d. Uttefi

of tile pressure impuls produced by the detoistion, of axploelws under water, &A inwat)WIIioA 07

the p1mo cloectric cathode-ray osci111fp1 athlod*, hmtfet called %seon 16) all Oma finite

t Ie Of rise r of the pressure to ItU pek value; the observed value. .; -r rafq* from 14 to 106

microsecos. Even when corectioni Is mad for the fialf', i~In of the augee It still AP90873

that Tr Msaurel a real aff~.ct, whose5 exact nature Is uncer'tain.

If the ties Of rise Is 0 UIRCI'OeCOfS the park pressure lags by obo~t 7 as. beinid the

lading ao. We have estimated the thsickhms of she.-k isves In water tvt Intensity les then

1000 atmospheres, to Wee It' w ay be partly attfibatV to the thickness of the Sehock *&ve.

The Calculations are only rough. anot follow those 0) Taylo and mecColl for shock we In

air. (Carand - Aerodynamic Theory, Vol. 3, P.218).

The equation of energy is

Axi -t ;L dx dg OLE

TM 3Qaif OR ft COXl I ft.

The equation of State way be taken s

v - V 0 (1 + C -$P)

The adiabatic aw be taker as

When p0 and co ae functiloqg of 0No 7 Is contant,

Selvir4 the ei~mtjona in aslmtle? MWs to that evised by TayW orad MacMCll, it is found

tat 1#9 of the clangs of velocity an tee two rid" of thle Shock Sava emuts within thle thlCeass T

o -f L=Y L&

The .nivtlcal valoss of the parmters are

6S.0"0. A . *54 x ide, p. * 01004. k *."uis, y-.z 0.s tIhat

Waref xa 0 01 f 1000 Kgm-/ SQ-Czm ard x * I .0 i If 0WOO kpd Sq.m

Thm....
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Thus the tChnQ$6S Not%$ 'Jut at aOut 10
-
4 CM. the OalcuIVIon ii ,actIcally

meaningiess, exseel in so far as it shows that to puelse thickness is less 'd the a slttt
thickness for which the calCulation would Oe a reason ole rpretation *f the Pat$.

Alto stfp-ox-ateg colicuaot.

A moolfication of the method described in Reoort A* ma used.

The first light st.o were perfomnd In exactly the am my as doscribed In %sor "A
° .

The courst of the disturbance wua foloe by maa of lol distoftions ad lliplam.0nt of an

outward moving eur P sn an Inwad mving curve Q. In u mall Interval If

dP - 4 - - wrir.

UnforWuAelAy, the viluS Of T neeo to fo)ltlW tht 0114041111 to a Charge rai ll Iab it
)o steps require vatl @ of r rather too large for the seond order c0rrectlone to P a&M Q to be
Iftoprvc Iat. We therefore mdifled the proedur after a very mall Ste$ to

oP * - a (u!vcr),

doQ -I("Wl r)Q

where the Average values were found by a two foreard oe bacikare ScM.

upouoSe that the Stag up to (o - 1) ofe ;omlete, ard have been ecapted as correct.
The th and the (n + I)th Stops are thm mada by the Seport 'A' procedre. Ffs the (At +)
values, the dP volus In the nth atep are Corrected, oy taking the ave ralof luWr in the nth

step and 2ueV/r In the (I + I)th $too, the Values In the tAttfr cas being found At the Points
to which ttec * curve ed mwed. Similarly, the 0Q values are rorrected. From the adjusted
nth sto, .ndjuatlt were than mo3e In the (n + 1) step, &Mt the (n + 3) step done by 1sport 'A'.
A steo backards from (n + a) to (ei + 1) then gave the Colrected (n a I)th Stop. Than (n + 1)

was correcte, and (n * )) cejun. Thus every step as In fact erfornd three time. bing
Averajed from Informtion provided from steps on either Slee. it iS much Qitklr to Mie tao

corrections than It Would be to taker one third aM mall, and perform three step% becase any
of the col ns lo not ctanJe, dnd only oe seat of jraph paper Is Ind for the three phdse
of one stt,.

Resu I ts.

The results of the calculations are shown in figure$ ). 4. St 6 and 7. figures ), a

and 5 Pwe been given In & form that applies to a La00 lo. charge; slet* salt Changes by the
cub, rmot law would give the corresponding curves for any other weilht of charge. Th Mpressure

and velo+It+ dlstributlons In the 4ntw region* of the Oubb1e are rot Shown because the calculated
values vre not reliable. All that can D. said Is that In thu later stages of the calculations.
th eteroure in the bubbal m rapidly tending towards uniformity. eOA that the gas radial velocity
did not onywhere etceed abbot 200-300 .I second.

The calculated Shk ave pressure iei teshquare Inch at I chare rodill over the mnee

I( < a flts closely to the 1w

Thus P at 0 feet from s Charge V lb. Should be

40

The Pressure at 50 fest from )0O 1. charge Is calculated to be teeO lb./aqurv IWnh,

compaoea with the experimental value 2100 lbolsqaro Inch (RoperS "PO).

The asymptotic fortula for P as 0
" 

CC is

e - 14O W1/310 lt 44/0qre Inch,

Compared with the experi ental formwla (wood)

1 W 52 O 'J/p/ lb./square inch

CorreI .n....



295

Cerrootilj %his last formula to Oaks 0 devend 1A wIJS the best iltgPiretation of the
eaeeerNntal "eSuit$ Is obtained aith the toetals

P a ISUM ",:I to . inqworw sim.

Since the theary cannot be fel led OR to withinl to Or J4, tite SIMONt AWith upstimet
Is qwite astietattoey.

An "prim~fate calculation of the pfesoote-timas curve ter a 3w lb. own*~ it% a Fast.
Uesed on figvre 6, ;Ives esults agreting very closely with iho OUStbUMtal data, ms oh In
fioor* e. Figore ? Grove amet the orviosuls and velocity 4lettibutleit duty"e at warlms slop.

Smorgy Oistribsin throuithoft the sv:tUa.

although lbes los qtunt "totm the tkeoreticl se eperiavtal govleureotion isam
Is eatrowply "Otstotqy the oeufaly of the eopOiIl"Mal curves aes. " lo t lom,

The the" ory omwvr, Gs stevlde Mosohlfo m Ctsrmtion abolbs he orgy distributtee
throughout the system. AllI that 10 know suerimtally Is that rowdy wonoprer ot the
chemical 'Inors of the ChargeI moe I " i the plew u las at the oth15 Wkrsf the O5w opure
Is do" to I tenlspiere Irnh. (See. for ofolo. we", hosen 1S).

At any ctose in the Ntion. tao Vnoray ,/ be odivisea &s follws-

(a lifintit enfloy of water (T
(4 Potential #mrgy of valor (Va
(3) $prorevrsble hating ot USter, or voltage (W)
(4) 91ine emergy of C2w (T ?,
(5) PotentiCal *"$mgy at gae (v a

Ot these, (t) end (e1 salt for no ecosmtsj (2) merely represents lbs eneray Storwe as
tenpressioi In the weer; (4) also may be ftoefUO' .,a wnorgy stores by comproreesi. avt the
ultimate soat of energy here Includes chemical a o* l a oftesre tosrp because lhe cMIGNIa
cosoition of the is$ varies along lbs adiabatic; (0) is the ordinary Notteo aassiated With
$iNck Waes (an Account ot the Voltage cAStCiated With shock Waves in Water is given artlier In
this paper).

The following U0bl has been consrocted to shom the energiesg of the tivA categarlee whe
the chock Wave tront to at x-.charit radlI (initwol density ot corge i11), the o ise being calories
per gregme of r.O.T.

x T 7 v

%.M 0 a s

5 5 1 3 to 5 -

II2 7244 )

5191 lot M 177 -

4.- -t - -s

Thesu ofn "oIt enteraies along any row ould, of coors*, equal the late, enery a? the
0010loeive (here laken, to be 100 Cal/p.) * but eW&sO ot the gitticulty of Nelnlaiing ovsufas
in the Inner regions of the 0066l.. the valuee of W andVP the ltestage.$of a ll rev",.
The first throe cologne, however, argre fsonbly Scu1ele

Figure I shm$ hn the wo-s acquires useful eVera (i.0, T~ 4 VI) p a~ of a
The rewsrkable restore of the Ourve Is the ewleItely feeld ris mar tha elsig( )

r te bllm lg a, 1. a
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1ijht rejaro the thin layer at c $vrosaed water as te elngi certainly it0 velelty aM energy is
lomearsoil with that of a steIe ceal surrounding a imilaf has.m . At x * Ls ch rge radii, Ithe

water It cotoressed fr^ I to original thlckerlle .01l to .00$ and Its average velocity I Mot
1450 M. hocand.

The Salt"nel wastage between x 0 6.0 and V 0 i only 60 caI.". Thus We have that

the energ) wastege at the Ilimit of d miging range Is $01 St the Chelicl etit, aId Is therefore
roughly eYel to that f the eneroy of the pulse at the M range.

It will be notlced that the total energy of to T.P.T. 1e taken as $00 al4.a,. ?This Is
perhaps an the lo side. jone., in P.C.IIZ, estimales the chemical energy released per P. of

T.M.T. at loaino density 1.1 gm.C.C,. to be £050 Cel./P, hoever, the adiabatic p 4 by Taler,
t.C.17e, was only oporoxmate, and the total energy per gin.. sesnino Taylor's pressore aid ease
velocity curves together with Jres' odieetlle, A.C4.1, wele out at 500 cal./lim. A realcultlI
of the Spherical detoait ion waves In T A.?. for leading dealt$ee 1. an 4.0 iN In propose, ain a
report on the resltsl will be rooe shortly.

the energy of the disturbance at the ed of the ltei.by-st calculations is leToo tl.Aw.
most of the errore Certainly Occur In the Inner regilne.

?dilu of bubbloi and vlgoit-y o.
t 

ifitrflie.

Toile s gives the radius of the bubile In cm. at time8 t microaeco, for a charge

Initially S0 c. rlius. The rail velocity In matre per second Is elso given.

TALC J.-

t 5 t 0 0 10 40 so 70 90 Uo o

r 60.4 8 65.5 0.S 67.) 73 70.2 62.0 91.2 go vfq9 L006

I lO 0 675 110 110 Il U40 314 lO ;2 295

TA. tD~toki~g~tg~Lmd tioi. of rias

As men'ioned earlier, the records of undeeoter enplosions Aloser to show a finite time of
rise I to tme lk presure. If this effect Is real (apparently there is still s dotibt about It)
the origin of i, might ow sought i., any ef the followingi.

(1) the effect of the cue,
(2) Odetratiom not spiterical, so tha the ple records a tines of elmntay

pulses building up to i xIimt.

(3) change of phase of olser.

The following tole Indicates that (1) and (2) taiken aeertely are unlikely to provide the

full eplanation of r. we have calculated a ihstance o In tens of tne elog, ve radius a m tor
charge of Initial radius 60 am, At the Instant that the spherical detoit Ion wave reaches the

surface of the charge an swoardtig sound oults In the water has Its 1linl edge at S0 + O 0 IS

thn chosen so that the thOeN wave Overt es the sound pulse at radius 1.

f1 5$00 a00, 3 l. 1t1 . I0.6 14. 10.1 l 100

16 $00 ,lso . . .1 sm0,5 0o

Thus, If the Sound wave hid a itart Of 500 icreeecatde over the eShca wave, the SoUnd OsIto

would .yet be masked by the ehock wave at Olatance 10 cM l djugting the Scale to a 100 lb. charge
gives the etift 5s 90 mlICrosoeorld, TO give an 0oberve r of . Se, go wicreeonda rekuliio Chat
the Sound wave must 04 given A Start )80 MIcroaoonds. This $Ates too large to be attrib4,e to
the affect of the cue or non-U hrical detonatlon,

Discussio O ....
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1hicu asson

file calculatlotts described &aove air*# better *Ito SF5. observations Ihan did those dostrlued
IoPowirk 'A-. on. preboreto. tune falIto sway muich mre slowly with tiew, And It seto& likely

that the thearatlealt urva Is imnotonle. Protbly tho maut intoresting feature o~f tho ormittqt
calcultiions iv the onn-r~y 4iltrihut ion of the disturoance In tot 080l tt11 e About di Of tot
eneroy Is tarrled by the waits! by the tlima that the ehock Wave front has reached 6 charge radi,
415 Is useful work and sts Is unavallo,

Similar calculations could be made on other, more paorful explosives, owl In the meant le
It seeim clear that the useful work given to the water will Increase With the thIMlcal energy of the
explosive, but less rapidly than linearly because thi wastage goes up faster. it scen most unlikely
son t An ovyltsive with g reet energy release will cause energy to be dissipated In the first few
cha9g radii so M;tidly that Its Odaging affect' (or more precisely, the useful Work left In the
water) sill be loe at greater distances than that given by a less pou.erful explosive.

Mossutsm.nts af the pressure-tilee curves at a distance cannot be used to determine the very
early stages of in explosion# because of the ovortohing effect, described earlier. It Seems lafe
to SAY that Whatever occurs within 30o cicroseconds of the detonaitif -y e Ina J00 lb. chorges
reaching the surface Of the charge Is Comletely wrolotectablit by ees~raents at 00 feeft. The
question asrises whether the best results at 80 feet might be obtained by preparing the explosive
In such a way that the pressure does teot build up to ito maximum until J20-400 microeee.Ws after
the detonation Wave has reahtd the surface. in other wordis, if alweilut Is Present In an
exlo0sive meixture for use at a distane wnder Water, there MW well be an upper and a lower, limit
to the site of aluminliw particles required.

tisure I. two reVerSible paths ARCO ADC by which waer ewy be taken from the Initial
IaleS to the final state of the shock wave transition.

figure a The pressure and velocity distributiona So micreondrs after complete
detona tion of 1 60 Cm. sphere at T.N.T., density 146# Surrounded by water.

; .q m vv at $i.*. CM.1 Interface at 55.6 cm.

Plauts If*Te fined version of the i? step. the two forward, Wn backward prreaeure
givois a tripling of each P and Q Curve, but the Scale of te diagram is not
Sufficient to snow all the Curves. The q,, Curve Is practically the sam
en all cases, the PIN curves vary by ab'rut to e./second.

fliurs it. velocity distribution curve after 24 cumplets steps (t j sm x I) secOnds).

Figure I, Pressure d isbrlbut iun Curve after 24 complete stepi.

21 ur 6. The prissurs-time curves for 0 $00 l0. Charge At 80 fet.- IeXperIIM1ntal
rtheoretical. NOe Accuracy of the thaearstical curve Is not high since iV IS

obtained by an extrapolation of uncertain validity,

Flaure 7. Pressure and velocity oistributionsA at various timas t nt 1114 soconas frt a
charge of Initial radius so ca.

Figure I, the useful work and the wastage given to Sne water in cal./j". or T.v., as
a tfunttion Of the radius of the Ihech moe X0 eaprigged In Charge rmail.
(A3Q 00 ICharge, density 15p VSe a radius approximaeoly 11 Inches),
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AN APPROXIMATE CALCULATION OF THE
PRESSURES PRODUCED BY !DETONATIHG

LINE CHARGES UNDEPIWATER

G. Charlesworth and A. R. Bryant

December 1943

Summar

Calculations have been iredep of the forms or the pressure-time curves produced by the detonation
underwater of )!- rhargcs. on the assumption that the line charge is N~uivalent to a nri*er of
elemental sources ot pressure such that the pressure due to unit elemtnt at a point distant r from
it is of the form pe 0 kt.

r
The pressures produced 5y straight line charges at points on the perpendicular bisector end

also on the axis of the charge in the direction of and in the opposite direction to that of detonation
have been evnlumtd. The pressures produced by a r-ircular arc and by an PArc of an equiangular spiral
of crArge at the centres of the circle An.j spiral respectively. have Also been calculated. mwrierical
examplei hive been considered ?or in arbitrary value of k = 60,000 sec.-I and the results have been
coowpsred with experimental values obtained using CcrdteA charges.

It Is concluded that the theory predicts to a first approximation the form and relative
magnitudes of the prcssure-time curves produced by line chnrges. It has been noted that the theory
Is limited by the uncertainty in the values to be trisigned to p0 and It in Any perticular case and by
the breakdown of the simple acoustic approxiwatlon at points near the char.

rrnt roducti on

The purpose u; imis noie is io aiiwioi to calcLulale Zbp .9prvhwumte awthuiisi the dstribution
of the pressure effects produced by the explosion underweter of line charges.

Ge Pi ral

The analysis used may best be illustrated by considering the special case shown In Figure t,
where the line 01 represents the Charge and 0 is the point of initiation. It is assumed that each
elemecnt of the charge length Sx produces at a point p distance r from it a pressure

p(t) bx
r

wherp p(t) hs a fujnct ion of timie measured from the Instant at which the element was detonated, it
Is also assumed that the pressures are siiply additive.

Let C1 be the detonation velocity of the charge

c2 be the velocity of sound in water

where C I > C 2
Let t 0 At the Instant of detonation at o

Consider the effect at time t at a point P due 'a an element bw distant x trom the end o? the charge
at which detonation cavmnces. The element Sx produces no effect at r until a tie.

C C

The.

Best Available Corn,
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The pressurc it P Oue to this lehent is thus

pO < + r

u t r 6AP

It 2 71+71

The total pres3ure at P will he the integrated effect of all the elementai sources. Until some
ti- to there will he nn OffNct at P. at any intshnt after this time all the r.lements do not

n,,c%$ssarily contribute to thn pressure at P. Lot the effective elements lie Detwon 1 and 12,

whore II An5 )2 t;e the roots of

x + r t
c I  c2

Then for this condition the pressure at f- is

p p2 (t - r

After some later thit ti, the whole line will be contributory at P and the limits of lnte ewtinn

will De 21, and 0 respectively where 2L iS the total length of charge.

S'pec ial Cases.

Some pdarticulor ciSeS of line clharge, will now he considered. in all these cases the

funrtion for pressure has Oeel assumd as

p(t) - P 0

'
kt

aind the total length of line is 2L.

, Fecti Ltneur Char,'e,

CaSh,, I P in the perpendlcular oisector of OL. (Figure 1i0.

The first effect it I is produced by the lement at X where xP is nortnol to the wave front

a.t P ind

(9 C2

For this case L - d tan d sc 6 where d is the distp-nce of P from the
to  C + s-2 nearest point of the cha'ge

ZL (L
2 

+ d
2)
4

I c+

Th. values of I ind 12,.are given resprctively

~ LC0  tc2 ; 4 (L - C Q2
1 

- d2 (cl- C2i)k for t~ < t < t
22 J

with tha conditions that I u

I 1 2L

When ..
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when t = t0 1, 2

r Is ve" tY

L. - X~ ) J

The pressure at P is thus

P 0 ; fr 0 < t < to

.. r 2(t  It 0 it
-c - -4Co t t whtI . ere !

PC jo r 2 - t Ix I 2L.

I r 2

9 P .1C 2  dx fort I Itt
o r

Case 2 P on the axis of the charge in the direction of d~tontion (Figure 1c)

-2L.d

t= ZL + d
1 2

1 2 = 2L for t 04 t

I t. £ t for t 4 t t2 c 1 1

r= 2k - x + d

The Pressure at P is

p O, for 0 < t < t0

P-- of -L c1  C 2  dx for to < t< L11 r 0

. _ r. )
-P -f 2 L j d I .;z _ x f o r t 1  t

0 r

cas a on the axis of thie charge in the opposite direction to detonation (Figure 1)

t = a

C2

I- o. for t < t

12 i .-- i = T - tO for to < t < t

C2  c I

r = d+ x

The ......

A, "JsfAalable Copy
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The pircssure h~t P is

p 0. for 0 < t

P. ~ ~ f' 7 2 dE for t0  t tt I

-k(t x
pC~ C2  U fort1 Itt

r

case 1 Cir,:ula3r arc of chdrye. P at the centre of the circle.,I

This Cdbf. is Anoqwn in Figure 2(a). USing thO sae notation as before, It I$ Seer! that

12r

t 0

in~ t'i% rase thep -,uaticm far the pretSure at P my be integrated directly to give

p: <

1 e2 ehar3 formir part of an equiaivqular spiral, P at the c'~ntre of the Spiral.

T~is Iro" ivpmin F~ igure 2(c) is that for which all the elements start to be
A ,t P pit th- saffe ins~ant. If S be the length along the cIare from the point of

iqton~ 0 to Sonw. poinlt 0 Ind PQ 2 r

S~ + r to

.Irri tho rhitrgo [t thw*, rArt nf mn ^eiuigular srrm ,~1

Putt ing I'c eQUAl to th( diStinCe from P to tP.e point of detontion.

c 
2

Thi., pressure at P, aft~r Integration has been perfored Is

Best Available Cop,.,
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-5-

p 2 pO C ek(l - t
o
) log ( to < t

62- clo T42L

Vfumerical 'VaLues

The forms of the pressure-time curves for these cases have been evaluated for particular
values of the various parameters. For all cases

C, - 20.000 ft./sec.

C2  - 5,000 ft./sec.

ZL - . ft.

k 60.000 sec.-I p. = 5.000 lb./sq.in.

For cases Al, A2 and A,3

d = ft.

For cases 91 and 02

r 5 ft.

5 ft.

respectively.

The forms of the various pressur%-time curves are shown In Figure 3(a), (b), (c) and
Figure %(a) and (b) together with curves observed using plezo electric gauges and Cirdtex charges
of the same lengths end in the sam positions as those in the calc.iatlons. The integrals for
CaS s Al. 2 and 3 were computed numerically. in Figure 3 and % the time after detonation to the
arrival of the wave is aswurd to be the same for the observed curves as for the calculated curves,
sincp thPse tlrws ware not observed exoerimentally. For underwater explosions of Cordtex, the
va(lues of cI and c 2 correspond approximttaly with those used in the calculations.

it is not knor what values should be taken for the pressure p 0 at I fcot from the explosion
and for k wiw:h deternmnes the rate of decay of the shock wave pressure, in order that they my
correspond with the Cordtex. It Is seen, however. that for values for p0 of 5.000 1b./sq.in. and
for k of 60,000 sc. "2 . the relative shapes and magnitudes of the calculated curves are not very
dis-similar from those observed. The agreement Is even better than is apparent In FiguPe 3 and w.
Thus the sharp cut-off of pr.ssure In Figura 3(b) and 3(c) whith occurred about 0.6 milliseconds
after the start of the waves was due to the r-flected tension wave from the free surface. The high
peak pressure in Figure 3(c) was probably due to the added effect of the detonator. The gradual
rise of the pressurt shown in the record in Figure a(b) was almost certainly due to the effect
of the finite size of the gaugt. jf it is assumed that the actual wave reaching the gauge was
shoch-fronledwad-pproximate calculation estimtes the true peak to be about 4.500 lb./sq.ln. Instead
of just over 2.0o0 lb./sqin. which is more iii accord with theoretical predictions.

From Figure 3(a). 4(a) and a(o) it is seon that relatively small alterations ;n the shape
of the ChArgo produ(:ed considern-le chanqes in the forms of the pressure-time curvcs. For these
cases, however, the impulses were not very different and it is therefore possible that the damge
produced by these charges would not be very dependent on the shape of the chajrge.

The report therefore indicates t.e extent to which the forms of the waves produced bv line
charges can be predicted to a first mpproximation, by the single theory given in this note, it Is
to be noted, however, that tte use of the theory Is limited by uncertainty in the choice of values
for p ard k. Further, the effects near to the charge will not be represented by the simple state
of affairs assu'ed in the theory since the finite amplitude cif the waves will result In their
Interaction in a more complicated manner than for waves of r.cousti Intensity. Thus, although the
acoustic approximation may be valid at points more remote from the Charge, the form of the waves
reaching such points w;11 have been determined to a certain extent by the condition obtaining near
the charge.

Best Ava~ilable
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(,a) CIRCULAR ARC,

(b) ARC OF EQUIANGULAR SPIRAL,

FIG.2, CURVILINEAR CHARGES, 0 IS TE POINT OF

WEONATOR, OL THE CHARrE AND P THE POINT
OF MEASUREME[NT.
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Time after detonation - Milliseconds

(b) Charge forming arc of an equiangular spiral, P 4t the
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FULL CURVE CALCULATED FOR PouS.O00 LIB SO.IN.. K .60,000 5C..
DASHED CURVE OBSERVED F014 COROTEX. TW E AFTER DETONATION
OF THE DASHED CURVE ASSUMED THE SAME AS FOR THE
FULL CURVE

Dept. of Scientific . Industrial Research S/FS. 3592
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.1

PROPOSAL AND ANALYSMS OF A NEW NUMF.PTCATL If.THOD

Sumary

A. The differential equations of (compressible, non-viscous, non-

conductive) hydrodynamics are of a not too complicated type as long as the

motion is continuous and isentropic.' It is knovm, however, that almost all

hydrodynamical setups cause a development of discontinuities, so-called

sho:ks, sooner or later. These shocks almost never remain "straight", and

as soon as they are "curved" or intersect cach other, isentropy ceases. The

mathematical problem then becomes one of a most unusual and altogether in-

tractable type: A differential equation in a domain ',ith an unknown, "free",

boundary along which "supernumerary" boundary conditions hold, and in many

cases the coefficients of the differential equation rill themselves depend on

the (unknown) boundary.

A rigorous treatment of such a problem is only possible in a few

exceptional cases. .bie direct computational procedures for its treatment

are very oomplicated and lengthy.

B This report suggests a computational treatment which corres-

ponds to the original differential equations, completely ignoring the possi-

bility of shocks. Arguments are brought forth to support the view that this

computational treatment will always produce (arbitrarily) good arproxirmntions

of the rigorous theory which allows for shocks. That is, even when shocks

are formed, and the motion ceases to be isentropic.

It is shown that the suggested treatment corresponds to a return

from the continuum (hydrodynar.ical) theory to r" kinetic (molecular) theory,

using, however, a very simplified quasi-molecular model. The essential sim-

Best Available C ,..
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plifications are theses

a) The number of molecules -N("Loschmldtfa number" for a mol of

substancu) is lscalcd down" from its actual value -10 1 to sizes of

0O to I0,)

b) The intramoleciLlar forces are correspondingly "scaled up" so as

to approximate the correct hydrodynamical situation.

) The intramolecular forces are essentially simplifted in various

other respects.

C. The envisaged computations appear to be well suited to oe effi-

ciently carried cut on punch-card equipment. The ue of such equipment was

made available for the exploration of certain problems of this type by the

Ballistic Researoh Laboratory of the Ordnance Research Center, Aberdeen,

Maryland. A number of thece problems have already been solved, under the

direction of Mr. L. E. Cunningham of that laboratory. Among these three

"experimental" problems are discussed in this report. They lead to very

encouraging results.

Specificallyt in one-dimenbional shock problems values of N -- 14

or 29 (that is, 14 to 29 "molecules") and a IS t about one-half of its maxi-

mum allowable value (for details cf. section 18) produced results of highly

satisfactory precision. The duration of the computations, including their

setting up, was very reasonable.

D. The report contains an analysis of these complitations, and of

the main viewpoints in connection with further computations of this type.

Physizal aspects of the problems, like the hydrodynamical theory of the prop-

Agation of disturbatices (sound) and the conocrvation of the total enery, as

well as its partial "degradation" by shocks, play an important role in dis-

covering errors and keeping the equipment under control.
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3

The possibilities of extending this method to spherically symmetric

C ~ . C m, a iC,'%V w

It is proposed to treat in the future variour problemns concerning

the development, interaction, reflection, refraction and decay of shocks,

by this method and its extensions.

Best Available Cop
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4

§1. The considerations which follow apply to any gas or liquid

in which compressibility is taken into account, but viscosity and heat cor--

duction are neglected. From the point of view of gas dynamics such a sub-

stance is conveniently characterized by its caloric equation of state, which

specifies the internal energy L? as a function of two charac eristic parm-

etcrs, preferably of the specific volume 4 and the specific entropy C!

Then the density 9 is

(2)

and the prc.ssure p and temperatur" T are given by the equations

The equations of motion will be stated in the Lagrange-ian form,

for the main part of this discussion one-dimensionally. Then each elemen-

tary volume of the substance is characterized by a label c, its position

being )e at the time t . The purpose of the equations of motion. is to de-

termine x as a function of G,, "t.

(4) x ( ', t,
it is convcnient to choosc the label cA. in such a manner that the substance

contained in thc inrterval A, 0. %- A " has the mass mL), . I.e. that the

"deiisity in the label s;pace" is identically I . This being understood, it

is ij:,atcrial whether the label M, is lso rhe position x at some "initial

instant" to (which is frequently the case) or not.

With the ahove convention concerning the label, the specific volume

V is simply given by

(5) V -

The conservation of momentum states Ghat
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K 
-

(6) -v -j ...

i.e. by (a) and (s)

(7) ZIK

The conservation of energy, on the other nand, gives a relation which is

easily transformed with the help of (3) and (7) into

(S) -S = 0b t

In all these equations o,, t are the independent variables.

J2. Equation (8) implies that if is constant at some initial

instant t = to , then it stays constant at all times, and so (8) can be

replaced by

(9) S Constant.

This principle of isentropy then makes (7) the sole equation governing the

motions, and renders the problem amenable to analytical or numerical treat-

ment.

It is essential to realize that the decisive equation (8) expresses

the conservation of energy, and nothing else. Thus, although it involves

the specific entropy alone, it expresses nevertheless the first, and not the

second law of thermodynamics. Furthermore, since (8) secures the constancy

of specific entropy along the world line of each elementary volume, the sec-

ond law, which requires that specific entropy should never decrease along

that line, does not now impose any additional restriction.

$3. It is well known that a motion satisfying (7), (8), develops

sooner or later a discontinuity of the first derivatives ---.- , " More

precisely: apart from exceptional and degenerate cases, no solution can be
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continued beyond some finite t t and the singularity at this ts

z ett in b- L hemnwinp infinite. At the next instant y

can only be kept one-valued by permitting first-order discontinuities in

XI 'x X

It has been established experimentally that this st: anre behavior

of the solutions corresponds to a certain extent to the facts: In typical

situations like those referred to above, real substances do indeed develop

"discontinuities",- i.e. rapid changes of the specific volume V = '-. and

of the velocity V = X which are discontinuities in the same approxi-

nation in which viscosity and heat conduction can be neglected, and are

called shocks. These shocks appear even if the state of the substance at

the initial instant t = to was perfectly continuous, they develop as far

as can be observed at the times t = t at which the solution of (7), (8)

becomes discontinuous, and as far as the motion stays continuous (7), (8)

seem to be satisfied.

§4. After shocks have formed, the motion is still governed by

the same conservation principles.(of momentum and energy) on which (7), (8)

are based. Hence (7), (8) still hold in the regions of space which contain

no shocks, but beyond this it is necessary to apply those same conservation

principles to the shocks themselves.

Let a shock at a. - .(t) be formed by the states V

VU at o.zand.LOVand.

VV, at 0t = -0D. The position of

the shock is l x(.(t, +) its velocity D = C- _ is
e w o dt t e

the flow of mass across the shock. Then the conservation theorems of mass
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(which is an identity n the Lagrange-ian form, and was therefore not re-

and energy give sucoessively

(10) +, VV 7,T:
1;~U.

- -- L
2. V.

Equations (10) are based on the conservation of mass and of momentum alone,

(11) expresses (with the help of (10)) the conservation of energy. These

are the familiar equations of Rrkine and Hugoniot.

It is well known that (U1) (together with (1), (3) for ,, V.

S, U, and pa, v1 , ) necessitates in yeneral that

Z, t: )A . As was shown by C. Duhem, H. Bethe, and H. Weyl, for the

most important equations of state (1),

(12) Sli ( P1,-

Now the second law of thermdynamics forbids a decrease of the specific en-

tropy 8 along the world line of each elementary volume; i.e. it requires

hence by (15)

(14) S13, ,+;.c " " : '  '

Summing up: When a world line crosses a shock, the specific en-

tropy A changes, and the second law imposes the additional restriction (14).

S5. The general motion is thus described by (7), (8) in the re-

gions where the derivatives are continuous, and by (10), (11) with (14) on

the discontinuity surfaces. Accordingly the specific entropy g is con-
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stant along each world line while it moves in the regions of continuity,

but it under~oes a discontinuous increase each time a surface of discontinu-

ity is crossed. The second law of thermodynamics is automatically fulfilled

in the former rogions, but it excludes 50 per cent of the solutions at the

latter Purfaces.

This is a most remarkable, and itt first sight rather paradoxical

violation of Hanc!:el's principle of the "conservation of formal laws", but

the investigations of W. Rayleigh, 0. I. Taylor, and R. Decker on on, hand,

and extensive experimental material on the other, make it impossible to ques-

tion these cmnlusions.

From a mathematical point of view the emergency of shockL, and the

addition of (10), (11), (14) to (7), (8) represent an extreme complication.

*.71thout shock:s there is usually isentropy, i.e. (8) implies (9), and (7) can

be written as

(15)

where

may be considered a known function. Then (15) if; a hyperbolic differential

equation of a familiar type, and can be treated adequately by Riemann's

classical method of integration. If shocks are present, however, the situ-

ation changes radically. They act as unknown boundar:ies for the regions in

Ah-h (7), (8) hold, and along these boundaries (10), (i), (14) must be ful-

filled. The latter are easily seen to contain twice as many equations a

natural boundary condition (on a known boundary) for such a differential

equation shiould, ,nd thi s miperdetermination along the unl:no-an boundary

-hould lead tc its determination. Such problems with a "free boundary" are

difficult at best, but in the present case an additional difficulty inter-
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venes. Th, change of s-Icific entropy 5 at the shock Co a M 4)depends

by (11) on the trajectory of the shock, i.e. on the unknown boundary o, IL (1),

Now a enters explicitly into the differential equation (7).

!ence we are dealing here with a "free boundary" problem where the coeffi-

cients of the differential equation themselves depend explicitly on the un-

known, "free", boundary.

Problems of this type have never been treated in any generality$

and appropriate analytical methods to deal with then are entirely unkn,)wn.

Ritorous solutions have only been determined in very special cases, where

thi trajectories of the shocks could be guessed by other means, up to a few

numerical parameters. Analytical approximative methods (e.g. expansions)

or numt:rical onEs are also very difficult and restricted to very few special

cases. Furthermore the approximativq numerical procedures do not seen to

lend themselves for problems of this type to efficient mechanization.

§C. The idea which will be dictiosed here is tu treat the contin-

uous case (7), (8) with an approximative, numerical method, and to ignore the

possibility of shocks, (10), (11), (14).

In order to diagnose the character and the implications of this

idea, let us consider a special case of the equations of state (1), (B),

which is itself of not inconsiderable practical importance.

Assume that there exists an absolute relation of the form

(17) p .

where p.(Y) is a known, fixed function. That is that the source oe (l';)

is not (16) and (9) - that the differential equation (7) assumes the torm

(15) without (9), i.e. without isentropy. Owing to (3), (17) can hold only

if the caloric equation of state has the form

(18) U Jv,) ( V. + c)
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in whirh case (3) gives

.4 U.

(19) d. U

I.e.: In order that the pressure p be determined 'y the specific

volume v alone, the same need not be true for the internal energy U, but

U must be the sum of two terms 1J. U , ,of which LT depends on the

spcific volume V alcne and Q. on the specific entropy 4 aione -- and

there can bu no "interaction energy" involving v, S together.

In many coripression and shock probloms inlolving solids and liquids

those can be treatcd as such "intcractionlss" substances.

In this case the spocific entropy disappears from the diffr-

ential equation of the continuous case, vhich assumes the form (15), and

also from the shock conditions (10), (14). These equations ari sufficient

to determine the variation of YI P1 ,V i.e. the visible motion of

matter .ind the mechaxiical forces actine upon it. The, depend only on the

*1 term of the inner energy U (cf. (18)). and T come in

only in (11), which bccomes

(20 ) o , -V6-

V.

Thus (9) is nof needed in the case of continuous motion, and (11)

is not needed in the case of shocks. Powever (8) and (11) express the con-

servation of energy, so we see: For an "interaotionless" inner energy (18)

the visible motion and the mechanical forces can be determined by themselves,

without using the conservation of crergj.
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The latter then determines S, T by (8) and by (I1), i,.. (20),

a JCv) is the potential one, TJY Ir~s

is the thermdc energy. The total enerey Is made up of the kinetic, the

potential, and the thermic energies. Since the total energy if the entire

substance is conserved, and since in the case of continuous motion the thermic

energy is conserved in each element by (8)$ so in this case the kinetic plus

potential energy of the entire substance is conservet. too. In the oase of

shocks proceed like this: Let the shock be oriented in the direction of the

flow of substance, i.e. 1 0 , Then . by (13); hence

tJ < All sides of (20) are hence positive, and so the last

expqression in (20) necessitates V, >V1 ( p& ) is usually convex

from below as a function of v). (10) now necessitates 0. 4 PA . Since

the thermic energy increases in each element by the above, the kinetic plus

potential enerey for the entire substance decreases.

So we see: If the thermic energy is left out of account, then the

conservation of enerGy is still valid for the continuous motion, but it is

rerlaced by a loss of ener ,' for shocks.

This explains the apparent conflict between the nechanical conser-

vation of energy and the principles of thermodynamics in the earlier forms

o02 the theory of shocks.

According to the above, this loss of energy ic' better destiribed as

a degicdation of eneray. The specific degradation of energy (i.e. per unit

mass) is

the rate of degradation of energy (i.e. per unit time) is

(22)M A
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(21)o (22) must be evaluated with the help of (10), (20).

§8, In carrying out numerical aproximations of the hyperbolic

ditferential equation (15)l the continuous independent variables 0 t must

be replaced by discrete ones, For various reasons it is advantageous to

carry this out in two SucCessive steps, and to begin by makng . alone dis-

crete. One of these reasons is that CL is really a discrete quantity,which

was made artificially contimuous by the classical transition from the kinetic

theory to the continuous, hydrodynamical onet the elementary volume, of the

substance, for which o is a label, should be naturally discrete entitie,.

Thus the label 0, is "naturlly" discrete, while thi coordinates x. t iro

"naturally" continuous, (Note that in th.s setup the Lagranee-ia.. form is

preferable to the Euler-ian, since the latter deals with Xt only, without

a.,) Making (k discrete, and leaving x, corLinuous, has thercfore a

cer'tain physical meaning, and this will turn out to be very helpful presently

Acordinuly, lut c. run ove' a sequence of equidistant values,

which mlay as well be normalized so as to be the integers:

(111 ) r.. = . . . . , " 11 0 , , ,, , ,

It is also advartagerns to ,,rrite for X

(24) (.X S

The hyperbolic (partial) differential equation (15) can now be replaced by

the approximat .ve system of (total) differential equations

§9, It is an essential circumastance concerning the equations

(25) that they are not only mathematical approximations of the riZorous

equation (15), but also the rigorous equations of another physical system,
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which is a physical approximatlon of that nne underlyina (15). Indeed,

tho system (25) in that one of the equations of' motion of an oruinary (point)

mechanical system Nith the coordinates ,, ,, 11 j',, X, ,

and with thtj total energy

(~C) 4.X,) 2. + J, (
This i a system of mass points Nos .. 2, - 1) O, I 2,., the point

No. hnvjng the coordinate X. Othe nass I, and any two neighbors ( ,.,

and X. heine 6onnected by a 1,sprine" which has the potential energy

X = L W Lv) when its length is V = V-

Now this system of ,,beads on a line, connected by springs" is

clearly a reasonable physical approximation of the substance which the hydro-

dynamical equation (IS) describes. It corresponds to a quasi-molecular de-

scription of this substance, where the mass ascribed to one "bead" (i.e. the

one elementary volume) is the mass of a "molecule". 17e nhose to treat this

as the unit mass, but it may nevertheless correspond to any deslired real mass.

Clearly this is not the "true" molec-alar description of the substincel For

any workable conputinL scheme the number of these "moleculesl,, i.e. of ele-

mentary volumes, vrill be much smaller than the actual numbr of molecules.

Thus if a gram-mol of a real substance is considered, the true number of

molecules in it is Locchmidt's number N 0 , ( 1) Pwhle fnr

practical computing scheme some number of "molecules" /V between 10 and

I 0 u will be appropriate. However, the actual value of Loschmidt's nu;-

ber N never figures in hydrodynamics; all that is required for the valid4.ty

of (15) is that N should be a Creat number. The actual N -6 iO 13

is certainly great, but much smaller numbers N may already be sufficiently

great. Thus there is a chance that N I will suffice.
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So the replacement of (15) by (65) amounts to the introduction of

A q mi-molnrlikar dteription with a LoAchmidt number NV chosen for comput-

ing purposes, and therefore much too low, Reality is not (15) eltherl it

is molecular with the correct N - (0, 0 " , Hence (25) is an aecept-

able approximation if this "scaling down" of t/ from Q , 11) to the

value used, say I0 is acceptable. At this point two more remarks are

in ordert

First: This "scaling down" of N requires a corresponding "'cal-

ing up" of the "intramolecular forces", to produce the correct hydrodynAmt 1

forces. "his has indeed been done, The potentials In (2G), i.e. the forces

in (25), were chosen so as to approximate just the correct forces i. (15).

Second: The actual intramolecular forces are of course much more

complicated than those of the simple "beads and sprinrs" model used in (25),

(26). However, the classical derivations of hydrodynami1cs from molecular-

kinetic models have established .,hat these more subtle details or the intra-

molecular forces are immaterial for this part of hydrodynamic3: It can be

derived from the "beads and springs" mcdel just a wall as from one where

those details are taken into conbideration.

§10. The above considerations make it plausible that the ostem

(25) is a good approximation of the hydrodyrramical equation (15), even for

moderate values of the number of elementary volumes tV . The minimum size

of N which will give acceptable approximations must, of course, be deter-

mined by effective computation, and it may vary from problemr to problem. ",e

expressed above the Surmise that values between 10 and 10O will usually

suffice.

All these considerations are, however, only plausible as long as

(13) describes reality without any further rompli,.ations, i.e. in a contl.nu-
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ous motion. When shocks appear, the situation seems considerably less

fam.rablC. ThC rtmanhc cucly.

First: In the presence of shocks the real motion is not described

by (15) alone, but by (15) together with (10), (14). Now while (25) is

clearly an approximation of (15), it is not at all olear whether it is also

one of (10), (14).

Second? Antually there are reasons to expecL that something rust

go wrong with this latter approximation. Indmed, we saw in F7 that the

total kinetic plus potential energy is not conserved in hydrodynamics when

shocks are present, but that it is continuously degraded (i.e. decreasing)

according to (2k). On the other hand the exprension (26) represents pre-

cisely the total kinetic plus potential energy -- no thormic ene-'gy

makes its appearance in this expression, and there is indeed no room for a

separate thermic energy in such a quasi-molecular model. And since (25) is

the system of the ordinary (point) merhanni 'A1 erqlvitions of motion belong!ng

to the total energy (26), therefore (25) must conserve this energy.

Thus (25) must conserve (26), while (15) with (10), (14) does not

conserve the analogue of (26). How then can (25) be an approximation of

(15) with (10), (14)-

§11. Nevertheless it is hard to see how (25) can fail to describe

the equivalents of shocks in certain situations. £.g. Ict the "bcads and

springs" model of §9 collide with a rigid wall; in this situation the wall

would .end a shock into a compressible substance (in hydrodynamical theory),

and something similar must happen to the "beads and springs" model. The

boundary conditions which describe this are easy to spr.u:ify: For 0

the substance is in its normal state (i.e. each V. _ X- X0__ I,

hence . . + CoheSt. I e.g. K, , ) and is moving uniformly
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to the left:

.with a given . ,

For t 0 the wall etops the molecule a., 0 at XO:

(26) For all t > C' -

Clearly (27) should only apply to the right half, i.e. to 0 I 2,

Now (25) conserves the energy (26), i.e. the totzx kinetic plus

potential energy, while ll) i.e. (20) excludes such a conservation., And

the laws of .ankine and Hugoniot, on which (11) is based, are merely applica-

tions of the basic conservation principles, .hilch hold for (25) too. How

then can (PS) still conserve the energy (26)?

The plusible answer is that (25) will produce something like a

shock wider tae conditions specified, but that the notion of the X4 beyond

the shock will not be the smooth hydrodynamical one, but rather one with a

superpored oscillation. This oscillation should contain, as a kinetic ener-

gy, that deeraded energy which can only he acrounted for in the hydrodynamical

case ((15) with (10), (14)) b r introducing a separate thermic energy V'

Tndeed, (25) describes a quasi-molecu].ar model, an,, in such a rodel the

thermic energy appears necessarily as a part of the kinetic cnergy.

§12, These considerations sugge.st the surmise that (25) is always

a valid approximat.on of the hydrc/ynam.lcal mLiur, i.e. of (16) wLL. (10),

(14), but with this qual.'icatic: it is rot the X (.) of (,5)

*hich a},pi mw1atez the z X ( t h : (), bt the avcragc -f the ,

ovcr an interval (of rufficicnt "-th) of coo:tilulous Thu, t

selves perform oscillations a:ojr2d thesc averages, an:d these oscillations do

not tend to zero, b,;t, they make f_-.ztc ccntributior, to the total energy 26).
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Indeed, these contributions are continuously increasing when shocks are pres-

The velocities produced by these oscillations are easy to estimate,

Denoting such a velocity by V0,= amplitudes (maxima) by and

averages by , clearly

(use (21), (20)), and assuming that the oscillations are essentially harmonic,

From these

Va.

Actually (20) should be corrcc-.ted inasmuch as s may not be

entirely kinetic energy: If the oscillations are of finite size, the non-

linearity of thE potential energy wil l LT[ Cv) w cause U -

to be different from - ) and while the hydrodynarmcal energy

contains the first expression, (26) contains the second one. Thus

U ~ ~ (KU-,,) T too contributes to the specific

dissipation A If the oscillation of V. X - Ka is V

then this term is approximately

, T
O * ( -

'l (ICI

2. 2- vL vt ~ I
where

is the local sound velocity. The average is
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Assuming harmonicity

So the left-hand side (29) should be replaced by

(31) Q.* + . a.

§13. In the mathematical terminology the surmise of §12 means

that the quasi-molecular kinetic solution ((25)) converges to the hydrodynam-

ical one ((15) with (10), (14)), but in the weak sense. I.e. that only the

averages converge numerically. (Even this vequires a sl.Cht qualification

due to what was observed above concerning the T. -averagps; but the= e is no

need to consider such details already here.)

A mathematical proof of this surmise would be most important, but

it seems to be very difficult, even in the simplest special cases. The

procedure to be followed here will therefore be a different one: We shall

test the surmise experimentally by. carrying out the necessary computations

for certain moderate values of N. (of. §§9, 10), oit problems where the rigor-

ous hydrodynamical solution ((15) with (10), (14)) is known, and produces

shocks. The comparison of the computed, approximate motion with the rigor-

ous, hydrodynamical one will then be the test.

§14. It i worth while to state once more what we propose to du:

The systern (25) is a compatational approximation of (15). (15) describes

continuous hydrodynamical motions, but not shocks. It is nevertheless ex-

pected that the approxination (25) vwill prove itself better than its original
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(15), and give adequate approximate descriptions of shocks.

In order to evaluate the system (25) by effective computation it is

now necessary to carry out the second step mentioned at the beginning of §8,

i.e. to make the remaining independent variable t discrete too. Choosing

for t a sequence of equidistant values

(32) t z S'r) T fixed and > 0 S , ,, , Z'

a certain care in choosing C is necessary.

First, we amplify (24) by writing

(53) Xs a X10

Second, the system of total difterential equations (25) must now be replaced

by the system of difference equations

S-0I S s-I
(34) X 4- . + X A. = -( .) 0. (xS -nXi

Third, it is clear that in the recursion of (54) Ks* '  is determined by

9S S -' $-1 3-2.
4X i.e. X:. by it.-, X X -,

So Y is determined by a family of ,' 's with

I.e. K Ca, +)is determined by a family of x ( a.>')'s with

(35) 1 d,' -o 94 1 14'- .
On the other hand the underlying hyperbolic partial differential equation

(15) has a definite way to propagate influences: along the characteristic

lines. The equation of those lines is

i.e. the area in which a change made at a., m sakes itself felt is given by

IOL CK f+
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or, using (30), by
,.( ) Ii,' a e. C _ , - .

r

Note that r was the velocity of zourd in he E'z:ical siaze A, t while

is the velocity of sound in the label space t. Zquivalently, 1 5s

the flay. of mass across the sound wave.

Now as R. Courant pointed out first for a wre general class of

problems, the computation cannot Live significa"t results unlea, the depend-

ences (35) which it permits cortain the dependecej (36) xhich the =nderlying

problem demands. Conseqently it is necessary that

IZ S&

i.e. that

(37) C

Practically even a certain "fac.or of safety* in (37) will be aevisable.

§15. The system of difference equations (54) is well suited to

mechanization. Specifically, it can be solved with punch-card equipment,

with S being the number of each one of he .uccesaive stacks of cards pro-

duced, and m the current number of each card within its stac". iowever,

the following points must be emphasizedi

First: We expect that after crossLt, the equivalent of a -hock, a

"molecule" o_ will develop an oscillation of 0 hich represents ther-dc

agitation. The period of this oscillation will be of *re order in o.

i.e. of the "grain size" introduced by the n'erical anpro.i,=at4cn, by thc

operation of makin! the continuous a. discrete.

Now by the usual standards of nuerical co -puting. the appearanre

of such oscillations (of a period which is imposed by the "grain size" of nre

approximation, and not by some quantity derived from the =nderiyin; differe.-

Best Available Cop',
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tial equation (15)) is a symptom of some inadequacy of the computing setup.

it iS tilerefie iwp~~r~aflt LO V.aUa&eM thlt ill the prupooed ael~up this ci-

terion must be abandoned: As soon as a shock has bccn ^rossed such oscilla-

tions must develop, and they have a perfectly good physical siL'nifioance.

They represent the thermic agitation cau-ed by the degradation of energy

through the shock.

Second: Since this important criterion for spotting errors or in-

adequacy of the computing setup is los4, we raust see what other crite-ia re-

main. For errors there is always effective numerical checking, but it is

practically difficult to get along without additional criteria of a more in-

trinsic significance, and they are also necessery in order to judge the ade-

quacy of the entire setup.

The following criteria suggest themselves:

(A) Any conspicuous feature which appears in 4he initipl conditions

or anywhere later in the solution, will be propagated by the computation ac-

cording to (35), while hydrodynamics cause propagation according to (26).

The signal of (35) is the numerical or false signal, while the signal of (36)

ir the hydroeynamical or true signal. According to (57) the false signal

must always be -head of t~he true signal. Hence an actual computation can

only be significant if the false signal is very weak (it should become weaker

than any specified amount for a sufficiently small "grain size"), and if the

essential changes arrive Yfith the true signal.

(B) Since (25) conserves the total energy (26), therefore (34)

should approximately conserve the equivalent of (26), .e.

(38) - +
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Of course (38) will oscillate, since this conservation is only an approximAte

one . B'it . ag'. ~t~~ca' 'cha.or has~ b'een det erminav An

excessive deviation is an indication of qome error of computation. Any

clear trend of (38) with S is an indication of an inadequacy of the comput-

ing setup, particularly If it is in the direction (decrease) and of the order

of magnitude of the shock degradation of energy according to (21), (22).

Here the numerical rate oi degradation is the significant quantity, i.e, the

degradation of energy while S increases by i, i.e. durine r units of time.

By (22), (22) this is

Hence oscillations and trends of (38) must be judged by c-mparing

them in size with this & I

(C) It is advisable to acquire some general routine regarding the

adequacy of computing setups, by dealing first with some selected aem en-

tal problems, i.e. b piwle problems in which the hydrodynamical solution is

known. The comparison of the approximate, numerical solution with the

(known) rigorous, hydrodynamical one will clearly be of considerable orient-

ing value. The problems should be chosen in such a manner as to make it

sure that shocks will develop, and preferably also other characteristic

features of continuum hydrodynamics, such as Riemann rarefaction waves, wave

reflections and intersections, etc.

16. The Ballistic Research Laboratory of the Ordnance Research

Center, Aberdeen, Maryland, is carrying out explorations of the suitability

of its punch-card equipment for certain computations of the type described.

This work began in early March 1944 and is continuing at the prescnt time,

under the direction and following the setups of Mr. L. E. Cunningham of the

laboratory. The author wishes to take this opportunity to express his
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thanks to the laboratory and to Mr. Curnningham, whoso active interest 1ade

the r eclisve tests possible.

Three experimental tests of the kind described abuv) vhiiuh were

made at Aberdeen, will be discussed in 116-20 which follow.

The precise formulation of these problens is this:

The equations of state which correspond to (19) are assumed to be

as simple as possible without impairing the significance of the results, irk

order to facilitate the computations. Specifically

(40) p = P. Cv)

is assumed to be a polynomial. It is well known from hydrodynamPce that in

order to be realistic, the curve (40) :sust be convex from below. According-

ly

(41) pv +v 'IFv 4Va

was chosen. This "substance" "collapneo" (i.e. 4 o ) for I .I, and it

"cavitates" (i.e. p - 0 ) for \ 2. ; however it behaves reasonably in

the intervals

(42) vZ. I > pO,

and

(43) -, , p go,2

was used as the "normal", initial state of the substance, By (30) the

sound velocity is

(44) C =Vi71_

hence the "normal", initial value is

(45) CI I C), O 107

The boundary conditions correspond to the collision of this sub-

stance with a wall, as described at the beginning of §11. It is preferable,

however, to have a definite finite number of particles, i.e. of values ofe.,
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(46) 0 0, 1, * 2 ~*..'.-I

and to place rigil wallS at tne two enoa:

(4'?) For all t 1 0 V.. ,

This corresponds to (28). The initial state cf the substance is as in (27),

i.e. "normal" specific volume v v I and uniform motion to tUe lefts

For t -0 iL a - 04
(46) for aU c 2., ,

with a given (

As the system of total differential equations (25) is replaced by

the system of difference equations (34), the boundary conditions (47), (48)

are to be replaced by

(49) For all S 0 1,2,,X S -0

(SO) For all ix 1 , 1

X,= a. - N T

The following remarks are now in order:

First: Of the 0* I "molecules" C A , , . -1

n.- I n the first and the last, o t 0, a , represent the two

walls. Hence the substance proper consicts of the o- I molecules

Second: The initial velocity -o( points to the left (tewards

a. =, away froi, CL a, ), hence tnere will be a compression ,ave url-

gina+-ing at the wall I. 0, and an expansion wave at the wall 0.: , -

I.e. the former will be a shock, and the latter a Riemann rarefaction wrave.

Third: In order to have a way to estimate the significance of a

given initial velocity O on an absolute scale, it is best to compare it

with the "norral" sound velocity C, of (45). This gives as a measure
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1l7. The problems considered correspond to the choices
Ws) 0( 011 OZ OIf, i~e. IA.= (), ZQ, 0.6

With these initial conditions (and the equation of state (41)) simple hydro-

dynamical considerations allow determination of the rigorous, hydrodynAmical

solutions. The results are theses

(A) At the wall Ov 0 a shock originates. The velocity of .his

shock is D 0. 555, 0, n ) ; the state behind it ia given by

v- 0.7 1 5, O, S')( and 11 00, 0. A and mass velocity

0.
(B) At the wall o.- a. a Riemann rarefaction wave originates.

The velocity of the front of this wave is 0 ,07, / 7 the

velocityaof its back is D"= O.1 T7 0 0, (4; the state behind it is

given by IV , I. , W I %and P 0. 19 , 0. 020and mass velocityQ

(C) The waves of (A) and (B) meet at the time t . a
D,+ D

At this instant the rarefaction wave begins to undergo a refraction on the

shock, anid its front continues be hind the shock with the velocity

(D) The shock of (A) ha,. the specific dissipation of energy

A= O,000 77) O, 00 2,1 and the rate of dissipation of

energy V 0 , OOo5R, 0, 00 4 17.

§18, The chcice of t in each problem is governed by (.27). he

upper limit. of (57) i.s the smallest v which occurs in the problem, i.e. by

(44) the smallest I.e. the - belonging to the

\jT7T ~V
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smallest V This is clearly the v behind the shock, hence by (A) abnve

14 t C, k1. 50k'O and so 77 I, 2 (01 1,'7 Thus

the requirement of (37) is i & , , ,nd therefore r 0 S-
would seem to be a safe value,

We can now state the three problems for which the solutions were

computcd:

Problem 1: 0 O, 2L i.e. the first choice of §17, cK ,

i.e. N - -I "molecules". V" O . Calculation carried
until s- *1 ie.. 15I..

Problem 2: Same as Problem 1, but - C.).5 (as a check),

calculation carried until S 51 i.e. t 12, 7 5.

Problem x: x o i.e. the second choice of §17. ao-" 3..),
..e. A : ,- "-_ "molecules". = 0, T, calculation carried

until S= 61, i.e. t ' 0O F,

As pointed nut at the beginninipof §§15 and 16, the computations

were carried out on the punch-card equipment of the Ballistlc rlesearch Lab-

oratory at Aberdeen, Aiaryland. They produced very encouraginC results.

Such difficulties as presented themselves were all overcome by the very

compiete and efficient punch-card equipment of the Ballistic Research Labora--

tory under the direction of Yr. Cunningham. The actual computationa on

each problem required 6-12 working hours net, and the entire program (settr.

up, etc.), insofar as these three problems were concerned, took less than T n

days.

A detailed analysis of the numerical material obtained was undc-

takcn, 'and it gave very valuahle pointers for the further devemr'"ent of this

mcthoc. It will not be attempted to give here a detailed account of thIs

analysis. Wc shall, however, point out sorxe of the main features, and at-

tach some graphical representations.
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119. First: The results obtained in Problems 1 and 3 are repre-

sented by Figures 1 and 2 respectively. The results in Problem 2 agree so

well with those in Problem 1 that a graphical representation of the former

would not have been distiruishable from one of the latter, i.e. frou Figure

1 (except for the halving of r . i.e. the doubling of s ).

In each figure the abscissae are the a.,and the ordinates are the

$. T hf lllines, originating at S a o and &.a l,.., a.-i,

- I , are the world lines of the corresponding 'mleculees. The da.sh-dash

lines reprsent the mamn h dradywmacal features, that 13, the loci wh.re the

rigorous, hyo ulaical solution plaes then according to (A)-(C) in $17:

the line o-iginating at the lower left corner is the shock, the two lines

originating at the lower right corner are the fr-ot and the back of the

Riitann rarefaction wave, and the refracted front of the rarefaction wave on

the shock is also indicated.

Second: Doth figwres how that the initial motion, which is a

family of parallel straight lines in the C.. S -plane, is significantly modi-

fied only wben the shock or the front of the rarefaction are reached. These

are the true signals in the sense of (A) in 115; the false signals are at

the lines So a. or 1 O,-a.' i.e. well ahead of the true ones, and at

the false signals nothing visible happens. (The n.uerical material shows

this in more precise quantitative detail.) Also, the change of directior at

the shock Is rather sudden, vile that at the rarefaction is gradual and con-

tinuous. Suing up, the criterion of (A) in 51S is satisfied, and even the

details of the compression and the expansion caused by the two walls are thore

which the rigorous, hydrodynamical solution leads one to e-pect.

Third: The numerical material shows that in all three problems the

shocks are followed by oscillations cf a more lasting nature than those which

Best Available C
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accompany the rarefaction. In Problemu 1, 2 these are too small to show n

?ib-urc 1, bt irn Problem I they are considerably greatar ani rigurs 2 shows

them accordingly. That figure makes it quite clear that the shock, but not

the rarefaction, is followed by strong "thermic agitation" due to the degrada-

tion of energy which is caused by the shock alone.

Fourth: The values of v obtained in (A), (B) in §17 for the re-

gions behind the shock and the rarefaction can be compared with the oomp es-

sion and the expansion shown on Figures 1, 2. The quantitative agreement is

excellent. The world lines of individual "molecules" are also ir good

agreement with those obtained from the rigorous, hydrodynamical solution: if

allowance is made for the post-shock oscillations.

Fifth- The numerical rate of degradation of energy is, by (59) in

(B) in §15 together with (D) in §17 and the T -values of 518, found to be

(53)• , L,. - O.Oooa9 O,OooiS, O.OA-O.
fr Problems 1, 2, A, rm .x~t1voty,

As discussed in (B) in 515, this is the quantity which provides the

significanit standard of size for the o:scillations and trends of the approxi-

mate energy (38).

Computationc of (18) show that its total oscillation nevcr cxcccd

the quadruple of (53) in either problem, and that the overall trend of (38)

is less per unit of S than one-twentieth of (53). This makes the signifi-

cance of our computinp procedure very nlausible, and permits an easy snottint,

of computing errors with the help of the oscillations of the approximate

energy (58).

120. A more detailed inspection of the numerical restats in Prob-

lem 3 allows also locating the course of the shock across the rarefaction.

This is shown by the dash-dot line on Figure 2. It should be noted that
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this represents already a result which cannot be obtained by cl&ssical

Mei.hds In iLhe rigzrv=, njMQr.L* 6"VC- WAA Cl

and a rarefaction.

It is proposed to extend this method to rare problew of this lat-

ter type, involving more cowlicated oe-d tue ional. interactions of shocks

and rarefactions. The experence with Prbleis 1, 2, 5 shows that a "sub-

stance* with 14 or 29 Oleculesf is fully adequate to describe the finer

nuance$ of hrdrodyeac mtion. We believe therefore that the possitlltiee

which are opened up by this method are nsiderablP.

The equation of sate (41)

sst of ourse be replaced by more realistic ones. ActQ.1ly nown-polynomial

equations, e.g. the Nadiabatiew

(54) - V

can be handled by the pmwb-.ard euitpnt through a-pro-riate a.rrgo-mnts

quite simply and efficiently.

All these problim, as well as the extension from the srecial equa-

tion of state (18), (19) to tkw general one (1), (5), will be dealt with in

subsequent reports.

S21. Aong ore-tan-ne-ds local problem, those of spheri-

cal syetry su9get themelves first. fere z and . may be viewed as tte

distanced from the center of sywetry of the pftsical space or tLC lab:i

space. This replaces the hydrobmunical partial differential equation (1 )

by

(SS) - - -( .I
&k
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which is of a very similar nature. Our approximative, numerical procedure

applies to (i5) in esnstsril the stite way au to (15) in .he ne-dimer -Onna*

case.

Numerical investiCations of (55) are very desirable, since such

problems as the decay of a spherical shock belong in this class. This sub-

ject will also be considered in subsequent reports.

§22. Truly two- or three-dimensional problems without the sym-

metries used in §21 are more difficult to handle. Our general approxl-native

procedure still applies, but there seem to be reasons to fear that here the

necessary number of 'molecules" becomes inconveniently large. As pointed

out in §20, 14 or slightly more "molecules" may suffice in one dLmension,

but this suggests that 11 , . 00 and 0 , 3 000 may be

needed in truly two- or three-dimensional problems. These numbers seem too

high for the existing machines, although 200 "molecules" are perhaps not al-

together beyond capacity. The subject will be investigated further, particu-

larly in view of the great importance of the hydrodynamical problems which a

success in this direction would make accessible.

in the truly many-dimensional cases the possibility of using other

types of machines vrill also have to be investigatid. In this respect the

relay-selector type machines seem very promising among the "digital" ones.

The exploration of the "non-digital", "physical analogy" type machines Is al-

so being undertakenj some of these seem to be quite promising, although of

lower precision than the "digital" machines.
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CONSIDERATIONS OF UNDERWATER SHOCK-WAVES

FOR SPHERICAL CHARGES

H. N. V. Tenperley and J. Craig

April 1945

The results of calculations of the pressure pulses produced in water by spherical charges

of T.N.T. and T,N.T./Aluminium 8/15 are presented. Thi eq.nt'r'rS of state for the exploslo, products

were those calculated by Booth, while the equation of state for water was that used by Penney and

Dasgupta which is practically identical with that used by Kirkvoco ad others(3). The gases ire

Initially assumed to be at rest and at uniform pressure, as is done by Kirkwood and others(3) and in

Pennvy's original calculations.

The results of the various theories are compared with experii,.ent an. the calculations now

available enable the causes of some of the discrepancies etween the various theories to be traced.

W!th one or two exceptions, the experiments seem in good agreement with theory. The most serious

discrepancy between theory and experiment seems to be In t,e single result obtained from the pressure-

bar(i), which suggests a time constant much larger than the theory indicates. The most serious

discrepsncy Obtwein thO theorlks seems to be the differing effects of the addition of alumiln;um to

T.N.T. according to Kirkwood's theory ano according to the present calculations, WA have confirmed

Kirkwood's assumption that the main portiom of the pressure .ulse Is exponential, but it seems probc-ble

tnat Kirkwood's method o? obtaining the constants in the exponential expression is too crude.

Intro ductio

It is desirable in explosion research to have some idea of the form of an undereater explosion

pulse very close to the charge, say up to distances of 10 charge radii for a soherical charge. With

the possible exception of T'ylor and Davies' prnssure bar(l), (which so far has only bean used for

one Shot) no instruft.nt 5as be'n devised which will stand up to the very high pressures in this region,

although th.re are indir~ct -otheds of inferring the peak pressure which we shall discuss later on.
It Is therefore necsnary to resort to theory in order to gain s"e idea of the pressures to be ex;¢ct23

from contact or near-contact explosions, to assist both in the design of instruments for measuring these

large pressures Snd In the design of structures to resist such explosions.

ethods available.

Two methods suggest themselves. One might start with experimental results at great distances

from the char.e and attempt to extrapolate inwards or one might start fron the equations of state of

the explosion products and of the fater and, assuming reasonable initial conditions, follow hydro-

dynamically the variations with tine of the prossure in the water and in the gas sphere. in this

report we shell nmt Ll*. th firgt mthono which ha% recntlv been used by Kirkwod nnd others(2) tut

we shall concentrate on the second. The success of this mothod naturally deplnds on the accioracy of

our data. The equation of state of water over the pressure range required may now be regarded as
fairly well known, covered as it is by recent experiments of Bridgmen and others. The equation of

state, of the explosion products cannot be observed directly, but must be calculated thermodynamically.

This has been done by various workers. Eyen if one takes proper account of chemical equiliorium

during the early stages of the expansion of the explosion products, it soon appears that thc tempErature

falls rapidly during tie expansion, and at soe stagc the explosion products will no longer e in

equilibrium. Thus. at least one arbitrary assumption is involved in this calculation. 4 second

difficulty is that explosives such as T.N.T. form solid carbon, and it is cifficult to oecide whether

or not ;t should be considered to be In thermal equilibrium with the gases. A similar ques-Ion arises

with the aluminium oxide that is formeo when al,.zminised explosives are oetonat d. Penney is also

suggested that the aleinuinu mijht actually burn In the wat r near t;ic charqc. Fortunately, hcwever, it

appears.

Best Available (,
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appears from the calculations of Kirkwood(3) and others, to be discussed later, that mall chnges
In the chemistry of the oecomposition make surprisinjly little difference to the final results.
In tile repcrt we shall use the adiabatics for T..T. and (T.N.T.IAlminIum 85115) obtained by Sooth.

We may therefore take it that the two equations of state are knon with sufficient acuracy
for practical purposes. A more difficult question Is to decide the initial conditions from w!ich
to start our hydrodynamical calculations. It is known from Taylor's theoretical work that a
spherical detonation wave is a #heoretical possibility, but there is no definite evidence that it
really exists. We have therefore two possible choices. We might take the-gas to be Initially at
rest at a high, but uniform, pressure, 3r we might take Initial conditions based on the assumption
of a spherical dotonetion wave. It is desirable to obtain data using both assumptions.

CaLcua'ios already carried out.

The first attempt was made at this problem by Penney. Me obtained results which give the
correct value for the peak pressure at great distances, but tne wrong form for the pressure-tim curve,
the pressure very quickly dropping to zero, th'n rising again, an effect which is not observed
experimentally. In a secod attempt Penney and Oasgupta attacked the problem again, obtaining a
curve very like those observed experimentally. It is difficult to compare these two reports directly,
because, although in both sunstantially the sam method of following the changes in pressure is used
(a step-by-step method based on the 9iennn hydrodynamical equations) two of the assumptions are
changed. in the first paper the initial conditions are thosE of a gas at rest at uniform pressure,
in the Second those proper to the region just benind a detonation wave. in addition, cifferent
e'quations of state for water are used in the two papers. It was partly ;P order to sort out the
effects of these two changes that the present calculations were undertaken.

Inde endently. Kirkwood and others(,; have attempted tc obtain a theory of %te propagation of
the pressure pulse which shall enable results to be obtained in analytic form for different explosives,
without having to report the laborious step-by-step process for each one. In all cases the Initial
conditions assumed are the same as those of Ponney's original paper (gases initially at rest), but
the equation of state for water Is practically identical with that used by Penney and Dasgupta, no
that hero again no direct comparison is posSible. Kirkwood(3) and his collaborators have carried
out the work for a large range of explosivus, and h,ve also examined tie effect of small variations
in the equation of state of the gaseous products, and :;f temperature and salinity varations in the
water. It appears that the effect of all tnese can be neglected for practical purposes.

The calculations actually carried out, the results of which are presented in this report, used
the step-by-step method described by Penney. To try to maintain accuracy the steps were kept quite
swell, so that in 30 - 40 steps the -.ock front at the head of the pressure Pulse had attained a radius
of about six times the original radius of the charge (taken for convenience as 50 cm.). These results
were extrapolated to greater distances by a method suggested by Dsgupta, to be described later. The
equation of state for water was that used by Penney and Dasgupta and was prctically identical with
that used by Kirkwood and others(,). The equation of statc for the gas was that calculated by Sooth.
while the Initial conditions were th-1e the gas was It rest ait uniform pressure. In addition to T.N.T.,
the calculations were carried out for a T.N.T./Alumin;um 83/5 mixture, to obtain a direct assessment
of the effect of adding aluminium to a high explosive, and for comparison with Kirkwood's(3) work.

With these calculations available, we are in a position to make the following comparisons:-

(a) To ascertain the reason for the discrepancy between Penney's earlier results and Penney
• nd Dasguote's later results.

(o) To make 3 direct comparison between the step-by-step and Kirkwood methods.

(c) To obtain an oissessment of thq pffoct of adding aluminium to a high explosive).

Criticism of te, MetAods.

The me hods have both been fully described elsewhere, so that it is sufficient to say here
that the step-hy-step method is based on the equations:-

Best.. Best Available
Best Available Cop) -
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(c +U) 2 0c(j
Dr r

22 21(2)
Ar r

where u is the particle velocity, t tre time co-ordinate and r the distance co-ordinate, and

P I +u. f - u and f is the Rlemann function f " r 0. c is the velocity of sound,

p the density and p. the density at atmoipmarice) prtissure. Kirkwood's(3) method is based
essentially on two assuiptions:-

(a) That the function G - r + I f2  is propagated outwards unchanged with a

velocity c + f. (In the earlier reorts f was replaced by u in these expressions).
A similar function is propaptcd inwards into the gas.

(b) That the important part of the pressure pulse can be rojdrded Rs exponential.

In both methods due account has to be taken of the fact that at the shock front energy is
being dissipated because the shoc.k-front travels slightly slower than and thus 'eats -up the roroinder
of the pulse, the relation between shock front pressure and velocity b.eing dcternincd by the
Rankine-Hugoniot equations. The dis,ipation of energy due to tis *ovecrtaking effec. represents
the effects of viscosity and thermal conductivity, which cannot ce neglected at the steeply-sloped
shock-front, even if thoy can be neglectcd in the remainder of the pulse.

The objection to the ste;-ty-st o method is that if tho steps are made too small errors
accumulate, while if they aro taken to lar;c the sccond-urdf.r t, rns ar not negligible. P~nncy and
basgupta attenietel to allow for these second ordJr terms by thEir 'backwards aId forwards' process.
This process was not uspC in the present cilculations, buecu,: it wes considered that the adcitiz.nal
labour and possibility of error entailed by working over three very similar sets of figures was likely
to counterbalance any gain in accuracy. It was oreferr d to keep the stups small at stages where
special difficulties occurred (at the Daginnin4, at the instant when the rarefaction wave in the jas
first reaches the origin and at te instant when a discontinuity in the Q function is obout to set in,
as desc'ibed later), ind to obtijin a rough mnck on thc over-1.-ll tccurIcy by computing the kinetic
;ind potential energies of j;js .nd Piter at a number cf instants, -ddinc to them the energy dlssipp.ted
-it the shock-front irar see inr -w nearly the t~tjl 1rmined constant. The results suggest that the
;ccuracy remains ffirly _or.c, at lest in the 7-,rly st.gcs of the work, io are given in rables I and
I,.

TABLE I.

Energy balance for T.',T., expressed in calories per jrdm of explosive.

Positio of 3hock- 1
rront. 1.00 1.03 j 1.12 1.8U 2.16 2.92 3.68

(Charge Radii). .

:.E. or Gas 1 028 107 152 7 i 471 336 204

K.E. of Gas 0 8 112 158 I 102 25 8

P.E. of Water 0 5 45 80 97 110 113

".E. of Water 0 9 94 176 201 265 269

Wastage 0 3 3 32 76 01 - 1-4 1 .

Total 1028 1032 1035 1027 972 880 765

Table II .....

Best Available D".1,
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TASLE I .

Energy balance for T.N.T./Aluminam expressed in calories per gram of explosive.

Position Of Shock-
Front. 1.10 1.04 1.21 1.58 1.93 2.18 3.I0

(Chiarge Rhdii). I
P.E. of Gas 1377 1350 1200 909 745 641 )77

K.E. of Gas 0 10 72 187 194 303 1'

P.E. of Water 0 6 29 69 96 120 136

(.E. of Water 0 10 57 152 226 290 337

wastage 0 2 27 78 118 160 222

Total 1377 1378 1385 1395 1379 1314 1087

The discrepancies in the energy in the latter stages of the work are due to a systematic

cause explained in Section 6. It must Got be assumed that the work has suddenly become lss

accurate.

10he method of calcuJlating these energies is fairly oOvious. The potential energies of
gas and water were computed as functions of pressure from the equation of state (by means of the

familiar integral p whicn gives the potential energy per unit volume). The kinetic energy

PC, P
per unit volume is gvr~n simply by p u ano u being knownrat every point, so that o. o:, Zhtain

the total kinetic energles by integrating this over the whole volume of the gas and the disturbed
volume of the watcr. the weighting factor oeing 4 1i r

2
dr. Similar integrations give the two

potentiAl enwrgrmna. Th t.otj wmstn : w-s calcolate4 from the fi;ures given In Penney and Dasgupta's
paper Table I, relating 0, the rate cf wastae, to shock-wave pressure. The relations between time

and position of shock-wave ano value of shock-wave pressure being known, the wastage while the shock-
h

wave moves from R to R is given by 41 J r
2 L pdr.

Kirkwood(3), by a process that is not explicitly stated, concluded that his results were not
likelv to oc ;n error by more than 2Os, and that they would be too high. This conclusion seems to be

borne out by the ccsnparisn ctoepn thiJry nd experirent, as wili be seen later. Penney has

questioned the validity of some of ,:rKwouO's Assumptions and Kirkwool h. rtrpi;ed answering some of
the points raised. The only serious difficulty still outstarding is to decide to what extant one

can replace, is Kirkwood dogs, the .tate of affairs represented by equations t1) and (2) by his rather
simpler scheme of thi(14S, in which 1he outqoinl wave in the gas and the ingoing wave in the water are

both neglected. C.lculations in fact Show that the ingoing wave in the water is very far from

negligible. It occurs for two reascns. First, because of the term - 2uc in equation (2). which
cluses the Q functijn t, build up negatively as the wave travels inwards. Secondly, because the

,-frr. :tc in, .:: ways as re.t.r . thc :vurLakinq effect, sc tnat Q is not
precisely zer cvwn just behind the shick-front. In Kirkwood's first paper (O.S.R.D.588) It was

erroneously stated that the theory implies neglpct of the Q function. This is not so, because
Kirkwood's function j is not precisely the same as the Riemann function P, and Kirkjood has pointed
out that his results in fact imply values of 0 of t e same order of magnitude AS those given by the
step- y-step calculations. However, to(- procedure of replacing two waves proceeding In ;pposite

directions oy a single wave cannit be c rried ou: even In the simple case of a stretched string, so

it Is hard t,- see hw it can la, val Id hcre. The cmparative success -)f KIrkwood's theory is
probably due 1b0 two main causes:-

(s It Is definitely a better approximation than *acoustic' theory. B est A vailable
(b) Substitution in the hydrodynamic equations sho~s that the first-order correction terms

vanish, at all events for water.

A.
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A check on Kirkwood's theory of the propagation of the pressure pulse in water has been

made by Road Research Laboratory by comparing the time and space derivatives of the pressure just

reveals discrepancies of up tu 30,i in the values obtained from Kirkwood's assumotions in the very

hijh pressure region oecurrin initially near the Charge. This check is a sen-itive one, and does

not Imply that values of peak pressure. etc., show errors of this order.

The extrapolation P'oc'ss.

As stated, the 3tep--by-step process we- used until the shoce-front had reached 9 ooir,t about

5 - 6 charge radii from the centre, And trr pressure haO dropped from its original high value of the
order of i& Wloars to about 2 kilobars. Some spr;cimen values of P and 0 and the pressure are

given In Toole Ill.

TABLE III.

V-ilues after the findL step.

T.N.T./A1uminlum

r p P 0r p 7

ems. kilobars netres/s-c. metrs/sec. cMes. kilob.Wrs metres/sec. metres/

I sec.

Shock 268 2.25 260 0 313 2.25 255 0 Shok

front front
248 2.05 255 - to 290 1.65 215 - 15

2t6 1.55 220 - y,( 249 1.20 195 - 35

18 1.00 145 - 65 216 .70 160 - 60

152 .C.5 20,^ - 1is 13 .- 145 - a5

Inter- 107 .30 315 - 265 152 .25 175 - 135

121 3 .30 26S5 - 215 Inter-
I _ _ face

Original radius of charge was 50 cK.I in oo.h cases.

It will be seen that, even at these comparatively low pressures, the function Q is still not
negligible except in the region just behind the shoCe-front. An attempt to carry the step>-by-step

process further (we need values at least 10 chirge radii to Yet a s~itisfactory co,"arison with

experiment) might load to an unacceptable piling up of errors, while any extrapolation process

involves the neglect of thb ingoing vnve. It was considered, hovw.ver, that the application o Such
a process would give a better nswer than -;ither further pplication f the step-by-step methoO or
Kirkood's method, which amounts virtually to an application of extrapolation starting from an

instant just after the pressure-pulse has begun to fore. In particular, it should give a sufficiently

good answer for the variation of peak pressure at v~rious positions of the shoCk-front, and for the

portion of the pressure-time curve inmediately behind thQ shoek-front. On the assumption that 0 is
zero, we have:-

u A f (3)

Also P" f u (dr C + fryM equ'!tln (1).

T
herefore.
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in addition to the formulae already derived, it is neceessry, as will be explained later, to have

an expression for the distance r2 - rI moved by the shock front in the intervel t2 - t1.

For this purpose, U, the Shock wave velocity, has to be ntroduccd In the expression

I dt. The decrease of U with time is not known. but it is related to the pressure by the

t1

following relation, which is satisfactory for small pressures:-

U . c0 (1 a+x) where a = 3'

AS given above:-

dt A = M dx

ftn n+1
c- - (c - C0 )

2  c 0 ? i * x)7l x2

U dt - r r * - C c1 ax) 2n n

t C 0 c"-- (1 + x)
-- -  x2

c0 --' L~x " tl *. x) -' x2' K3 1  .. x) -' x .

r, -r j (x) - J(x1) (9)

where J:L Nr).f2 a +1 +C1 +

wheZ (+ x)-'I X2 2  (I + x)': x

The upper limit of 2 in the integrals has no special significance, but is introduced in order to

simplify taoulation.

Method of ctIculation.

Knowing the pressure (p,) cistribution in water when the Shock-front has moved out to a
distance R. in time ti, we t cn assume tne Shock-front to have moved to a furthor distance 22 and
use equations (51. (6) an (7) to find the pressure distribution in the new position at time t2,

The variouS sieps (f the calculations ire as follows:-

(a) The integrals I(x) and J(x) arc tabulatrid for a series of values of x < 2.

(o) Knowing p, hence c, at R1 for the shock-wave, we can find M by using equation (7)
with r • 1 c C1 .

(C) At this stage it cannot be assumed that the leading Point of the shock-front at time
t. will always rerain the leading point (the pressure thus decreasing according to
equation (5)) and on this assumption use R2 and the value of M found by (b) to find
the value of c2 in vquation (7). In .ctual fact the velocity U of the shock--wave is
rithrr less tren that of the l,'-iding point, So that the method just descr;bed would
cventlly givu P2 at a point br-yond the actual position of the shock-wave. Instead,
we must make use of equation (7) which was Pvolved from an expression for U. Thus.
knowing R, - Rl. M and xV, we find J(x2), ,ence x2 C2 ind p2 at R2,

(d) The n.ext step is to find t2 - t1 Iby equ,.tion (8) using the values of M, x,, x2 row
known. The time t2 - t1 is a fixed time banis for i11 further calculations.
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So far we have found the pressuru at the fLue position of the shock-front. We now have to
find the pressure distribution in the region behind the Shock-front. For this purpose, we select..
a range of values of c, at O;stanCes r, when the Shock-front is at R.. Each pair of-values
(r,, c) is then extended to the flew values (r2, t2 ) by the following methods:-

(a) As bcforc, knowing r IC I her~Ce XVw find the corresponding M from equation (7).

Mf Using the fixed time ba-is t2- t I already found, equation (6) gives IN (x) hence
X2 1 C2, p2.

(A) Returning to equation (7) in the form r 2 C 2. 3202  (c 2 - C 0  m, we can therefore
find r2,

Thus, the Conditions at r I hAvo oe.~n translated into toe corresponding conditions at r2.

This eethoO is repeated for each chosen r I until the pressure--distance relationship for
the shock-wave in its new position R 2 has been completed.

As before, most of the complications ar;t due to the fact that we still have to take due
account of the overtaking tffvct even at comparatively low pressurn.s. The extrapolation process

is basid on the constancy of the quantity rc ( - Cc ) for corresponding points on the pressure
curve at different times. It is interesting to compare this with Kirkwood's method, The
function that Kirkwood assumes to uo constant is given by:-

G - r +1 2 wwee fis the Rieme~nn function, defined as before.

Again using the equation Of St3te for water, we find that th~is ?er=tion is given by:-

~c2 - c2  2 ~
[.- r .In.-.1 + 7;..7 Cc- C(0 )

For low pressures, c is nearly equal to c 0. and the main variation of the quantities G and M wIl
be due to th~e variation of c - CO, which occurs to the first power in both quantities, the second
tc-rm in equation (1o) be~ing negligible compared with V~e first. it thus follows that in this
limiting case the sxtripolation procrss we h~ve used is equivalsnt to Kirkwood's. For pressures
Of the order of 2 kilotarSC - C 0 is about 30% of c0 . so that the pee pressures would have to be
greater than this for th;k two methods tc give significently different results. Simple acoustic
theory would give nearly as good an approximation.

It was found that the pressures t~r *. c* values at coints more than a few charge
radii behind the shock-front, so that c becane nearly equal to C 0 ar-I the extrapolation process
oecae inaccurate. Thus, apart iltagethser froin th5 fact that Q was not negligible, it was not
possible to apply the extrapolation prore~s to points in the region of the water near the gas bubble.
On the other hand, the overtaking effect continually destroyed the front of the pressure pulse.
it was, therefore, net practicable to carry the extrapolation process beyond 30 charge radii, which,
however, is encu~h to give us 3 satisfactory com~parison witI. xp,,rir~ent and with the results of
other workers.

Difficulties encountered in the calculations.

We have already mentionp.d the difficulties connected with the extrapolatior. in the
calcullt iofls proper, sone further dif culties were -encountered.

(a) ;Mce th~i rarefaction wave passing into 1 e ;ms had reached the origin, It became
difficult to mwintain accaracy on account of the term - 1 Swhich remains finite B est A v i K-,_,
at t-v origin but carnet be determined grapnically with any accuracy. For point3

rear~ ~ thVrgn~wsrpae y~ but this quantity was also difficult to evaluate
on account of the fact that the curvc. of u ag'iinst r ends at the origin and ordinary

methods.
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methcwfs of nirical differentiatlcn are not applicable. An attempt to netintain

the accuracy, by keeping the first few steps after the arrival of the rarefaction

wave at the origin small, was made but it is difficult to 
assess thb error due to

this ~ ~ ~ ~ ~ ~ ~ -=;:: Mcc-..v-t a h r!! , .... ~c !..,-t

of the pressure pulse for a reason that we shall discuss Imrwitely.

(b) The step-by-step method broke down in the gas 
shortly after the reflection of tne

rarefaction wave at the origin, d discontinuity in the Q function appearing ibout

half-way between the prigin and the interface. A similar effect seems to have

occurred with Penney 'and basgupta calculations, but it 
is undorstood that it did

occir in Penney's original calculations. The effect might be interpreted as the

incipient formation of a shock-wave trawgling ;nwards, 
but It is difficult to

see why a rarefaction wave should suddenly reverse its direction of propagation

and thus boicow. a shock-wave. Such effects are usually associated with a

boundary raflection, out no bdundary Is anywhere near. In another report we

have descrlocd the phPnomonon in detail, and have suggcsted .hat it may be an

instance of an apparent "negativc shock-front', such as has been observed by

Libessart though the persislence of such a ph-nomenon for any finite time also

leads to serious difficulties.

For the purpose .f these calculations, it is important not so much tc elucidate the exact

nature of the effect but to decide what effect it is likely to have on conditions in the water.

For this purpose the calculations were continued in the following way (after we had first satisfied

ourselves, by rcpeating part of thu c;,lculat-tins with a rdouced -iz, o! stcp, thtt the appearance

of the discontinuity was a rcal phenomenon). A continuati on of the calculation, accepting the

Riemann theory literally, would have givcn us a 0 curve 4itn two or ,,nchEs vverlapping one ".nother

and connected bj dn S-shaped portion, so that. for certain v -lues :f r tn-re wculd have been three

possible values of 0. The lover part of the corve, starting from the origin, was retained up to

the point at wnich the S- .hped portion tugar. to bend backwards, and all of the upper branch of the

curve overlapping this portion was eras._1 It is clear that this procedure will lead to the total

energy being under-estimated if the rral rnenofrnnon is (say) an ingoing shock-wave, and we find

Indeed from Tables I and II that trhre is a morked lccr)as in the total energy in the latter steps,

the decrease in fact practically coinciding with the appearance of the discontinuity in 0.

Our reason for adopting this method of calculation was to try to find lit whether the

rarefaction wave could reach the interface, and thus affect conditions in the water, posibly

producing a pronounced minimum in the pressure-time curve of the kind found Dy Penney. We obtained

the reassuring result that, even witn our extreme assumption, the oiscontiruity in 0 was only propagated

with a speed comppre.bbe with thm 1dvanc-C of tns gas-water interftc, so teat ;t would be a long time

oefere it coalO aff-:Ct ccJitions in the wats:r. Ir fact, the aiscentinuity in Q was still far benind

the interface when the rain portion of the Pressure pulse had formeC and the step-by-step calculations

were broken off. Tnus it would appear that conditions at the orijin are not likely to have any

important effect on the pulse fn the water.

Swmwary_ of r- .u -ts.

In Tables IV and V the relation netween pressure and time, which is what would be measured

by a gauge at a fixed position in %Pace, is givwn for distances of approximately 2, 3. 4 and S charge

radii for both explosives. In Fi~uresi and 2 the Same data are plotted logarithmically, and it will

be see that, with the exception of ti case - 3.03 for T..T., the pressure-tire curve Is a

reasonable exponential even quite close to th, charge, thus proving some justification for Klrkwood's

second AS.u..ti.n. Th :X ....p . .nt:1 ;s n t. the S OP f these curves are

also given in the Tables. Owing to the *eatinj-uo" of the pressure puls by the shoCk-front, it Is

not possible to obtain satisfactory figures for the time constants beyond 5 charge radii. A rough

comarison with Kirkwood's figures is mide in Tole Vl.

In Figure 3 peak prassure multiplild by number of charge radii Is plotten c-g2!,st distance

for T.N.T. and T.N.T./Aluminiom accordn; to th4 pr-snnt cRlculstions, and according to Klrkwood's(2)

latest figures (O.5.R.D.2022). Also inclun,'d for conparison Is Icnni-y's carlier work on T.".T.

All these curves are baL.0 on the assumption that ths jas is at rast initially. Penney and O&sgupta's

calculations Include the 'fffuCt of a dttonation wave, a d cennot, therefore be compared dirertly with

the others, rhe followIn'j differences butween the various calfulatiirs must aJso be noted:-

(a).
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(a) In Penney's curve the equation of state for water differs from that uses In the
other work.

ko) The densisy of l.R.i. was i.*# gms./cc. in Airswooosti) worm, 1.:55 in Penney's work
and 1.50 in the present calculations. The differencea so introouced are not present

calculations. The dfferences so Introduceo are not likely to be serious. They can

be estimated by comparison of Kirkwooo's results for T.N.T. of densities 1.59 aid 1.40.

In Figure 4 a comparison is Mile of the Present calculations with th ose of Penney and Dsgupta
to see the effect of intruducing a detnatizn wavc.. The equation of state for water Is identical

in the tw cases, the equation )f state for the gas n:t significantly different, but It should le

noted that the Initial Conditions assumed by Penney ad Oasgupta are such that the g3s initially has

a total energy of 800 calories per gram of explosive. as against 1028 calories per gram for the

present calculetions. This differpnce is partially counterolld ced by the fact that Penney and
Dasg;%upta use a T.N.T. of higher dinsity (1.555 Insteae of 1.50. but this still leaves a discrepancy

of 191 in the 'norgy for a .charge of the same volume. No attempt has been made to introduce any
correction for this in Figure 4.

Figure 5 includes all the tneoretical curves of peak pressure against distance for T.N.T.
Fijures 6, 7 and 8 -show th Jistribution of pressure rnd particle velocity as functions of distance

for o T.N.T. charye nt 3 differint instant%, while Figures 9, 10 and 11 give similar data for a
T.N.T./Aluminiur charge. Te dat? for the conditions in the gas are only given between the

interface and the first discontinuity in Q, for which region it will e unaffected by the behaviour
of the discontiity.

TABLE IV.

P - t Relationships for T.N.T.

2.6 3.08 . R.9
a'2.06 0 , a - oU5.0 I

P t P t P I t

11.75 0 5.95 I 0 3.90 0 2.55 a
10.65 20 4.85 50 3.10 70 2.05 90
10.00 40 .00 100 2.55 150 1.65 180

8.90 60 3.60 150 2.00 210

7.60 90 2.90 210 1.55 310
6.50 120 2.20 280 1.10 400 9 - 10M s
5.55 150 1.55 360 .80 490

4.90 190 1.10 440
4.0b ,'30 .90 520
3.40 280 .65 610 e 325 a

2.60 330 .40 700

1.85 380
1.60 40
1.25 510 

=
260A .

.85 590

.70 670

19 220 _ s

Table V......
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TABLE V.

P- t ReoltioAhiq fIrT.N.T./Aluminium

V 1.98 = 3.0 4. 07 - = 5.01ao a 0
o  a.

P p t t P-

14 85 0 7.60 0 4.5 0.214:.,0 15 6.40 45 3.6 702.1 |150
12.90 35 5.0 95 2,85 I O1.20 3 50,
12.00 55 4.40 1 45 2.20 20.55 i550 .

o.35 80 .1160 200 1.35 40
9.10 110 2.85 260 .55 600
7.85 1ao 2.25 3i0 .15 800 360 g s
6.70 175 1.65 410

5.40 215 1.18 510
4.35 260 .60 660 6• )o3 s
3.10 310 .25 860
2.75 360 _

1.90 .s e•265 p

6 220  s

TA8LE VY.

Comparison of Tie.-ConstAnts with Kirkwood's Values,

D R 1.00 2.06 1.8 .01 7.51 10.0

1 950 P r ,en . 
calculations) - 220 260 325 410 - -T ". . -- 

I 
. ,T.N.T (9 (Xr.,od) ~ 17 2  (260) 0330) (1400) (D60) 560 j695

I ensity
... . . __... . " _o ,. . 1.00 1.98 U.00 4.07 5.01 7.71

1.765 6 (present calculntiuns) - 220 265 330 360 - -
T.N.T/A . .... i.. ' ' ' !f

3 0  
11

1.6-94 (Kirkwoo) 203 1(2t) (360) ('50) (520) 612 725

All values refer to .3 charpe of 50 cm. radius, anJ are Qiven in microecnI1j.

N.TE: rhe fi~uren in brackets are taken as -ccurately as Possible off Kirkwood's
curves. uncracketed fbures are o~tained from valjes quot.-d numcric1llly.

Comparison
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Comp~arison with exteriprellt.

Fi~r 5 Inles all tthc thoorctical curves for T.m.T., although It Is emphasised again

that they do not ori~inat In precisely the $amv asumptioms. in addition, experimental Infornitition

zin qr-ssurv~s v.ry ner the cm'.r~ie is includEd, tak'*n from variouJs published reports. It is belitived

that this :cvors prictic'illy all r~lults that have been rtportod, at All events within 15 - 20 Charge

radii. The following Is a list oif instrumunts and methods used.

(ei ) tie !2:.Lctric j*.ue (Wod's Holi) (2) U.S. Report U.s. 24.

(o) Pressure-b r (Taylor ind ttivics) (1)

(C) Sp=ey-Vel-City t.no Air-Shcek wave (Roa-d Research L botatory)

(d) Spray-vnlacit, (*;-d's Hole) U.S. Rep.,rt U.E. 27.

(?1 ii~l Tt ld (affect on refractive Indlex of water) (Wood's Hole) U.S. Report U.E. 23.

In addition, two tmpirical lines 1 avc b'een Included. one according to the law recently
sug'3ested in tC U.%~A. (nOnogram issutd by Prince.ton University Station mnd stated to Or bA~Ad on data

supolicd by U.E.R.L.), and the othstr according to Wood's formjlak.), This latter formula Is based cn

rreasuronrrntS at com~paratively large distances. As It does not scale up exactly with radius of charge3,

it his te*--n dra-.nm In for A 300 lb. charge.

The followinn cornmts are rrade on, the various experimental pointS:-

(a) , The lino drawn through the points obtained with the plezo-electric gauge was obtained by
Kirkwood's -*,xtrapolation rxethod(2)o Of which a preliminary account is given in U.S. Report
U.E. "It,

(L' Although th: one~ point obt'&incd from the pressure-oar gives reasonable agrereet. with the
theoretic-11 curvc-,, th, *xparirrvnt indicated a tim)-constant much greater thin. too
micros,.conds, wm'.r'As theory inilicates a t ime-constart of the order a? S0 microseconds,

(C) -,- ;r*..vurc wajs inforr.d by tw~o distinct nrethiods, by tM vclocity cf surface spiy -~d
by the V00lCity of the Soc3k-front rising into the air from the water surface. These
two "ethooS igrt-e will1 except n.t the 2 sh.rge radii position, where the shock-front is
pr-blbly oscurvA by the spray. Thse 1, er point is obtalied un the rtsslmpticn th'.t the
sh-ck-frnt v',I~city ij,. Ar Is tmh si ame the Sproy voloelty. T1,aSe e!xp.'rimcnts wero
with C.E. -nd 51 has b.-fl arbitrarily deducted frcr' the readings tC give a comp.irlsin
with T.M.T.

W~ Tr: ep-r:,y v?'I'c~ty r-ethed Is alvpl led in this case to T.N.T.

(r) In the optictal rao-thod the shotk-wnv, wAAt used as a lens. The exp'.osivz was Tetryl,
which actorlin,; to Kirkwood'r (3) fi;t.res has a tltaoretical peak prinssure distance
curve &nrmost iijsntlcal with T.N.T. of d' nsity I.E9. According to experirtental work

4uotrd tiy KirkwooC (in O.S.R.D. 2022), Totryl has a peak pressure dlistinctly above the

thvoretc.r, :It Ill cvrnts for points near the charge (son Floure I of tha1t Report).
This is in -irp contrast with T.N.T.. for which the peak pressures are below Kirkwood's

curvo as is Ilear from ri'2ure 5 of tmis report. (one would expect Kirkwood's theory
to over-(.,stlIn'ate the pressure somewhat), it is therefore not clear oy what factor Lhe
T.'tryl r-.:sults ihojllC be correct-d in order to give a comparison with T.M.T.

Dt q C U q s -0.

WI~n the exc.'otion of the strange result on the tirm-constant revealed by the pressure-bar.
it flay be st-30ia theit the dasr~mcmts btetween theory and t.xperiment are no grrtatier then the
dIscr,.oan~ti: vt~v?,.n tre! various win ,i, Also that the various rnnthods of measurement agree well
dmon4 tPV:i5(le'', *e lire, h**oe'r, now in a posit oii to trace at any rate some of the causes of
tinese diSCri Wrie 1, A 1d to infer thec approximate effrect that they have. We may I st them for

c,.i.~n~'n. ~r en~n,~rof hrsadis.

(a) -Best Available Col
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(a) variations of loadi'.g densities and enery release.

av intperoolat inc between xirgiwood'-. rurvesr3) for T.N.T. densitv 1.59 and T.N.T. densitv

1.400" we Conclude that an overall reduction of the order of 105 should be made in the peak pressures

for a dvrttity of 1.59 to compare them with a density of 1.bO. This would give much better agreement

with the step-by-step results, but we ought loqflcally to apply a similar correction process to the

T.M.T./Aluminjum results, and this would worsen the agreement because Kirkwood's density Is less.

It is difficult to know how to correct Pinney indl Dasgupt.ils cure to 3lloN for the fact t:.at they

assumed too small an energy conto.nt. The discrepanty in nnergy was !91. So the discrepancy In peak

pressure is unlikely to be more than 101, -ind will protbably be less, owing to the fact that the wastage

of energy in the shock-wave increases faster with pE.k pre4sure than does the energy given to the water.

(b) Variations of the equation of State of the gas.

We may deduce from Kirkwood's(2) pork that variations In the Co'posit ion, equilibrium, etc.,

of the exploded prodticts makes relativcly little difference to the pressure In the water. The

step-by-step calculations give no evidence on this point.

(c) Vaitso f t he quton ofa tatef thewte.

It will be seen from Figures 3 and 5, comparing Ppnney's original work with the present

calculat ions, that the peak oressurc distance curve is only affecteid by the change In the equation of

st',te in the region very near the chara.. However, the pronounced minimumn in the prn.sure-tive curve,

which w'is such a disquivting feature of Penney's original results, has disappeared. It was suggested

by one of us thet %his minleim hMo Apperod due to N'nney's origlnil equation of state giving too small

a compressibility of W.'ter -i.t high prsuu.which surmise seems to be confirme..

Iirkwood's (3) work indicates that minor changes in the constants of the equation of state, due

to temperature and salinity changes, are of practically no importance.

(d) Vairiations of th,4 assume~d initial conditions.

Figure i4 giv,:s a straight comparison of our calculations with those of Penney and Casgupta.
Apart from the fact that the equation of state for the gas IS slightly different, the only change that
has bann madS is that we have r,';laced the *aetonat Ion wave" cord It Ions by the assuiipt Ion that the gj&3
is Initially at rest. It will be noted that Penney and Oasguota's curve crosses ours twice, and this

would rurrnin trur ev,!n if one made a correction of the order of 5 or 101 to allow for the energy

difference already r'-ferre to. On.account of the fact that higher peak pressure in the water Involves

a more than proiCoCtional rat of wastage of ener~gy at the shck-front, it is clear that this phenomenon
of crossing over is to De expected. in another report it has been suggested by one of us that an
affect of this kind (different detonation volocities and pressores) may account for the anoamous results
observea with Torpex and Minol I I, Torpex being apparently better at great distances, whi le Minol I I

gives bigger deflect ions on the oCx model (small distances). An attempt is made to correlate this with
the detonation properties, Torpey oting a sensitive explosive, whereas Minol 11 is difficult to detonate.

(e) The e'ect of adding Aluminium.

Neither our chIlculations nor Kirkwood's(2) throw any lI ght on the question of whether or not the
effect of iluminiur is diue to *after-burningw, i.e., to the tim~e of reaction of the Aluminum with the
other explos ion products being comparable with the time of expansion of the gas bubble, In the

calculations of tho adiabaitS it is assumed that the re-kction of the Aluminium is virtually completed
before the expansion ct':gins. Leaving asid.2 this point, it is clpear from Figure 3 and Table Vi that
Kirkwood finds thit t"e addition of Aluminium has hardly any Offact on the peak pressure but lengthens
the time-constant, while we find an appreciable increase in the peak pressure' but practically no effect
on the timc-conitant. Indeed, at 5 cnar~c radii the tiew-constant for the aluminised explosive drops
below that for T.N.T., this presumably toiig associated with the fact that the ratio of peak pressure
Is Increasing if this reg4ion. At 30 charge radii tjur curves for peilk pressure are approaching one
another rp~idly. 5nd we smoula 'xoect 'his dmcr-.Asn In the p-.:ek pr, ssurE r-itio to be assoclatcC with
an Increase In the ratio of tim cnstants, although we have no definite figures to bear this out.
If so. It means that the stcp-by-stetp and Kirkwood metnods givv similar predictions at large distances.
In agreement with the experiments, whichi indicate practically no effcct of the Aluminium on the peak
pressure, Out an Increase In th-: time Constant.

At ..
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Mt small distances, however. the two theories are In fundamental disagreemeent as to what

:xaretlv the effect of adding Aluminium i$. This disagreement is particularly serious because. In
each pair of results, rothing has been changed except the adiabatic of the explosion products so that
it Is clear that eithe~r one or the otner theory cannot be relied on near the charge, even ior
cmiprison purposes.

(t) The effect Of neglecting the ingoing wave In the water.

Cosprison of the two se~ts of curves Indicates at Once that lirkwood's(3) theory tendt to give
too high values for both peak pressure and time -:onstant. but that the correction involved my well
differ consderably for differvnt explosives1.

g) The effect of Kirkwood's exponential assumption.

Kirkwood's theory apparently involves a straight assumption that the Ppssure-time curve Is
exponential. The constants art, determined by the Initial conditions of continuity of pressure and
velocity at the 3s-water Interface. -imd once this has been done the subsequent behaviour of the
pressure pulse is deptermined entircly oy Lhe properties of water, the properties of the gas having
no further chance -l' influ.'ncing the Answer. Wie think that our results, showing as they do that the
predicted form of the pulse I., expocne ntinl, r.oproscnt a distinct lImprovedent. and also that there my
be some way of determining tho time constant which shall take account, by some averaging process. of
Dert of the early history of the gas bubble, as distinct from the conditions at the Initial Instant
only. At later Instants, tne 0 function in the water will have to be Considered explicitly. This
point will be investigated further.

CovicLusions.

Apart from the except Ions noted above, It will be seem that the various theories are In
reasonable agreement with one another and with oxperient, and that the Causes of meny of V.: apparent
discrepancies can be traced. The step-by-step calculations justify Kirkwood's(3) assumption of an
exponential orcssure polse, out inoictte that the determination of tic constants of the exponenial
curve needs some mewthod rmorc e'laborqte than that used by Kirtwood(3). -won if only coaparison of
different explosives are wanted. it Is pro~bable that this Method will need to take explicit account
of conditions it the surface of the gis bubble ait insttnts other than the Initial one. The Q
runction i the water is thin no~t negligiDI-n near the. gas bubtlw, and will probably have to be
allowed for also.
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